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SOME PROPERTIES OF THE
COMPOSITION  ALGEBRAS
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To ProfessorSilviu Sburlan, at his 60's anniversary

Abstract

It is known that the composition algebrashave many applications in
physics. In this paper we give some properties of these algebras.

De nition 1. Let A bean arbitrary algebraoverthe eld K. It iscalleda
division algebra , if for every a;b2 A; a 6 0; eat of the following equations:

ax = b;ya= b;a;b2 A;a6 0

has a unique solution in A.
Every division algebrais a simple algebra. If it is an assaiative algebra,
then A is a unitary division algebra.

De nition 2. An algebra A is called an alternativ e algebra if the
following relations
x2y = x (xy) andyx? = (yx) x; 8x;y 2 A;
are satis ed.

De nition 3. An algebra A is called a power associativ e algebra if
every elemer of this algebra generatedan assaiative subalgebra.

De nition 4. An algebraA iscalledacomp osition algebra if aquadratic
formn:A! K hasbeende ned on the vector spaceA suc that:
n(xy) = n(x)n(y;)
for every x;y 2 A, and the assaiated symmetric bilinear form
f:A Al K; f(xy)=3(n(x+y) n(x) n(y)),isnon-degenerateln
this casewe say that the form n permits comp osition on A. The quadratic
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form n is called the norm over A: The assaiated bilinear form f is asso-
ciativ e if and only if:

f(xy;z) = f(x;y2); 8x;y;z2 A: (1)

An unitary composition algebrais called a Hurwitz algebra. A Hurwitz
algebrais an alternativ e algebra and a quadratic algebra, i.e. eat elemern
satis es the relation:

X% t(xX)x+ n(x) = Owith t(x);n(x) 2 K
and they are called the trace and the norm of the elemen x.

Prop osition 5.[El, Pe; 96] (Hurwitz). Every Hurwitz algeba is isomor-
phic with one of the following algebas:

i) The base eld K; if charK 6 2:

i) K()=(K; ); 6 0;if the polynomial X2+ s irr educible over K ;
otherwiseK ( )= K K :

i) H(C ; )=(K(); ); 6 0; the algeba of generlized quaternions.

iv) O(; ;)= (H(; ); ); 6 0;the algeba of genernlized octonions
or the Cayley-Dicksonalgeba.2

Prop osition 6.[Ko, Sh; 95] Let A be a Hurwitz algeba. The following
sttements are equivalent:

i) Thereis x 2 A;x 6 0 suchthat n(x) = 0:

ii) Therearex;y 2 A;x 6 0;y 6 0 suchthat xy = O:

iii) A contains a non-trivial idempotent (i.e. €6 0;1 suchthat

€=e)2

De nition 7. If a Hurwitz algebra satis es one of the equivalent condi-
tions from Proposition 6, then it is called a split Hurwitz algebra.

Every Hurwitz algebrais split or it is a division algebra.( see[Ko; Sh, 90],
p. 91). When the eld K is an algebraically closed eld, then we nd only
the split algebras.

De nition 8. An algebraA is calleda exibile algebra if the following
relation:
X (yx) = (xy) x; 8x;y 2 A
is satis ed.

Prop osition 9. ([El, Pe;96];Lemma 2.4., and [My; 86], p. 68, Lemma
2.3.). Let A be a composition algebg, overthe eld K with charK 6 2: Then
the assaiated nhondeggeneate symmetric bilinear form f permits composition
and it is assaiative if and only if the following relations:

(xy) x = x(yx) = f (X;x)y; ¥
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are true.

Prop osition 10.[Ok, Os; 81]An algebr A; overthe eld K with charK 6
2; with nondeggeneite assaiative symmetric bilinear form permitting compo-
sition, hasdimension 1;2; 4; 8:

Pro of. Sincethe bilinear form f is nondegeneratewe can nd a2 A such
that f (a;a) 6 O;and let x=f 1 (a;a) a®: Then f (x;x)=f2(a;a)f a%a® =1;
sincef permits composition. We de ne a new multiplication on A :

v ow= (xv) (wx): (3

It follows from the relation (2) that x? is the identity elemer for the algebra
(A; ): Indeed, we have:
x2 y= xx? (yx) = f (x;x)x(yx) = f (x;x)y =y and
y x2=(xy) x°x =f (x;x)(xy)x = x:
Moreover, the bilinear form f permits composition on the algebra (A; ) :
f(v w;v w)="f((xv)(wx);(xv)(wx)) =f (xv;xv)f (wx; wx) =
= f(xx)f (viv)f (wyw)f (x;x) = f (v;v)f (w;w): Sothat (A; ) is a
Hurwitz algebraand hasthe dimension 1;2; 4; 8:2
Prop osition 11.[Fl; 01] Let A be a division composition algeba,
f:A A! K;n:A! K; bethe asseiated bilinear form and the norm
form. Then; for everyv;w 2 A; with v8& O;w 6 0; we have

f2(v;w) = f (v;v)f (w;w)
if and only if v=rw withr 2 K;r 6 O:

Pro of. If v=rw;r 2 K; then the equality holds.

Reciprocally, if f2(v;w) = f (v;v)f (w;w); for v 6 O;w 6 0; it results
f2(v;w) 6 0: We supposethat doesn't exist r 2 K sud that v = rw: Then,
for every two nonzero elemerns a;b 2 K we have av + bw 6 O0:(Indeed, if
av+ bw=0) v= 2wwith 2?2 K;false).Hencewe obtain

f (av+ bw;av+ bw) 6 O:

We get then a2f (v;v)+ b*f (w;w)+2abf (v;w) 6 O: Let a = f (w;w): We

have f (w;w)f (v;v) + B> + 2bf (v;w) 6 0 and for b= f (v;w)we obtain

f (w;w)f (v;v)+ f2(v;w) 2f2(v;w) 6 0: Hencewe get the relation:
f(w;w)f (v;v) 6 f2(v;w);

that it isn't true. Thereforeav+ bw=0) v=rw:2
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Prop osition 12. If A is a division Hurwitz algebm, and a;b 2 A with
t(a) = t(b) = O; then the equality

n(@n( = ; (ab+ b3’ @

is true if andonly if a= rb;withr 2 K: If n(a) = n(b); thenr = 1orr= 1

Pro of. Let A be a Hurwitz algebra. By Proposition 5, we know that
there are only four typesof Hurwitz algebras. If A = K or A= K( ), these
relations are true.

Case I. A= H( ; ): The relation (4) is equivalent with

n(ab = ( ajby + azh + 8.3b3,)2 :We get then

ab=( aiby+ alp+ azly) + (-azly +axhs )e+

+ (-aihy +azhy ) e + (ailp-axhy) es;

thereforen (ab) = ( aiby+ aphp+ ashs)®+ ( aghy +aphy )%+

+ (-agh +ashy )+ (anbraghy)®:

Relation (4) is equivalert with

((ashy +as )+ (as +ash )P+ (akr abn)’= o0
Then the elemen
(-ashy +aphy )er + (-arbs +azhy ) e+ (aibp-aohy) €3

hasthe norm zeroand we obtain -azb, +a)bz =-a;b; +azb, =a;-a,,=0; since
H( ; ) is adivision algebra.

If n(a) = n(b);by equality (4) it results that the relation

(n(@+ ahy+ ap+ abs)(n(a) aby ab aghz) = 0
is true if and only if a = rb;r 2 K: Replacinga = rbin the last relation we
get(n(@+rn(@)(n( rn(a)=0; thereforen(a)2(1+ @ r)y=01
resultsr = lorr = 1:

Case Il. A= O( ; ; ):Indeed, we make the ccomputation like in the
casel, the relation (4) is equivalert to:

n@n(b)=( asb+ ashy+ ashs+ asby+ asbs+  ashst  asby)®:
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If n(a)=n(b); sincea=rb;weobtain (n(a)-rn(a)) (n(a) +rn(a))=0 ;therefore
r=21orr= 12

Prop osition 13. [Fl; 01] Let A be an unitary division power ass@iative
algeba (possiblyin nite dimensional). Then every sukalgeba of A is unitary.

Pro of. Let B be a subalgebraof A andb2 B;b6 0 We denotewith B (b)
the B subalgebrageneratedby b; which is an assaiative division algebra.
We get that B (b) is unitary, therefore B is unitary.2

Prop osition 14.[Fl; 02] Let (A; ) be anon-unitary algeba over the eld
K, with the symmetric nondegenegte bilinear form S and the asseiated quadmtic
form, denotal in the sameway, satisfyng the relations:

(a b a=a (b ay=S(a)b: (5)
If the elementsfx;x xg are linearly dependentfor all x 2 A; then
X Xx= (X)X

and :A! K is aK-algeba morphism.
Pro of. If in the relation (5) wetake a= b= x and we have:
(x x) x=SX)x: It results( (x)x) X = S(x)Xx; therefore
2(x)x = S(x) x; and we obtain:
2(x) = S(x) (6)
Let the elemerns x;y 2 A be arbitrarily chosen. Then we get:
xX+y) (xX+y)= (x+y)(x+y); therefore
X X+X y+y x+y y= (xX+y)x+ (X+y)y)
) ()x+ (Y)y+tx yty x= (x+y)x+ (X+y)y;
and we obtain:

( (x+y)- (X)) x+( (Xty)- (M))y=x y+y x;8xy2A: 7
Since

1

S(xy) = %(S(x+y)-S(X)-S(y)) =5 Z(x+y)- 2(x)- 2(y) ;

we have:

Zx+y)= Z(x)+ A(y)+2S(xy);8xy2 A 8)
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We apply S( ;x) to the relation (7) and we obtain:
( (x+y)  (X)NSKx)+( (x+y) (¥)SKy)=

=S(x y;x)+ Sy XXx):

By hypothesiswe getthen S( ;) is ass@iative and permits composition, no
matter if ! isin K or not. ThereforeS(x y;X) = S(x;x y)=S(X Xx;y)=
(x)S(x;y)and S(y x;x) = S(y;x x)= (X)S(x;y):
We have :

( (x+y)» () 200+ (x+y)» (¢)SEY) =2 (X)S(xy); 8%y 2 A: (9)
Wedenote (x+vy)=12z;, (xX)=a; (y)= band(8) and (9) becomes:

22: a_2+ b2+ ZS(X,y)’ (10)

(Z a.) a2 = (b+ 2a Z) S (X, y) : (11)

In the next we suppose (x) 6 O: If b+ 2a z= O;it results (y)+2 (x)=
(x+y);for every x;y 2 A: If welet y = 0; we obtain 2 (x) = (x);

therefore (x) = O; false. Therefore b+ 2a z 6 0: By relation (11); we

have S(x;y) = % and replace this in the relation (10): It results z? =

a’+ P+ Zgizz)ai; therefore (b+2a-z) z2= a?+ ? (b+2a 2z)+2a%(z a):

We obtain:

28+ (b+ 2a) 2%+ ¥ a2 z b(a+ b= 0

The polynomial P (Z)=-Z3+(b+2a) Z2+ t?-a? Z-b(a+b)®has the next
decomposition in to irreducible factors:

P@Z)= (Z a DB*@Z+b;
thereforez; = a+ bandz, = barethe roots of the polynomial P: If z = a+ b;
it resultsthat (x+y) = (X)+ (y):If z= b;weobtain (x+y)=
(y) and for y = 0; we have (x) = O; cortradiction. Therefore (x+y) =
X))+ (y):8x;y2 A;with  (x) 6 0:If (x) = 0; by relation (9); we have
(z bS(x;y)=0foreveryy2 Aandx 2 A with (x) = 0: Let z= b: We
get then:
x+y)= M= M+0= W+ &):
If S(x;y)=0;8y2 A;weobtain x=0) (0)= 0;therefore:

xX+y)= (xX)+ (y);8y2A (12)
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In the relation (7) let y = ax; with a2 K and we have:

((a+ 1)x)x X)x+a ((a+ )x)x a (ax)x=2a (X)x)

) (ax)x+ (X)X X)x+a (ax)x+a (X)x a (ax)x=2a (xX)x;
therefore:
(ax) = a (x);8x 2 A: (13)

Since S (;) permits composition, we obtain that

S(X y;x ¥Y)=S(Xx)S(y;y)) S(x y)=S(xx)S(y:y)

Therefore
x y)= x ¥: (14)
By the relations (12); (13);(14) it resultsthat is a K -algebra morphism.2

Prop osition 15. Let A be a composition algeba satisfying the conditions
of the Proposition 14. If, in addition, A is an alternative algeba and for
everytwo elementsx;y 2 A wehavethat x y= (X;y)y X; 8X;y 2 A; with

(x;y) 2 K; thendimg A 2

Pro of. Weknow (x y) x=x (y Xx)= S(x)y: Wegetthen
Xy)(y x) x= (y;xX)x (x y):SinceA is an alternativ e algebra, we
obtain:

(yix) ()x y) (xy) (X)y x=
(y:ix) (x) (xy)y x
therefore (x;y) (X)= (y;x) (X) (x;y)andwehave (y;x)=1:1t results

that A is a commutativ e algebra. We apply the Propositions 9 and 10, and
we nd the elemen a2 A sudch that S(a;a) 6 0. We denote

xy) (x)y x

=Sl(a;a)a a=Sl(a)a a= 2(a) (a)a= (a)a:

Then S( ; )=S ?(a;a)S(a a;a a)= *(a) %(a) %(a)=1:; sinceS per-
mits composition. But 1= S(; )=S( )= 2();andweobtain ?( )= 1.
We de ne a new multiplication on A :
viw=( v) (w );
2 _ —

and by calculus we obtain that = = is the unity of the algebra
(A;r ). With this multiplication the algebra A is a Hurwitz algebra. Since
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the multiplication " " is commutativ e the multiplication "r " is commutativ e,
thereforedimg A 2.2
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