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ON SOME ANALYTICAL MANIFOLDS OF
CONSTANT SECTIONAL CURVATURE

Nicolae Boja
To Professor Silviu Sburlan, at his 60’s anniversary

Abstract

This paper is a survey on some classes of n - dimensional differen-
tiable manifolds with indefinite metric, of index I(< n), and of constant
sectional curvature. These manifolds, denoted by V/*(q), (¢ € K*, K <
R) , comprise six types of non - Euclidean spaces.Two topologies, as
well as a metric structure and an analytical manifold structure on the
spaces V' (q) are introduced. To make these, some isometries with spe-
cific quadrics in a pseudo - Euclidean space of dimension (n+ 1) and the
solutions of elliptic type and of hyperbolic type of a system of functional
equations are used.

1. Introduction

In his book, [12], J.A.WOLF studied some analytical manifolds of constant
sectional curvature K (£ 0), called pseudo-spherical and pseudo-hyperbolical
space forms,

S = {x e R*1: pntl(x,x) =12}

HY' = {x € RIF 500 (x,%) = =)

where r >0, and, for x = (2%), y = (y') € R}, (0<k <n+1),

k n+1
btk y) == @ty + > alyl
i=1 j=k+1
The manifolds so obtained are Riemannian or pseudo-Riemannian real
manifolds of signature (s, n — s) and of constant curvatures K = 1/r2
or K=-1/r2

Mathematical Reviews subject classification: 53B30, 53A35, 51H25, 51M101.
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In our paper [3], we established isometries of the pseudo-spherical and
pseudo- hyperbolic pseudo-Riemannian manifolds mentioned above and some
types of non- Euclidean spaces, V]*(q), as were defined in [2]. V['(q) are n
— submanifolds, of (positive) index [, associated to a nonnul real number g,
of which points are obtained by identification of all pairs of points that are
diametrically opposite on the quadric:

S = {x R Y ei(a')? —q(a"t)? = p?), (1)

i=1

where ¢; = +1 for i <l,e; =—1 for i >1[,and p € C, ; here C, denotes
a second order algebra with the minimal polynomial ¢(t) = t? — ¢ € R and
basis {1, v}.

> is a hypersphere of radius p in RZ"H ; as an element of C,, p can be
taken as a real or an imaginary number: p = v, or p = v/, (V' = v //—1); we
have v? —¢=0.

So, the sectional curvature of VJ*(q) is either 1/ + ¢ , or 1/ — ¢, for some
lel,n andgq >0 or ¢g<0.

Because R?*1 is linearly isometric with R} for i =n — s+1, the V*(q)
are locally isometric with X.

2. Table of non-Euclidean spaces contained by V/*(¢).

The non-Euclidean spaces V/'(¢), and their “models” of type S or H
in the pseudo- Euclidean spaces RZ“ as one or another of the quadrics X of
which radii satisfy the equation p* = er?, (¢ = 1), are presented in the fol-
lowing table:

Non-Euclidian | Sectional Type of Isometric Hypersphere
space V' (q) curvature manifold quadric of of
value sign ,,The model” | radius the
space
R"(q) >0 S p=r R+
1/ —q Riemannian
L"(q) <0 Hg p=v—1r | Ri*!
EMa)+ >0 = q=r R
Pseudo-
1/ —q Riemannian
Hi'(q) - <0 1 p=—=1r | R{*!
" Pseudo- "
&i'(a)- <0 Riemannian S p=r
>0 Hr p=v=Tr | BRI
H{L(q)— s+1




ON SOME ANALYTICAL MANIFOLDS OF CONSTANT SECTIONAL CURVATURE 21

3. Tangent hyperspaces and polar hyperplanes

Let us consider a numerical field K (that is a subfield of C, as Q,Q(v/2
), -..,R). Thus, for ¢ € K, C, is isomorphic with a subalgebra of C. Now
RZ"H will be replaced by a pseudo-Euclidean vector space Vf“(q) =V over
the field K with the metric structure defined by the following bilinear form:

n
(X,Y)y:= Zelaz’yl —qz" Ty (XY € V),
i=1

where ¢; takes the same values as before.

A vector X € V is said to be "a representative” of a point x € V*(¢) if
(X,X)y = p% if X is a representative of a point in V*(¢), then also —X
will be a representative of the same point.

Let @y € V* be the linear form associated to X that sets in correspon-
dence to Y — (X,Y); € K. Let us denote by Vi(C V) the orthogonal
complement of ¢ . This is both a proper maximal subspace of V and a normal
divisor of the additive group (V,+).

In [3] it was shown that, for every A € V there exists a canonical epi-
morphism h : V — V / V,such that when V; = ¢,'(0) and V,;&V,=V,
where Vo = AK, the image h (A) = H,4 is a hyperplane (orthogonal to A)
and also has been put in evidence a family of hyperplanes {H, A}(QGK)with
the same n-dimensional direction as that of H4 and being in correspondence
with the elements of the subspace of V*, ®;= [y 4] ,generated by @ 4.

Definition 1. Consider o € K\ {-1,0,1} and A € V, which is a represen-
tative of the point a € VJ'(q).The intersection V/'(q)NHaa =q S™! (a) ,when
it is not empty, is called a non-Fuclidean hypersphere of center a.

Remarks 1. Letusfix [=n and K=R. For |a| <1 and ¢ <0 the
hypersphere ,S™" ! (a) is real, and for ¢ > 0 it is imaginary. Conversely, for
la] > 1.

2. We may consider only the case [ > (n+1)/2, because the spaces
Vi'(q)- and V], ,(q)+ areisometric; the signs + at lower position indicate
the type of curvature.

Definition 2. The tangent space at x € V*(q) is the set Ty (V) of all
elements Z € V'*'(q) with the property (X ', Z); =0, where X /(= + X)
is one of the representatives of the point x.

Proposition 1. If a € V'(q) and A s its representative in V]'(q)
then Hoa for o= %1 is the tangent space at a to V]'(q).

Proof. Fixing a =1 we have Hj € V / V ,where V| = ¢,'(0), with
0eK. If Z €V, then as ¢, (Z) =0 we have (4, Z)s = 0.But V;is maximal
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inV and H4 = A+ V. It results that V; is the set of all vectors at a with
the property in definition of the tangent space. Because the case « = —1 does
not change the previous assertions, —A being the representative of the same
point a € V}*(g), the proof is end.

Proposition 2. The tangent space Tx (V), when V[*(q) is real, is:

(i). an Euclidean space, R™,at any point = € R"(q) or z € L"(q),

(i1). a pseudo-Euclidean space, R} at every point x= € £'(q)+ or x €
Hi(a)-

(iii).a pseudo-Euclidean space, R}, or R}’ ;,at every point x € &'(q)— or
x € Hj(q)+, respectively.

Proof. It is enough to observe that any quadratic form (X ', X /)¢, when
X ' are representatives of some points of £'(¢)+ or &(¢)—, will contains
I+1 positive terms, while for the points of H}'(¢)+ or Hj(g)— will contains
only | positive terms. -

Remark 3. The isotropic cone of R?H, defined by (X ', X /)¢ = 0, limits
two regions of V*(¢), known as ‘proper domain’ and ‘ideal domain’, while the
cone itself is the ‘absolute domain’ of the non-Euclidean space.

In the sequel by notation o — 0 we mean that o runs through a
sequence {ay, },y C K which is convergent with limit 0.

Let a be an arbitrary point of one of the non-Euclidean spaces V}*(g). The
set [a] Sl i= limg—o (Haa NV (g)) is said to be the polar hyperplane of
the point a. This is the variety that we call a non-FEuclidean hyperplane.

Remark 4. It results that the polar hyperplane of the point a, (4] gn—t,
is the limit of the hyperspheres of center a, ,S™" ! (a), when a — 0.

Definition 3. For r € 1,n—1 let us fix m = n — r. Then, if the
intersection NJ_;{V/*(q) N Hy,a,} = S™ is not empty, S™ is called a non-
FEuclidean m- sphere.

Consequently, for a; — 0,(i € 1,7),S
plane.

™ will define a non-Fuclidean m-

4. Topological structures on a non-Euclidean space V}*(q)

Let us denote by V the connect component of V[*(q), or even this space
if it is connected. Let x €V and Ty (V) be a point and the corresponding
tangent space. We also consider the K-vector space V]'"'(g) =V of the
representatives of points of V/"(¢) and denote by X ’ one of the representatives
+ X of the chosen point, x, of V.

If{E;,Eni1},(i=1,2,...,n),is an ‘orthonormal’ basis of V in selected it
in such a manner that F, 1 should have the direction of X ', its subsystem
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{E;}, (i € T,n), will constitute an orthonormal basis for Ty (V) , and we have
(for e =41, eg = p? and ¢ €K

<Ei,Ej>f = E(Sij, <Ei, En+1>f = O7 (’L,] = 1, 27 77’L) s (3)

where (-,-); is the inner product on V defined by the nondegenerate
bilinear form f, whose image on the pair of repeated last vector of the basis
is f(Fnt1, Ent1) = g, that complete the list of conditions (3).

At each point x of V we consider the subspace of Ty (V) , Ux | » := (Xa)r,
generated by the finite system of vector fields {X,}, (@ =1,2,...,7; r <n);
X, =0 and we put Uy | , = (0), for the null subspace.

Now we define

Ug = {Xx € T (V) : (X, Xa)y =0,(V) Xo € Uy | ,}. (4)

As well as in the case of Uy | , the condition from (4) is fulfilled for every
X4, such that we have Uxﬂ o = Ix (V) .As for the rest, UXL‘ ,. being a proper

linear subspace of Ty (V), we have dim lel , +dimUy |, = n, and, so,
U. xL| . is the orthogonal complement of the subspace Uy |, < T (V). It is

a nondegenerate subspace because of the restriction f |Tx (V), which is a
nondegenerate bilinear form. This tells us that Ty (V) = Ui“ @ Ux |
Concerning these elements the following result was established ([4]):

Theorem 3. Fizing A\, > 0, for every x €V]*(q) we define the set
Vi [ro, 1= AX UL |,
where X crosses one of the intervals (Ao, 1] =1 if ¢ <0 or [1,A,)=1g
if ¢ >0 (with \, chosen such that this thing be possible), X ' is one of the
representatives +X or —X of the point x in V;t'(q), and
Uz |, ={Xx € Up |, (X, Xu) 5 = p*(1 = A1)}

Let Uy be a part of Vj'(¢q) with the property that any be Y € Vi 5, 4
this is a representative of a point y € Uyx. Let us now symbolize by Vy the
family of these sets when x crosses V/*(¢) and for every r < n.

In these conditions Vi is a fundamental system of neighborhoods for a
topology 7y on V/'(g).

Remarks 5. The family Vx C P (V(q)) is a basis for the topology Ty
because a sufficient condition for this to be true (acc. to [11], Theorem 7.3) is
that for every UL, U2 € Vx we have UL NU2Z € Vy.

6. For r =0, Ui_| Y
topology Ty on V'(g), defined by the fundamental system of neighborhoods
Vx (V) x €V]*(q)), is said to be a “topology of hyperplanes”.

is a hyperplane of V]*(¢). Because of this fact the
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7. The neighborhoods of the form Uy of a point x €V*(¢) can be reduced
to open neighborhoods of that point if any be a point y € Uy there exists
A € Ig(or, respectively, Ig) such that its representative in Vl"+1 (¢) can be set
under the form Y = AX '+ X, and the following condition (X, Xx); =
p?(1 —A?) holds.

Now we also have in view the 'natural topology’ 7 y on V;*(q).It can be
defined with the help of the family of open sets on some hyperquadrics ¥ in
R?‘H, "the models’ of the corresponding non-Euclidean spaces V}*(q), as were
put in evidence in the section 1.

Thus, we can establish the following result:

Theorem 4. Let us consider the space Rf“ endowed with the natural
topology T . If V*(q) is one of the non-Euclidean space stated above and X
s its model in R?'H, then to the intersection of the open sets belonging to T
with ¥ will correspond open sets on VI*(q) by the mapping which attaches to
every point of the model the corresponding point of the non-Fuclidean space
represented.

Proof. We consider the topological space (3,7 ), whose topology is
consisting in the family of sets 7 v, := {G, N X}4ca, where G, is an open
set of the natural topology 7 of Rf“.Let us denote by U the intersection
of ¥ with an open set of 7 and let G be that set of the family {Ga}aca
whose intersection with ¥ is U. Then U € T g, hence it is open in X.

Thus 7 y is an induced topology on ¥ by the natural topology 7 on
R?H, the environmental space of the manifold consisting in all points of the
hyperquadric.

Let us now consider the mapping & defined on the topological space
(3,7 %) into V(q), which attaches to every point x’ = (2/"),,41 € ¥ the
corresponding point x = (2%),41 in the non-Euclidean space whose model is
3. This mapping is an isometry. Together with the point x / having as image
the point x € V/*(¢) will have the same image —x ' as well, whose coordinates
differ by sign from those of the point x’. Let Uy € 7 s be an arbitrary open
set containing the point x ’.If we put (U;) = U, then from the definition
of the mapping <, we also have $(U_) = U, where U_ denotes the part of
R?H containing the points —x ' when x ’ crosses U, and which is, evidently,
a part of ¥, 7 x- open. Since U_ € T x, the pre-image S~(U) of the set
U C V'(¢q) will be T x- open, that is an open set on ¥, because Uy UU_ € T
> .

Then ( according to [11] ,Theorems 10,11) the family 7 y C P (V]*(q)),
that consists in all the sets & C V*(g) of which pre-images by S~! belong to
7T 5, is a topology on V/*(¢q). By this, the set U is 7 y—open. Taking now
U=U; or U=U_, the assertion is proved.-
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Between the two topologies 7y and 7y defined on V*(¢) by the previous
two theorems there exists a certain relationship that will be emphasized below:

Theorem 5. The topologies T  and Ty satisfy the relation of partial
order T vy < Ty, that is Ty is a finer topology on V*(q) than T y.

Proof. Indeed, we observe that for every set &/ which is 7 ,,—open
a point x € 4 and a number M\, can be found such that its corresponding
neighborhood in Vi for r = 0, Uy, to coincide with . It results that U is
Ty -open, which ends the proof.-

Theorem 6. The Vg subfamily of Ty made up of all the Ux neighborhoods
(for r = 0) of the point x € V]*(q) and of V['(q) itself generates properly a
topology on the space V]'(q) which is exactly T .

Proof. Let us consider the family B(V5) containing all the finite inter-
sections of elements from Vg.This is a basis because the intersections of two
arbitrary elements from B(Vj) is the intersection of a finite number of ele-
ments from V¢ and, consequently, it can be found in B(V]).Then, according
to the Remark 5. this is a basis for a topology on V*(q). It results that Vg
is a subbasis of the same topology on V/*(¢q). Let us denote by 79, this topol-
ogy. But, since a family of sets determines unically a topology for which it is
subbasis and this one is the less finer topology containing the given family, it
follows, according to Theorem 5., that we have 79, =7 .

This ends the proof.

5. The metric structure on V/'(q)

The metric structure of a non-Euclidean space V]’ (q) follows from the for-
mulas of angle between two non-Euclidean straight-lines at a point x, defined
as an angle between the tangent vectors in Ty (V) to the considered above
lines. The original formulas (for pseudo-Euclidean spaces) can be found in
[6], (pp-49,525), and may be applied in our case because the tangent space
to V]'(q) at every x 1is one or another of the pseudo-Euclidean n - spaces
R”™, RY, RY_;, R}, ;. In [7], (pp.51,127,210,211),B.A. ROZENFELD estab-
lished the appropriate relations for the analyzed cases, separately.

In this section we want to give for all the cases presented in the first section
a single formula for the distance between two points in anyone of the spaces
contained in V*(q).

To make it, the solutions of a system of two functional equations are used.

So we consider the following system of functional equations

C?(p) —q S*(p) =1 (5)
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Cle =) = C(P)C(Y) — g S(p)S¥), ()

where ¢ € R, and C,S : R — R are continuous unknown functions. We
observe that (5,5’) generalize the system of trigonometric equations that define
the usual functions {cos ¢, sin ¢}, as well as the system defining the hyperbolic
functions {cosh ¢, sinh ¢} .

If {C(¢),S(p)} denotes a solution of the system (5,5’), we can prove that
the following pairs of functions are solutions of this system with respect to the
chosen ¢ :

I
C(p) =cos qp, S(p) = Nerkaod (¢ <0) (6)
called ’elliptical functions’,

Cle) =1, S(p)=¢, (¢=0), (7)
called ’parabolic functions’, and

1 1
Clp) = (e +e7%), S(p) = ﬁ(eq“’ —e %), (¢>0), (8)
called "hyperbolic functions’.
Now we define the number ¢ € K(< R) by means of the equation eq = p?,
where p denotes the radius of the hyperquadric X, the 'model’ of V}*(g) in
Rf“, and ¢ = =+1.

Theorem 7. Let V be a connected component of a non-Fuclidean space
of index 1 and dimension n. The the distance d between two points 1 and
xo of 'V is given by

d,  (X1,Xa)f

where X1 and X5 are the representatives of the considered above points in
the associated K-space V?H(q), and f is the corresponding bilinear form.

Proof. It results immediately by comprising the elliptic and hyperbolic
cases.-

In (9) the C(.) is one or another of the first components of the solutions
(6) or (8) of the system (5,5’). The specific choice is made with respect to the
type of non-Euclidean space we have in view, as will be mentioned below

6. The analytical manifold structure on V*(¢q)

Using the previous elements one can introduces a real analytical manifold
structure on V/*(¢) by means of an anlytical mapping f : U — R”, where
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U is an ope set in the natural topology of the pseudo-Euclidean space, of
dimension n + 1 an index I. Moreover, we need of an appropriate frame on
V'(q) to express the local coordinates of the points; this one is defined as
follows.

A selfpolar frame on V]*(q) is a system of n + 1 points, e;, of the space
such that for every j #4,(i,5 =1,2,...,n+1), to have e; € [ei]S”_l, where
[ei]Snfl is the polar hyperplane of the point e; (see section 3.). This frame
will be denoted by R, = {e;}n+1.

Now, we can formulate the following result:

Theorem 8. On the non-Euclidean spaces V['(q) one can introduces a
differentiable real manifold structure, of class C°° and of dimension n.

The proof actually consists in the construction of such a structure on V}*(q),
defined simultaneously for all the spaces contained in it. The manifolds so
defined will be pseudo-Riemannian manifolds of constant sectional curvature
(in the sense of [12]).

With respect to R, the Cartesian coordinates u”*, (k = 1,2,...,n), of a
point x €V/*(¢) by the following relations are defined:

Py d(x(p)

Jonopren] STTPTH), (p=0,1,...,n— 1), (10)
where x(P+1) denotes the projection of the point x| (x(?) = x),on the (n —
p—1) - planes [ep+1,€1, ..., €n—p—1], and the function d is a distance on V*(q),
given by the length of the metric segment that connects the points x(») and
x(P*+1) and is entirely enclosed in the 7y —open set Z/{,(cp) for r=n—1, (see
section 4.).

From here it results that, as a function of the domain of parameter varia-
tion, Ig or Iy, we have the following intervals of variation for the coordinates

—mp < ul < 7p, —gpgukg p, (k=2,3,....,n),

o] 3

whenever it is possible that A\, — 0, and
—o00 < uf < 400, (k=1,2,...,n),

whenever it is possible that A, — oo.

The u* coordinates are connected with the corresponding angles in V™ (g)
between the representatives X, and X1 of the points x® and x®tV | for
each k = n — p, by the following relations

uk
@k:?(z 7\/—71 or 57), (11)
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where p € C,(= K + vK) is the radius of the model ¥ of V*(¢) in the
corresponding space Rf“,and{l, v}is the basis of the second order division
algebra C,, defined in 1.

Now we consider an open set U € 7y such that &/ > x and also contains
all its neighborhoods Uy for every r > 0. Let x be a homeomorphism of
U into the arithmetic space R™. The coordinates of the point x in the local
chart (U,x) will be

b = ("o x)(x), (k=1,2,...,n), (12)

where & F.R" — R are the well known coordinate functions. The mapping x

can be analytically obtained by solving the equations which define its inverse

mapping, x

& = u®,  uF
@ =q [[ c(=)8(=), (13)
a=k+1 p p
=Tl o) (hk=1,2,.n), (13)
I
where (x!,...,2"T1) = n(X) are the Weierstrass’ coordinates of the represen-

tative X of x in the chart (R"*! n), V & R+l

Here {C(¢*),S(¢*)} are solutions of elliptic type of the system (5,5) in
the case of the space R"(q), and of hyperbolic type in the case of the space
L™(q). For the spaces &£'(q)+ and H'(¢)— the first [ functions are of
elliptic type, while the remaining n — [ functions are of hyperbolic type; for
the spaces &*(¢)- and H}'(q)+, conversely.

According to the expressions (6-8) of the functions C' and S, we observe
these admit continuous derivatives of any order with respect to the variables
u®.

Besides of this, the choice of the charts whose geometrical domains are the
sets U defined before to constitute a covering of V/*(¢), as well as the chaange
of the charts can be made such that to obtain an atlas of class C* on the
manifold V.

Proposition 9. The real non-Euclidean spaces V}*(q) are separable locally
compact n - manifolds.

Proof. Indeed, V}*(q) are real analytical manifolds which satisfy the con-
dition: V/*(¢) has dimension n at any point and, as a topological space, it is
separable and locally compact. This results from the fact that the associate
vector space Vl"'H(q) is isomorphic with R?*!, for s = n—1[+ 1, which has the
mentioned above property because the field R itself is a nondiscrete normed
field, complete with respect to the norm, and locally compact. -
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The metric characterization of the non-Euclidean spaces can be obtained
from now by using the general characterization of the Riemannian or pseudo-
Riemannian manifolds. For the symmetric Riemannian manifolds this is made
by I. SZENTHE in [9].
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