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Necessary and sufficient conditions for uniform
stability of Volterra integro-dynamic equations
using new resolvent equation

Murat Adivar and Youssef N. Raffoul

Abstract

We consider the system of Volterra integro-dynamic equations
t
2 (t) = A(t)z(t) + / B(t, s)z(s)As
to

and obtain necessary and sufficient conditions for the uniform stabil-
ity of the zero solution employing the resolvent equation coupled with
the variation of parameters formula. The resolvent equation that we
use for the study of stability will have to be developed since it is un-
known for time scales. At the end of the paper, we furnish an example
in which we deploy an appropriate Lyapunov functional. In addition
to generalization, the results of this paper provides improvements for
its counterparts in integro-differential and integro-difference equations
which are the most important particular cases of our equation.

1 Introduction

In this paper we assume the reader is familiar with the basic calculus of time
scales. Hereafter, we denote by T and [a,b]; a time scale (a nonempty closed
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18 M. ADIVAR AND Y. N. RAFFOUL

subset of reals) and a time scale interval defined by [a,bl; = [a,b] N'T, respec-
tively. The intervals, (a,b)r, [a,b)r, and (a,b]r are defined similarly. For a
comprehensive review on time scales we refer to [6] and [7].

In [2], we have developed various type of results concerning resolvent and
variation of parameters of integral dynamic equations and Volterra integro-
dynamic equations on time scales. In particular, the authors in [2] considered
the scalar integral dynamic equation

o(t) = f(t) + / alt, $)2(s) As, t € [to, 50)r (1)

to
and showed the existence of the resolvent equation equation r(¢, s) of (1) that

satisfies .

r(t,s) = —a(t,s) + /(t) r(t,u)a(u, s) Au. (2)

Then using the resolvent given by (2) they obtained the variation of parameters
formula

z(t) = f(t) 7/ r(t,u) f(u) Au.

to
As a consequence, they showed if (¢, s) satisfies (2) and that f(t) is bounded,
then every solution x(t) of (1) is bounded if and only if

t
sup [r(t, s)|As < o0, T > to, (3)
teto, Tt Jto

holds. In [1] the first author introduced the principal matrix solution Z (¢, s)
of the linear Volterra vector integro-dynamic equation

S0 = AB)a(t) + / Bt w)r(u)Au
and proved that it is the unique matrix solution of
751 s) = A Z(L, 5) + / Bt Zs)Au, Z(ss) =T (4)
He also showed that the solution of
2 (t) = A(t)x(t) + /t B(t,u)z(w)Au+ f(t), z(1) =2

is unique and given by the variation of parameters formula

t

2(8) = Z(t, 7)o + / Z(t,0(5)) f(5)As,

T
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where o : T — T is the forward jump operator defined by o(t) := inf{s € T :
s > t}. Qualitative and quantitative properties of Volterra integral equation
have been studied in [4], [5], [10], and [13].

In this paper we consider the system of Volterra integro-dynamic equations
on time scale of the form

.Z‘A(t) = A(t)x(t) —|—/ B(t, s)x(s)As, t € [tg,00)T, (5)

where A is an n x n matrix function that is continuous on [ty,c0)r, B is an
n X n matrix function that is continuous on

Q:={(t,u) e TXT: trp <u<t<oo}.

We will develop a companion resolvent equation to (4) and make use of it to
obtain a variation of parameters formula on all possible solutions of (5). As
a consequence, we provide necessary and sufficient conditions for the uniform
stability of the zero solution of (5). Toward the end of the paper, (i.e., in
Remarks 5.4 and 5.5), we compare our results to known results in special
cases of time scales and easily show that this paper provides improvement
over those results.

2 The Adjoint Equation

In this section, we make use of the adjoint equation of (5) to show that the
matrix solution Z(t,s) of (5), Adiwvar proved its existence in [1], is equivalent
to our resolvent R(t,s). That would put the existence of R(t,s) to rest. We
begin by making the first definition.

Definition 2.1. The adjoint to (5) is

t

y=(s) = —AT(s)y(o(s)) — /( )BT(u,S)y(U(U))Au,S € [to,t]lr.  (6)

The next theorem establishes the existence and uniqueness of solutions of

(6).

Theorem 2.2. For a fized t € [tg, 00)T and a given yo € R™, there is a unique
solution y(s) of (6) on [to,t]lT with y(t) = yo.

Proof. Integrate (6) from s to t and replace y(t) with yo to obtain
t

AT (u) +/ BT (u,v)Av
o(u)

Po(t) = yo + / 6(0(u)) Au
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for all ¢ € Cy, [s,T]y, where ¢ € Cy, [s,T]; is defined in [1]. The rest of
the proof is identical to that of Lemma 7 and Lemma 8 of [1] and hence we
omit. 0

Definition 2.3. The principal matriz solution of (6) is the n X n matriz
function given by

Qt,s) =[y'(t,s) y*(t,s) . . . y"(t,s)],

where y'(t,s) is the unique solution of (6) on [to,t|T that satisfies condition
yi(t,t) = €', i =1,2,...,n, where {e',€?,...,e"} is the standard basis for R™.

We remark that Definition 2.3 implies that Q(t,s) is the unique matrix
solution of

t

Q¥ (t,5) = —AT(5)Q(t 0 () — / BT o)A, 5 ot

and Q(¢,t) = 1.

By a similar argument as in [1, Theorem 12], we conclude that for a given
yo € R™ the unique solution of (6) satisfying y(t) = yo is

y(s) = Q(t,s)yo, s € [to,t]r. (7)

Let 7(s) = yT(s) and take the transpose in (6) to obtain

r2s (s) = —r(o(s))A(s) —/ r(o(u))B(u, $)Au, s € [to,t]T. (8)
o(s)

The solution satisfying the condition r(t) = yl =: rq is the transpose of (7)
namely

yT(s) = ngT(t, s), S € [to,t]T (9)

or

r(s) = roR(t, s) = QT (t,s). (10)

Thus, R(t,s) is the principal matrix solution of the transposed equation. As
a result, Lemma 18 of [1] has the following adjoint counterpart.

Lemma 2.4. The solution of (8) on [to,t|T satisfying the condition r(t) = rg
18
T(S) = TOR(tv S)v (11)

where R(t, s) is the principal matrixz solution of (8).
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3 New Resolvent Equation

Before we move to obtaining stability results, we will show the existence of
the resolvent R(t,s) of (5). We will use the results of the previous section
and show that the principal matrix Z(¢, s) of (5) is equivalent to R(t, s) where
R(t,s) will satisfy a different equation. Once we show the equivalency, we
would have established the existence of Z(t, s) which was done in [1].

Theorem 3.1. R(t,s) is equivalent to Z(t, s).

Proof. Let s € [to, t]T and let r(s) be the unique solution of (8) with r(t) = ro.
Consider differentiation of the product

[r(u)Z (u, 8)]A“ = B (u)Z(u, s) + r(a(u))ZA“ (u, s). (12)

An integration of (12) from s to ¢ gives

roZ(t,s) —r(s) = /t[r(a(u))ZA“ (u,s) + 72 (u) Z(u, s)]| Au. (13)
Substituting 72« (u) that is given by (8) into (13), we obtain

roZ(t,s) —r(s) = /t r(o(u)) [Z2 (u, s) — A(u)Z(u, s)] Au

_ /: U:(u) r(o(0))B(v, u)Av

A simple change of order of integration yields to

/st Mﬁu)’“(o(v))B(v,u)AU

Z(u, s)Au.

Z(u, $)Au = /Str(o(v)) {/: B(v,u)Z(u,s)Au} Av

:/ r(o(w) {/uB(u,v)Z(U,s)AU} Au.
With this in mind, the above expression becomes
roZ(t,s)—r(s) = / [r(o(u)) [ZA“ (u,8) — A(w)Z(u, s) — /u B(u, v)Z(v,s)Av} Au.

By (4) the integral is zero, which leaves us with

roR(t,s) = r(s) =roZ(t,s).
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Now we are ready to make the following definition.

Definition 3.2. The resolvent matriz solution R(t,s) of (5) is the unique
solution of

RA+(t,s) = —R(t,0(s)) A(s) — / ( )R(t,a(u))B(u,s)Au, R(t,t) =1 (14)

where I is the n X n identity matriz.

Our variation of parameters formula depends on an initial function ¢ and
therefore we state the following definition.

Definition 3.3. Let ¢(t) be a given bounded and initial function. We say
x(t, 10, ©) is a solution of (5) if x(t) = p(t) for to < t < 79 and z(t, 70, )
satisfies (5) fort > 9.

Theorem 3.4. Let ¢ be a given bounded and continuous initial function de-
fined on tg <t < 7. 2(t) is a solution of (5) if and only if

z(t) = R(t, 10)(70) +/ R(t,o(s)) /TO B(s,u)p(u)Auls. (15)

) to

Proof. Note that
[R(t,5)x(s)]® = R(t,0(s))x>(s) + R (t, s)z(s). (16)

An integration of (16) from 7y to ¢ gives

t

R(t,t)z(t) — R(t,10)¢(m0) = / [R(t,0(s))x™(s) + R (t, s)x(s)]As.  (17)

70

Hence, (17) implies that

z(t) = R(t, 70)p(70) + / [R(t, U(u))xA(u) + RAw (t, u)x(u)]Au. (18)

70
Using (5) into (18) yields
t

«(t) = R(t, m0)p(r0) + / R(t, o(w) A(u)z(u)Au (19)

To

+/ R(t,o(u)) tuB(u,s)x(s)AsAu—i—/ R« (t,u)z(u)Au.
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Next we consider the third term on the right side of (19). That is

/Tt R(t,o(u)) /“ B(u, s)x(u)AsAu = /: R(t,o(u)) /TU B(u, s)p(s)AsAu

0 to

+ / t R(t, o(u)) / u B(u, s)2(s)AsAu.

By changing the limits of integration see [1] we get

/t R(t, o(w) /u Blu, s)a(s)AsAu = /t {/:() R(t, o(w))B(u, s)Au} 2(s)As.

With all this in mind, equation (19) implies that

x(t) = R(t,10)e(70) —|—/ R(t,o(u)) /TO B(u, s)p(s)AsAu

) to

t t

+ / [R(t, a(s))A(s) + R(t,o(u))B(u, s)Au + R (t, s)] z(s)As.
To o(s)

Now the third term on the right is zero due to (14). Interchange s with u to

get (15) O

4 Stability

For z € R"™, |z| denotes the Euclidean norm of z. For any n x n matrix A,
define the norm of A by |A| = sup{|Az| : |z] < 1}. C(X,Y) denotes the set
of continuous functions ¢ : X — Y. Let C(t) denote the set of continuous
functions ¢ : [to,t]r — R™ and ||¢|| = sup{|¢(s)| : to < s < t}. For each
Tty € [to,t]T and ¢ € C(7p), there is a unique function z : [to, tjr — R™ which
satisfies (5) on [r9, 00) with z(s) = ¢(s) for s € [to, To]r. Such a function z(t)
is called a solution of (5) through (79, ¢) and is denoted by z(¢, 19, ¢).

Definition 4.1. The zero solution of (5) is stable if for each ¢ > 0 and each
To > to, there exists a § = (e, 79) > 0 such that [¢p € C(10),: ||¢] < I] imply
|x(t, 70,0)| < € for all t > 19. The zero solution of (5) is uniformly stable
(US) if 6 is independent of 1¢.

The following theorem is an extension of Theorem 1 of Miller’s result, [11]
on uniform stability.
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Theorem 4.2. The zero solution of (5) is uniformly stable if and only if

sup {|R(t 70) |+/
te[to,OO)T

Proof. By (20) there exists a constant £ > 0 such that

sup {|R(t,7'o)| Jr/TO

t€[to,00)T to

(s,u As’Au} < +00. (20)

/TtR(t,a(s))B(s,u)As Au} <E

0

By interchanging the order of integration in (15) we get

ool < (iRl + [ ] [ Reos) B 0as| ol

to 0

<B4l (21)

This proves that the zero solution of (5) is US.

Conversely, suppose that the zero solution of (5) is US. Then for ¢ = 1,
there exists 6 > 0 such that [rg > to, ¢ € C(70), ||¢|l < 0, t > 70] imply
|(¢, 70, @)| < 1. For every positive integer m define

Tm = min[rg — E’TO]T

. ( Do § s 0]
L ms—TO—&—Ew or S &€ |Tm,To|T
¢m(5) T { 0 for S € [to,TO — %]T ’ (22)

where w is the n x 1 unit vector. It is clear from (22) that ¢,,(79) = w and

|pm(8)] < 1 for all s € [tg, To]T. If we let ¢, (s) = ggzﬁm(s)7 then [t (s)] < g
Hence, we have |z(t, 79, ¥m(s))] < 1. Thus from the variation of parameters
formula given by (15) we have,

t T0
ot 700 n) = Rt o)) + [ R(t.o(s) [ Bls,u)em(wubs (23)
To to
which implies that

Ry <143 [ IRG0() s (24)

/TTD B(s,u)pm(u)Au

m

Since 7, — 79 we have

/|Rt0

ds — 0

/ B(s, ) () du
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as m — oco. Thus, (24) gives
2
|R(t,m0)| < 5 for all t € [tg, 00)T. (25)
Next, let ¢ € C(r0) with [|¢]| < 1 and define ¢ = d¢. Then ||¢|| < . By the

definition of 4, we have |z(t, 79, ¢)| < 1 for all ¢ > 79. Changing the order of
integration (15) gives,

‘/tm (/Tt R(t,o(s))B(s u)As> Au’ < |z(t,10,8)| + |R(t, 70)|| 0|

< 3.

‘/t (/t R(t,rf(s))B(s,u)As)¢(u)Au> ’ <

This implies that

sup {|Rt7’o |—|—/
tG[to,OO)T

That is,

| w

/Rta suAs’Au} g

O

Lemma 4.3. Let R(t, s) be the solution of (14). Then there exists a constant
K such that |R(t,s)| < K fort > s > to if and only if

sup
tE[to,00)T

/: R(t,a(u))(A(u)—|—/:S)B(u,v)Av)Au‘ < 4oo.  (26)

Proof. Integrating (14) from s to ¢ yields

t
R(t,s):I+/R(t,U du+//Rto B(u,v)Aulwv.
Interchange the order of integration in the last term to obtain

u

R(t,s) = I+/ R(t,a(u))A(u)Aqu/ R(t,u) /( )B(u, v)AuAv

— I+ / tR(t,a(u))(A(u) + /U l) B(u,v)Av)Au. (27)

This implies the assertion of the lemma. O
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Using Lemma 4.3, we obtain the follovvlng theorem which is more practical
when the integrals of R(t, s) with A(t) and ft (t,s)As can be estimated.

Theorem 4.4. The zero solution of (5) is uniformly stable if and only if (26)

holds and
sup /
tE€[to,00)T Jto

We end this section with the following corollary.

/Rta suAs‘Au<+oo

Corollary 4.5. Suppose that

t s

sup |R(t,0(s))] (|A(s)| —|—/ |B(s,u)|Au> As < +o0.
t€[ro,00)T Jtg to

Then there exists a constant K such that |R(t,s)| < K fort > s >ty and the

zero solution of (5) is US.

5 Application to Scalar Equations

In this section we apply the result of Theorem 4.3 and prove necessary and
sufficient conditions for the uniform stability of the zero solution of the integro-
dynamic scalar equation

A8 = a(t)a(t) + /t bt $)2(s)As, £ € [to, o). (28)

It is worth mentioning that in [5], the authors used the notion of Lyapunov
functionals and studied the boundedness of solutions of nonlinear forms of
(28). First we will deal with the A— derivative of |z(¢)|. In the continuous
case one can easily find

d z(t)

— |z(t)| = t

i o0l = (0
by using the equation z2(t) = |z(t)|* and the product rule in real case, we
have

|A7 T+ z°

A
= ———a~ for x # 0, (29)
] + |27

|z

since the product rule is changed to (fg)® = f2¢°+ fg® in time scale calculus.
That is, the coefficient of z2 in (29) depends not only on the sign of x(t) but
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also on that of z7(t). Therefore, the equality |z|* = é—‘le holds only if

zx® > 0 and = # 0. Let us keep this case distinct from the case xx? < 0 by
separating the time scale T into two parts as follows

T_:={seT:xz(s)z(s) <0},
Ty :={seT:z(s)z (s) >0}.

Note that the set T_ consists only of right scattered points of T. To see the
relation between |z|* and ﬁxé‘ we prove the next result. For a proof of the
next lemma we refer to our study [3].

Lemma 5.1. Let x # 0 be A-differentiable. Then

|:v|A = LA forte Ty

]

and

il‘A < |$|A < €z

2] 2 forteT_. (30)

||

Theorem 5.2. Suppose that a(t) does not change sign. Then the zero solution
of (28) is uniformly stable if and only if there exist a constant K such that

o(t)
a(t)+ K |b(t, s)|As <0, (31)

to

min {a(s) (—1 + 11() a(s) (1 + ;)} > 0. (32)

and

Proof. Let

V(s) = |R(t, 5)| + / /t IRt o)) b, )| AvAu.

Then, by Lemma 5.1 we have
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o(s)
VA (s) = |R(t,5)| —/ |R(t, 0(s))[[b(s, v)[Av
0

" / IR(t, o) [b(u, )| Au

R(t,s)
= TR(,5)]

" / IR(t, 0(w) | [b(u, )| Au

> —a(s) g R0 - [ IR o) 1

o(s)
As S) — (AR} S,V v
R (1, 5) / IR(t, o (5))|b(s, v) | A

o(s) t
- / IR(t, 0(5))][b(s, )| Av + / IR(t, () [b(u, )| Au
0 s

o(s)
yfito(s)) = /O [b(s, v)|AvR(t,0(s))]  (33)

where we have used

| 1Rt duz [ R )b o) a0

If R(t,s)R(t,o(s)) > 0, then R(t,s)R(t,0(s)) = |R(t,s)||R(t,0(s))|. As a
consequence, we have from (33) that

o(s)
V92 (—als)— [ bl )| AR o ()
> a(s) (~1+ 1 ) IR0 (39

where we have used (31).
Also, if R(t,s)R(t,0(s)) < 0, then R(t,s)R(t,o(s)) = —|R(¢, s)||R(t, 0(s))].
As a consequence, we have from (33) that

a(s)
VA (s) > (afs) - / b 0)| A0) [R(t, 0(5))|

Y

a(s) (1 + Il{) |R(t,0(s))], (35)
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where we have used (31), again.
Thus, (34) and (35) imply that

V2:(s) > y(s)|R(t,0(s))|

+(5) := min {a(s) (—1 + ;{) a(s) (1 + ;{) } .

This along with (32) yields that for any 7o with ¢t > 79, V() < V(¢) =
|R(t,t)| = 1. Thus, (20) is satisfied since

where

Rt 70)] +/ /t |R(t, o () [b(u, )| AvAu = V(o) < 1.

O
Example 5.3. Let T ={0,1,2...}. Consider the scalar equation
t
x(t) x(s)
=20 N Ty e00,1,2.), 36
iC( ) 9 ~ (S+ 1)($+2) { } ( )

which can be expressed in the form of Eq. (28) as follows

t—1

Ax(t) = a(t)x(t) + Z b(t, s)x(s)
s=0
where Ax(t) = x(t + 1) — z(t),
a(t):—l—; and b(t,s) = — !

2 (t+1)(t+2)’
If we let K = —1/2, then we have

(s+1)(s+2)

1 1

Grne+2) agsn) SV

o(t)
a(t)+K/ Ib(t, 5)|As = —1
to
forte{0,1,2...} and

I?ei%{a(t) (1+[1() La(t) <1+I1(>} :%+m > 0.

This means that the conditions (31) and (32) hold and the zero solution of
(86) is uniformly stable by Theorem 5.2.
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Remark 5.4. In [9, Example 3.1], the authors ask for the existence of K €

(0,1) such that
1= [u(t, s)|1 >0 (37)
s=0

in order to show that AV (s) := V(s+ 1) — V(s) > 0, which is needed for
uniform stability of the zero solution of

—a(t)+ K

z(t+1) =a(t)z(t) + Z b(t, s)x(s).

In Exzample 5.3 we obtained uniform stability of the zero solution of (36) even
though there is no such K € (0,1) such that condition (37) holds. To see this

we let a(t) =1/2 and b(t, s) = m Then

—a(t)+ K
at) + 2 2" i+2

t
1 K
I—Zb(t,s)|] =——+—=<0
whenever K € (0,1) and t € {0,1,2...}.
Remark 5.5. In [8, Example 2.3], the authors considered the scalar equation
t
2/ (t) = a(t)x(t) —|—/ b(t, s)z(s)ds,
0

and the Lyapunov functional

V(s) = |R(t,s)] —|—/ /0S |R(t, u)||b(u, v)| dvdu.

In order to have

1
liminf— [V —V@) >
iminf [V(t+h) = V()] 20

they assumed the existence of a constant K > 1 such that fort >0
t
) + K / Ib(t, 5)|ds < 0, (38)
0
The above condition is needed to show uniform stability. We observe that our

conditions (31) and (32) allow K to be negative. For example if we assume
a <0 and take K = —%, then

min {a(s) (1 + [1() a(s) (1 + ;) } = min{—a(s), —3a(s)} = —a(s) > 0.

Therefore, condition (31) is satisfied for any function b(t, s).
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In [9, Example 3.1] and [8, Example 2.3], the authors also ask for more
conditions to obtain uniform asymptotic stability. However, the conditions
that we compared to our results were necessary only for uniform stability. If
the authors in [9, Example 3.1] and [8, Example 2.3] only required the above
mentioned conditions (i.e., (37) and (38)), then uniform stability would have
been deduced. Thus, this paper improved the results of [9] and [8]. Also, one
can easily specializes the results of this paper to g—difference equations.
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