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On Hopf-Galois extensions of linear categories

Anca Stanescu

Abstract

We continue the investigation of H-Galois extensions of linear cat-
egories, where H is a Hopf algebra. In our main result, the Theorem
2.2, we characterize this class of extensions in the case when H is fi-
nite dimensional. As an application, we prove a version of the Duality
Theorem for crossed products with invertible cocycle.

Introduction

The duality theorems for actions and coactions originated in the work of Na-
gakami and Tagasaki on operator algebras, see [12]. A first purely algebraic
version of the duality theorem was proved for actions of finite groups in [5].
Blattner and Montgomer showed that a similar result can be obtained for the
actions and the coactions of a finite dimensional Hopf algebra, see [2]. A vari-
ant of the duality theorem for k-linear graded categories was considered in [3]
in order to investigate the Galois coverings of a linear category.

In this paper we continue our work on Hopf-Galois extensions of linear
categories, started in [14]. Our main aim now is to prove a duality theorem for
the crossed product of linear category with a finite dimensional Hopf algebra.
Almost all of the contents of the article are the adaptation of the results known
for algebras to the case of linear categories.

In the first part of the article we fix the terminology and the notation that
we use. All the definitions of small linear categories and modules over them in
Subsection 1.1, as well as the results on projective modules in Subsection 1.5
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are essentially due to B. Mitchell, who was one of the pioneers of regarding
a small category as a ring with several objects (see [10]). Here we also recall
the definition of the key concepts and the most important results which we
obtained in the above mentioned paper.

Throughout, H will denote a finite dimensional Hopf algebra over a field k.
In the second section, following closely the method of [11, Chapter VIII], we
give some characterizations of H-Galois extensions of linear categories, see the
Theorem 2.2. A key step in the proof of this result is the Theorem 2.1, which
generalizes the well-known result due to Kreimer and Takeuchi [9], stating
that any H-comodule algebra is H-Galois, provided that the canonical Galois
map is surjective.

Given an H-Galois extension D C € of linear categories, as a corollary of
Theorem 2.2, we show that a certain functor 7 : C#H* — £(C,,) is an iso-
morphism of linear categories, where €(Cy,) is the linear category constructed
in §1.6. If € is a crossed product with invertible 2-cocycle € ~ D#,H, then
&(Cp) is isomorphic to the linear category M, (D) of square matrices of order
n with elements in D, where n = dim H. As an application, we immediately
get the Corollary 2.3, which is our version of the duality theorem.

1 Preliminaries

In this section we recall the main concepts needed in this paper. For this part
the reader is referred to [14]. We begin by recalling the definition and the
properties of Hopf-Galois extensions of linear categories.

1.1. H-Galois extensions of linear categories. A small k-linear category
is given by a set Gy and the vector spaces of morphisms from y to x in the
category C, denoted by ,Cy, for each z,y € €y, together with the composition
maps

0:,Cy®,C, — €,

and the identity morphisms 1, € ,.C,, for each x € Cy. These data satisfy the
associativity axiom and the identity morphism axiom.

If C is a linear category, a left C-module is given by a family of k-vector
spaces {zM }.ce, together with the structure maps

Dyt 2Cy @ yM — M

which satisfy the equations (1) and (2) in [14]. The right C-modules are defined
similarly. A (€, D)-bimodule is defined by a family {s My} (z,)ccoxD, together
with the maps

DU Cy ® WMy — M, and <% : M, ®,D, — .M,
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such that {, M, }.ce, is a left C-module with respect to {;>} }uee, and, simi-
larly, {zMy}ven, is a right D-module with respect to {;<)}ven,, for any = in
Co and y in Dy. These modules will be denoted by M, and . M,, respectively.

Any linear category C can be regarded as a bimodule over itself. The
components of this bimodule are the spaces ,Cy, and the structure maps are
given by the composition maps of €. In particular, we can consider the right
C-module ,C, and the left C-module ,C,, for any z,y € Co. If M is a right
D-module and N is a left D-module one defines the k-vector space M®Qp N
as in [14, §1.8].

For a Hopf algebra H we shall say that a linear category C is a (right) H-
comodule category, if every ,C, is a (right) H-comodule such that its structure
map

oPy 1 aCy — o€y ® H,

satisfies the relations
wp(fof) = foo fo@ fifl,

for any f € ,€, and f’ € ,Cy. In the above equations we used the Sweedler

notation ,p, 1= E f(()) ® f<1>
If H is finite dimensional, then the linear dual H* of H is a Hopf algebra
which acts on the spaces €, by the operations

G H ®,C, — .G a-f =) al(f)fo
It is well know that € is an H*-module category, i.e. we have
a-(fof)=) (ar-f)o(az-[),
a1, =a(l)l,,

for any f and f’ as above, « € H* and z € Cy.
For an H-comodule algebra € one defines the linear subcategory of H-
coinvariant elements C°7 C @ by (‘38°H = @Gy and

IGZOH = {f € xey | wpy(f) = f ® 1H}7 Vo, y e Co.

For simplicity we shall use the notation D = C*°# . Following [7], for all  and
y in Cy and any (right) H-comodule category D C €, one defines the Galois
canonical maps {;08y }z.yce, by:

By 1 2Ce®p oCy—> 1€ @ H, B,(f®n f)=) foft®f,
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where in the above formula f € ,€, and f’ € ,€,. By definition, the extension
D C € is H-Galois if and only if 3, is bijective for all z,y € Co.
Analogously, the maps {3, }zyec, are defined by:

By aCo ®p oCy — oC, @ H, B, (f & f) = foof @ fr.

If the antipode of H is invertible, proceeding as in [11, p. 124], one shows
that the (right) H-comodule category D C C is H-Galois if and only if .3, is
bijective for all z and y in Cy.

1.2. Crossed products. In [14] we have seen that the crossed product of
a linear category D and a Hopf algebra H is an H-Galois extension of lin-
ear categories. We recall that a crossed product is given by a weak action
{2y }ayep, of H on D together with a normalized 2-cocycle ¢ := {0, }zeD,
that satisfies the twisted module condition. The weak action is defined by the
maps 5+ : H ® D, — D, which satisfy the following conditions:

hoo(fof)= Z(hl wyf) o (hay2f'),
hz:vlw :E(h)lxa
1y zyf = f

For simplicity we shall write h- f instead of h .-y, f, forany h € H and f € ,D,,.
On the other hand, the 2-cocycle o is given by the maps o, : HOH — D,
such that the following relation holds:

> - on(Bh, B)) 0 0alha, hohy) = Y " ou(ha, Bh) 0 ou(hohl, h"). (1)
The cocycle o is normalized if for x € Dy and h € H we have:
Uw(ha 1) = am(la h) = g(h)lcm

and the weak action of H on D satisfies the twisted module condition if and
only if, for z,y € Do, f € ;D, and h,h' € H,

> [ (b Pl ooy(ha,hh) = aa(hy, hY) o [(hahh) - f]. (2)

The crossed product D#,H is the small linear category which is defined as
follows. Its set of objects is Dy and (D#,H), = Dy ® H. The identity
maps are 1, ® 1 and the composition is given by

(f#R) ool (f'#1) = Y fo(hy- f') 0 0u(ha, ) #hshy.

There is an obvious linear functor D — D#,H, which is the identity on
objects and sends f to f#1g. This allows to regard a D#,H-module as a
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D-module. Let C := D#,H. By construction D C € has the normal basis
property, i.e. there is an isomorphism 4C, ~ D, ® H of left D-modules and
right H-comodules, for all x € Cy. In particular this means that ,C, is a free
left D-module, for all x € Cq.

Note that, in the case when H is finite dimensional, the left D-module
«C. is also finitely generated. If, in addition, the 2-cocycle o is invertible in
convolution then the right D-module ,C, is free and finitely generated as well.
As a matter of fact, under these assumptions, ,C,4 is isomorphic to ,De @ H,
for any = € Cy. By hypothesis, the antipode S of H is bijective. Let S denote
its inverse. Proceeding as in the proof of [6, Proposition 6.1.10(iv)] one can
show that the maps

2y H® Dy — . Dy#H, a:ay(h ®f)= ZJ;I(hZaghl) o(hs- f)®hy
x/By : ny#H — H® nya ac/By(f 0y h) = Z hy® (§h3 : f) © Gy(Eth hl)
define morphisms of right D-modules

206 i H® ;Deg —> . De#H and ;P : :De#H — H R D,

which are inverses of each other. In particular, we deduce that ,C, is iso-
morphic as a right D-module with ,D7, where n = dim H. Here D7 is the

D-module whose components are the k-linear spaces ;D = Dy, & ... ® Dy

(n summands), and the module structure is given by the composition maps of
D.

1.3. Hopf modules over finitely dimensional Hopf algebras. We recall
that if D C @ is an H-comodule category, a left C-module (M, ) is called Hopf
C-module if H coacts on M such that

p(f>m)= Zfo>m0®f1m1~

If H is finite dimensional then the component .M of M, for all x € Cq, is a
left H*-module with respect to the action

a-m= Za(ml)mo.

To give a Hopf module (M, >, ) is equivalent to give a C#H*-action (M, —).
These structures are related by the formula:

(f#a) = m = fr(a-m),

where f € ,Cy, m € ;M and o € H*. This operation defines a C# H *-module
structure because, for any «, f and m as above,

a~(f>m):Z(a1-f)l>(a2-m).
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Remark that for any left Hopf module M we have (,M)®H) = (,M)H".
If A € H* is a left integral, then

(Ia#XN) = m=1,>A-m)=X-m.
Therefore, for any a« € H* and m € ;M we have
a-[(1z#)N) = ml=a-(A-m) = (axX)-m=a()A-m = a(l) [(1.#)) = m],

where the product of H* is denoted by *. In conclusion (1, ® A) — m is an
element of (,M)"". In other words, this element is H-coinvariant. Since «Cy
is a left Hopf module for any y € Cp, we deduce in particular that

(1#)‘) - f € ze;O(H) = sza

for any f €,€,. Let us notice that the C#H*-action (M, —) and the initial C-
action (M, ) are compatible in the sense that, for any f € ,C,, z € ,(C#H*),
and m € , M,

o (z-m) =[(f#e)z] = m.
Equivalently, the C-module (M, ) is recovered from the C#H *-module (M, —)
by the restriction of scalars via the inclusion functor € < C#H™, which is the
identity function on the set of objects and maps any f in ,C, to f ®e.

1.4. The diagonal action. Let H be a Hopf algebra over a field k. If V" and
W are left H-modules then V@ W is a left H-module via the diagonal action,
which is defined by

h~(v®w):Z(h1'U)®(h2‘w)v

forallh € H, v € V and w € W. In particular, V ® H is a left H-module with
respect to the diagonal action.
On the other hand H ® V is a left module with respect to the action

h-(k®wv)=(hk)®wv.

If the antipode S of H is bijective, then p : H ® V — V ® H which maps
h®wv to Y hy-v® hy is an isomorphism of left H-modules. Indeed, the map
v@h— > hy ® Shi - v is an inverse of u, where S denotes the inverse of
S. The map p induces an k-linear isomorphism between the set of invariant
elements in V ® H and H ® V. In the case when H is finite dimensional, we
have

HoVT=H" @V =kteV,

where t is a left integral in H. It follows that (V@ H)? = {3 t;- 0@ty | v € V],
as any invariant element in V' ® H can be written as u(t ® v), for some v € V.
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1.5. Projective D-modules. Let D be a linear category. A right D-module
M is projective and finitely generated if it is a direct sumand of a module

of the form @?:1 z; De where z1,...,2, are some objects in Dy. Indeed, by
definition, a right D-module M is finitely generated if and only if there exist
T1,...,T, € Do together with an epimorphism

T P 2, De — M.
i=1

Since M is projective the map m splits, ¢.e. there is a section o of 7 in the
category of right D-modules. Thus M is a direct summand of @ _; 5, De.

Conversely, let us assume that M is a direct summand in X = @, 4, D..
Clearly, a direct summand of a projective module is projective too, and an
arbitrary direct sum of projective modules is projective. Therefore, in order
to prove that M is projective, it is enough to show that ,D, is projective,
for any x € Dy. This property immediately follows from the definition of
projective D-modules.

We also need the following characterization of finitely generated projective
modules: the right D-module (M,<) is projective and finitely generated if
and only if there exist a finite number of objects x1,...,x, € Dy, elements
m® € M,, and D-linear morphisms ¢ : M — .. D, such that, for any m € M,
we have:

m:Zmiqgoi(m). (3)
i=1

Here, of course, ¢¢ : ;,D, — M, denotes the z-component of ¢*.

To prove this characterization let us note that M is projective and finitely
generated if and only if there is an epimorphism 7 : @?:1 z;De —> M that
splits in the category of right D-modules. Let o be a section of 7. We define

m' =m,,(0,...,1d,,,...,0) € M,,
and we denote by p : @;’:1 2;De — z,De the canonical projection. If we
take ! := o o p’, then one can easily see that the equation (3) holds for any
m e M,.
Conversely, let z1,...,x, € Dg. We assume that there are the elements
m® € M,, and the morphisms ¢* := M — ,,D such that (3) holds. We define

7

n n
ﬂ@@ﬂ%ﬂ%,“ﬂwm:ZWﬁh
= i=1

o My — @D 0,(m) = ($L(m), ..., g1 (m)).

7
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Obviously m = {m; }zee, and 0 = {0, }zee, are morphisms of D-modules and
o is a section for .

1.6. The category &(Myp). Let C and D be two k-linear categories such
that Cg = Dy = S. Let (M,>,<) be a (€, D)-bimodule with components
{eMy}z yes. We define the k-linear category €(Mop) such that E(Mp)o = S.
By definition,

xE(MD)y = HOIIlD(yM.,xM.).

Since , M, is the right D-module having the components {,M,},es, a mor-
phism in ,E(Mp), is a family f := {f,}ues of k-linear maps f, : , M, —
M., which defines a morphism of right D-modules f : (M — ,M,. The
composition in €(Mp) is given by

o: IE(MD)y®y8(M®)Z — wE(MD)zv {fu}ueso{gu}ues = {fuogu}ues

and the identity morphism of x is the family {Id_as, }ues-
The k-linear category £(eM) is similarly constructed. We set E(eM)p = S
and
2&(eM)y = Home (e My, o M).

Since ¢ M, is the left €-module having the components {, My },cs, a morphism
in ,€(eM), is a family f := {fu,}ues of k-linear maps f,, : , M, — ,M,,
which defines a morphism of right D-modules f : ;Mo — ;M,. The compo-
sition in &(eM) is given by

S :L’E(CM)?/®'U8<€M)Z — zg(GM)?ﬁ {fu}ueso{gu}ues = {fuogu}ues

and the identity morphism of z is the family {Id_ s, }ues-

For any (C,D)-bimodule M there exists a k-linear functor I1¢ : € —
&(Mop), such that II1¢ maps every object of C to itself. Moreover, for f € 2Cy
we define mHg(f) t yMe — M, to be the morphism of right D-modules
whose u-component maps m € ,M, to f>m, for any u € S. Let us note that
the above definition makes sense as f>m € M, for any m € ,M,. One can
easily see that in this way we obtain indeed a functor I1¢ : € — &(Mp).

The k-linear functor II? : D? — E(eM) is defined in a similar way,
where DP is the opposite category of D. By definition, IT1” (z) = z, for any
z € S. For g € ;DiF the u-component of IH? (g9) maps m € M, to m<g.
Let us notice that g is an element in ,DJP = D, therefore m<g € ,M,. In
conclusion mH? (g) is well defined.

1.7. The category M, (D). Let us consider the (D, D)-bimodule M = V@D,
where V is a k-vector space. The components of M are ,M, =V ® ,D,, and
the left and the right module actions are defined by

gr(zaf)ag" =20 ofog"),
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for any f € Dy, ¢’ € wDq, ¢’ € yD, and z € V. If {e1,...,e,} is a basis on
V then an element m in , M, can be uniquely written as a sum

n
m=Y e®fi,
i=1

with f; € 4D, for any 4. Therefore, if ¢ : V® Do — V ® D, is a morphism
of right D-modules, then

polei®1y) =) e ® fi,
j=1
where f;; € ;D,. Hence, for fi,..., fr € 4Dy, it follows that we have:

n n
pu(D ei®fi) =Y ;@ fiiofi
i=1 i,j=1
This relation shows us that ¢ is uniquely determined by the “matrix” M, (y)
whose (4, j)-entry is f;; € 4Dy, for any 1 < i,j < n. One can easily see that

My (p o)) = My(p) o Mn(¥)

and that M,,(Idyg,»,) = I, where I, is the “unit matrix” whose (i, j)-entry
is 1, € . D, for i = j, and 0 for i # j.

From the foregoing discussion it follows that we can identify € (V ® D)p)
with the k-linear category M, (D) having the same objects as D, and whose
hom-spaces are ; M, (D), := M,(;D,). The identity of = in M, (D) is the unit
matrix I,. The composition of the matrices (f;;)i; € Mn(:Dy) and (gi)i,; €
M, (yD) is the matrix (h;;)i; € My (D), where

n
hij = Zfij O Gjk-
=1

2 The main results

In this section we prove our main results. We start by showing that the well
known Kreimer-Takeuchi Theorem holds true for comodule categories as well.
The proof of the Theorem 2.1 follows the lines of the proof given by H.-J.
Schneider in [11, Chapter VIII], Theorem 3.1. The proof of Theorem 2.2 also
follows the lines of the algebra case, using a straightforward generalization of
a result of J. Bergen and S. Montgomery in [1], Lemma 2.5, and the obvious
generalization of Morita theory for small linear categories (e.g. [7], Cor. 2.11,
etc). Moreover, the proof of Theorem 2.2 follows the lines of the proof of
Theorem 2.1 in [4].
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Theorem 2.1. Let H be a finite dimensional Hopf algebra. If D C € is an
H-comodule category such that the components of the canonical Galois map

B:CRpC—CRH

are surjective, then D C € is H-Galois and ,C, is a projective right D-module,
for any z € C.

Proof. We first show that, for a given x, the right D-module ,C, is projective.
For, we shall prove that there exist some objects x1, ..., z, € Cg, together with
the elements f! € ,€,, and the morphisms of right D-modules ¢° : ,Cq —
z; De, such that for any f € ,,C, we have

F=Y_flopl(f). (4)
1=1

Since H is finite dimensional there exists a left integral A € H*. Then
0:H— H*, O(h)y=A—nh

is a k-linear isomorphism, where (o < h)(k) = a(hk), for any a € H* and
h,k € H. Thus, there is an unique ¢t € H such that A — t = €. Since the
components of 3 are surjective maps, there exist f* € ,C;, and ¢* € ,,C, such
that

B (D ' @ g') = La#t. (5)

i=1
Let us notice that D C € is an H*-module category, because H is finite
dimensional. The action of H* on ,C, is given by the formula

a-f=alfi)fo

for any . € H* and f € ,€,. Clearly, by definition, we have ,CH" = NormaSll

where the linear space of H*-invariant elements is given by
L ={feyla f=a(l)fYaeH}.
For any f € ,€,, we now define ¢! : ,C, — ., D, by
pulf)=X-(g" f).

Let us notice that X - f” is a morphism in ,D, for any f’ € ,€,, because A is
a left integral in H*, that is ax A = a(lg)A, for any o € H*.
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We can now prove that the equality (4) is true, i.e. ,C, is a projective
D-module.

D o)=Y fleA-(g' o)

i=1

:ZZf (Mog)o(Aa-f)
zgm(gi)fiogéo@z -f)
:Zn;Z)\l(t)le(/\rf)

— iZAl(t))\g-f

Let us shortly explain how the above equalities have been obtained. The first
one is obvious, by the definition of the morphisms ¢?. The second one results
by the fact that D C € is an H*-module category, and for the third identity we
used the definition of the element \; - g°. The fourth identity is an immediate
consequence of the relation > ; A1 (¢)f* o g§ = A1(t)1,, which in turn follows
by (5). On the other hand,

(Z Au(t Az) =3 Mha(@) = A(t) = (A = 1)(x).

Thus, in view of the foregoing computations and of the fact that A\ — ¢t = ¢
we get

D Siod(N =2 M@re-f=(A=t)- f=c-f=F

It remains to prove that the components of 5 are injective. Since H is finite
dimensional we can use 3’ instead of /3, see the last paragraph of the subsection
§1.1. Let us choose an element £ :=>_"" | fi® ¢’ in Ker 3/, where f} € ,C,_

J Jpd Y J J

and g} € 4;Cy. By (4) and the fact that @Z](fj’) € 2, Dy, we get

N7 okl (f) @ g} = Z ﬂmz ol (f

1i=1

T
NgE

J

Moreover, by the construction of ¢’ and the definition of the H*-action on
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2; Cu; We have

=3 fon YD e (), ) gbo (), 095

i=1 j=1
Since £ is in the kernel of 13; we deduce that £ = 0, that is the components

of B’ are injective. O

Let D C C be an H-comodule category, where H is finite dimensional.
Recall that C is an (C#H*, D)-bimodule, so we can consider the functor

OE#H et H* — €(Cp), T (f#a)(f') = fo(a- f),

where f € ,C, and f’ € ,C,, and o € H*. For brevity we shall write II instead
of TIC#H™

We choose a left integral A € H* and an element ¢t € H such that t € H
such that A — t = e.

Theorem 2.2. Let D C € be an H-comodule category where H is a finite
dimensional Hopf algebra. The following statements are equivalent:

(i) The extension D C C is H-Galois.

(ii) The functor I1 : C#H* — &(Cp) is an isomorphism of linear categories
and ,.C, is a finitely generated projective right D-module, for any x € Cy.

(iii) The map 57y : :Ce @D o€y —> CyF#H*, defined by

A(F @0 ) = (J#N) (F'#e) =D fo (M- ) #ha,
for any f € ,C, and f" € ,C,, is surjective.

(iv) For any Hopf module M the canonical morphism ¢ : CRp M) 5 M,
whose z-component is given by ,o(f ®p m) = f>m for any f € ,C,
and m € , M, is an isomorphism of Hopf modules.

Proof. We start the proof by remarking that ., satisfy the following relation:
zVy = (zey ® 6‘) o xﬁyv (6)

where § : H — H* is the k-linear isomorphism defined by 6(h) = A\ — h
and ,C, ® 6 stands for the tensor product of the identity map of ,€, and ®.
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Indeed, an easy computation shows us that the above equation is equivalent

to
STFoa - #N =Y Fofi#r (A= fl), (7)
for any f € €, and f’ € ,C,. On the other hand, the equation

STOu- ) #N =D f#EO— )

clearly implies (7). Since two elements > . | f; ® a; and Z _19; ® B; are
equal in ,€, ® H* if and only if 377 | ay(h)f; = 272, Bi(h )gj7 for all h € H,
the above identity follows by the computation below:

> X)) =D MDA (B e =D AR =D (A= f)(h) f5.

In conclusion, (6) holds. Using this relation we can now prove that (i) and
(iii) are equivalent. Since € is an isomorphism, obviously (i) implies (iii).
On the other hand, if we assume that (iii) holds, then .3, is surjective for
any z,y € Co. By Theorem 2.1 it follows that .3, is bijective, so D C C is
H-Galois.

We shall next show that (ii) implies (iii). Since ,Co is projective and
finitely generated there exist the objects z; € Cg, the elements f* € ,C,, and
the morphisms ¢° : ,Cq — . D,, with i € {1,...,n}, such that (4) holds
for any f € ,Cu. As D, C ,.C, we can see every ¢’ as a morphism in
Homp (4Ce, 4,Ce) = 2,E(Cp),. Since I : CH#H* — E(Cp) is an isomorphism
of k-linear categories, there exists &; € ,,€, ® H* such that ,,I1,(&) = ¢*. In
other words, for f € ,C, we have ¢! (f) = & — f. Recall that the action of
C#H™ on ,C, is given by the formula

(f'#a) = f=Ffolaf)

for any f’ € ,Cqu, f € »Cy and o € H*. If we write & = Z;n:l fij ® auj, with
fij in 2,C, and o in H*, it follows that for every f € ,C, we have

qu azg

We claim that -
DD flofuttai = Logte. (8)
i=1j=1
Indeed, let & denote the left hand side of the equation (8). By the definition
of IT and using the relation (4), for an arbitrary element f in ,C,, we obtain:

ZZf fl] am f)_ZflOSDZ(f):f:mnm(lm#g)(f)

i=1 j=1
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It follows that ,IL,(¢) = .11, (1,#¢), so (8) is proved as ,II, is isomorphism.

We also claim that & € (,,C, ® H*)#" | where the H*-module structure is
defined by the diagonal action. By the definition of ,,II, and the fact that €
is an H*-module category, for « € H* and f as above, we get

Mo(a-&)(f) =Y (a1~ fij) o (aa x ayy) - fl = - wa (aij -
j=1

Since ! (f) is an element in ,,D,, it follows that

(- &)(f) = a-ou(f) = a (la) v, (f) = o Mu(a (1) &) (f).

Therefore a - &; = a(1g)&;, so our claim is proved. Since &; is H*-invariant,
by §1.4, there exists an unique f] € ,,C, such that & = > A1 - f/#Aa. Then,
in view of of the definition of §; and of the equation (8) we get

n

1 #s—Zfl F#A2 =Y (F#N(fi#e).

=1

This means that 1,#e¢ is in the image of ,v,. Now we can prove that every
y7Yx is surjective. Indeed, for f € ,C, and a € H*, we have

fH#a = (f#a) (Latte) =D _(f#a) (f'#))(f/#e).

i=1

By using the definition of the multiplication in the smash product and the fact
that A is a left integral in H* we obtain the following equalities:

fH#a = Z S [folan- fan x A] (fi##e) =D [fola- fH#N (fi#e).
i=1
We conclude that v, is surjective for any =,y € Co, as

n

f#a=3"[fo(a f)#A}(f#s—y%c<Zf >®Df>

=1 =1

Let us show that (iii) implies (ii). Let x € Cy. Since, by hypothesis, .7, is
surjective for any x € Cq there exist f* € ,C4, and f! € ,, €, such that

D (FH#EN(fi#e) = Lute, (9)

i=1
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where x1, ..., x, are some objects in Cy. In order to show that ,C, is a finitely
generated projective right D-module, for every i € {1,...,n}, we shall con-
struct ¢* € Homp (5, Ce, ; De) such that relation (4) holds, where u and f are
arbitrary elements in Cy and ,€,, respectively. By definition, we take ' to
be the family of linear maps whose elements are given by

Pu(f) =X (fiof)

Since X is a left integral, @ (f) € 2, Du, so ¢!, is well defined. Using once
again that X is a left integral, and the fact that € is an H*-module category it
results immediately that ¢’ is a morphism of right D-modules. To prove the
relation (4) we remark that

D frog (=Y o\ (flof ZZ]" o (A2 f).
i=1 i=1
On the other hand, using (9) we deduce that

ZZW N@XNef=1,0:0f.

Since C is a left H*-module, applying Id e, ® - to the both sides of the above
equality and then using the composition of morphisms in C, we get

ZZJ“ o(M2-f)=f. (10)

Therefore (4) holds, so we have just proved that ,C, is a finitely generated
projective D-module.

We still have to show that ,II, : ,C,#H* — Homp(;C,,,Ce) is an
isomorphism. We start by showing that each map is injective. Let & =
Z;"Zl fi'#fa; be an element in Ker ,I1,, where f/' € ,€, and a; € H*. Then
E;”:l fio(aj-f) =0 forany f € ,C,. Since & = {(1,#¢), and taking into
account the relation (9) we get

ajo fO#N (fi#te) = 0.

E=D D (U #a) (P #NSl#e) =D

n n m
j=1i=1 i=1j=

1

Thus the kernel of 11, is trivial. To prove that ,IL, is surjective we pick up
+Ce — €4, @ morphism of right D-modules. For f € ;C,, we have

pu(f) = pu (ZZf o[A-(fi 0f)]> = ZZuzi(fi) oM+ f)o(a-f),



126 ANCA STANESCU

as 1 is a morphism of D-modules and A - (fio f) =S (A1 - f) o (\a- f) is an
element in ,D,. We conclude that

i=1

so 41l is a surjection.

Let us show that (iii) implies (iv). We fix a Hopf module (M,,-). Here
> and - denote the actions of € and of H*on M, respectively. We have seen
that the category of Hopf modules is isomorphic to the category of left C# H *-
modules. Therefore M may be regarded as a left C# H*-module, whose struc-
ture map will be denoted by —. Hence, for f € ,Cy, o € H* and m € M, we
have

(f#a) =m = fr(a-m).

As in the proof of the preceding implication, for a given x in @y, there exist
floo f" € .Cp and fl,...,f, € ,Cp such that equation (9) holds. Let
& = (1, #\)(f/#¢). Our goal is to prove that ,p : ,Co @p M) — M
is invertible. Let

2o M — ,Co@p MU p(m) =D flop (& —m).
i=1

It is easy to see that ,¢ is well defined, that is & — m € (,, M)°°) as X is
a left integral in H* and & — m = A - (f/>m).

We can now prove that ;1 is the inverse of .. With the above notations,
we have:

n

(w0 aw)(m) =D wp(f' @n & = m) =3 f'o (& —m).

i=1
By the definition of the right C# H*-action on M and using (9) we get
(w0 2¥)(m) =Y [fo (M- ) #da] = m = (L#e) = m=m.

=1

To prove that 1 o . is the identity of ,C4 ®p M) let us pick up an
element ¢ = Z?:l fi ®@p my, with fI' € ,€,; and m; € ujMCO(H) = u].MH*.
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Thus

(@¥o 29)(C )ZZJ“@D & — (ff >my)]

=1 j5=1

BSOS o [N (i) ([ #)] = m,

i=1 j=1

S SS Fam [ o o f#N] = m,

7,1]1

ZZZW@@ A f]) o (Ae- f”)] > (A3 - mj)

=1 5=1

D3 S S Feon [ o Ga- £ om,

7,1]1

ZZJM @ [N (ff o fI)] b my

lljl

9 Z Z fio[h-(flo f)] ®pm;

=1 j=1

@ Zzzin(A1~f£)O(Az~f§’) ®p m;

i=1 j=1

P
EX Henm =

j=1

Let us briefly explain the above computation. The relations (A) and (B)
follows by the definition of the map .1 and of the element &;, respectively. The
relations (C) and (D) are consequences of the definition of the composition of
morphisms in C#H™* and of the C# H*-module structure on M. By using the
fact that m; € ;M) we obtain (E). The relations (F) and (H) hold as €
is an H*-module category. For (G) one uses the observation that X - v is H*-
invariant, for any left integral A € H* and any element v in a left H*-module
V. For a fixed j, tensorising both sides of (9) to the right with f we obtain

Zfz NeXefl =100 fl.
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Using the H*-module structure of ,C,; and then the composition in C, we get

Zfz oMo f)=1y0f] =f]

Thus (I) holds true as well. To finish the proof of this implication we have
to show that ¢ is an isomorphism of C#H*-modules. Indeed, for f € ,C,,
f' € €y, a € H* and m € ,M we have:

o (f#a) = (f' @p m)) = 20([(f#a) = fl@m) = [fo(a- f)]>m.

On the other hand, as M is a Hopf module and m is H*-invariant, we have:

(f#a) = wp (f'@m) = fo(ar- ) (ag-m)=[fo(a-f)]>m,

so our claim has been proved.

It remains to show that (iv) implies (iii). We have to prove that ,v, is
surjective for all € @y. Proceeding as in the proof of the implication (ii)
= (iii) it is sufficient to show that 1, ® € belongs to the image of ,v,. For
this, we consider the left C#H*-module 4C,#H™*, whose action is induced
by the composition of morphisms in the smash product category. Let us
denote it by (M,—). By assumption, the components of the morphism ¢ :
€ @p MH) 5 M are bijective. Thus 1, ® € € ,M is in the image of .,
so there exist fi,..., fn € :Cy, and mq,...,m, € ziMw(H) such that

ifi >m; = 1.#ec.
i=1

On the other hand we saw that every H*-invariant element in ,C, ® H* is of
the form (1 ® A\)(f' ® ¢), with f’ € ,€,. Then there exist f] € ,,€, such that

= (L #N(fi#e) =D M- fi#ha.

Therefore,
]_I#EZZ fivm; = Zfl #Az—m% <Zfl®f>
i=1 i=1
so the theorem is proved. O

Corollary 2.3. Let H be a Hopf algebra of dimension n. If C = D#,H is
a cross product with invertible cocycle then

(D, H)#H* ~ M, (D).
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Proof. By [14, Theorem 3.6 and Theorem 3.9] the extension D C € is H-
Galois. In view of the previous theorem, C#H* — &(Cp). Since H is finite
dimensional and o is invertible in convolution it follows that ,C, is a D-module
isomorphic with D7, see §1.2. Hence, by §1.6, we conclude that &(Cp) ~

M., (D), where M, (D) is the category of square matrix of order n with elements
in D. O
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