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First and second cohomology group of a bundle

Adelina Manea

Abstract

Let (E,m, M) be a vector bundle. We define two cohomology groups
associated to m using the first and second order jet manifolds of this
bundle. We prove that one of them is isomorphic with a Cech coho-
mology group of the base space. The particular case of trivial bundle is
studied.

1 Preliminaries

In this paper we define two cohomology groups associated to a vector bundle,
using the first and the second derivative of its global sections. These groups
generalize the Mastrogiacomo cohomology introduced in [5]. In the last years
there are concerns about the cohomology related to jets of manifolds [1]. We
prove that the first cohomology group is isomorphic with a certain Clech coho-
mology group of the base manifold (Theorem 2.1) and then we prove that the
first and the second cohomology groups of m are isomorphic (Theorem 3.1).
In the case of a trivial bundle these groups are isomorphic with the first de
Rham cohomology group of the base space (Theorem 4.1).

For the begining, we introduce some notions about first and second order
jets of a bundle, using [2], [6].

Let M be a m-dimensional paracompact manifold and {(U,u = (¢"),_17,) }
a differentiable atlas on it. Let (E, 7, M) be a vector bundle, with the fiber
dimension equal to n. For a local chart (U , (x’)) in M, the adapted coordinate
system in 7=1 (U) C E is (:ri7yo‘), where i = 1,m, a = 1,n. We shall use
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the same notation z* for the coordinate functions z* from M and z' o7 from
the manifold E. For two local charts (7~'(U), (z*,y®)), (=1 (U), (£, §*"))
which domains overlap, in U N U we have

#= (), § = MO (@), M ()€ GL(n,R). (1)

A local section of the bundle rinx € Misamap®:V - E, x eV CM
such that m o ® = 1y. The set of all local sections of 7 in x is denoted by
I', (7). The local representation of a section is (z¢, ®*), where &% = y* o .
In every local chart on E there are the local sections e, : 7~ 1(U) — M given
by y* o eg = 07, hence a local section ® could be written as a sum

D = P%,,

where 67 is the Kronecker symbol.
We say that two local sections ®,¥ € T, (7) are I-equivalent at x if
® (z) = ¥ (z) and if in some adapted coordinate system (z,y*) around @ (z),
) (@(2) =0 o o
W)= ), 2)
for i = 1,m and o = 1,n. The equivalence class containing ® is called the
1-jet of the section ® at x and is denoted j®. Of course the above conditions
have geometrical meaning.

Remark 1.1. The usual definition of the jet of a section of a bundle is slightly
modificated in this paper, where we asked that jL® to contain those sections
whose coordinate representation vanishes at x. This condition has geometrical
meaning for vector bundles.

We say that two local sections @, ¥ € T, (7) are 2-equivalent at x if they
are 1-equivalent at x and if in some adapted coordinate system (mi, ya) around
O (x),

82(I>a 32\11a

Oxt0xI (z) = Oxt0xI (), 3)
for every 1 < i < j <m and a = 1,n. The equivalence class containing ® is
called the 2-jet of the section ® at x and it is denoted j2®.

The first jet manifold of 7 is the set

J'r={ji®|zeM,®eT,(n)}.

It is a (m 4 mn)-dimensional manifold with local charts (Ul, ul), where U! =

{ji@ e J'n|®(z) €U}, (U, (2%,y*)) a local chart on E, and the functions

ul = (xi,yf‘), are defined by

o) =o' (1), o (110) = oo (). ()
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By a straightforward calculation, taking into account relation (1), we ob-
tain the following changing rules for local coordinates in J'm

~Q axZ ap, o
yill = o7 Malyi ’ (5)

Moreover, J'7 has a structure of a fiber bundle over M, with the surjection
submersion
mJlr > M, m(j;®) =z, (6)

The second order jet manifold of 7 is the set
JPr={j® |z e M,®eT,(r)}.

It is a manifold with local charts (U, u?), where U? = {j2® € J?r | ® (z) € U},

and the functions u? = (xi, Y, y?j)lgigjgm , are defined by

. . 0P« 82(1)04

i [k i a (2 _ a (2 _
for1 <i<j<manda=T1n. Wehavethat (J*r, 7, M) and (J?m, 721, J )
are bundles, with the surjection submersions

o JPm — M,, o (ji@) =z, (8)

To1 P = Jiw, mai(fi@) = jad
which satisfy

T 0 Mg = Ta. (9)

2 The first cohomology group of a vector bundle

The first prolongation of a section ® € I'(r) is a section denoted by j'® €
I'(m1) where j1® is locally given by
. 0P
7 [
@, 2%,
The map
jhiD(m) = T(m), j'(@)=j'®, (V)®el(n),

is called the first derivation of sections of .

Let U be an open domain in M. A section ¢ € T'yy(71) has the coordinate
representation (z°,¢). If it is a prolongation of a local section ® of 7, then
in U we have

oo™
Y =

O
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Definition 2.1. A global section ¢ of w1 is called j'-exact if it is a prolon-
gation of a global section ® in .

A global section ¥ of m; is called j'-closed if for every open domain U € M
there is a local section ®y of m such that ¥|y = j1®p.

We denote by C!(7) the set of jl-closed sections of m;. Obviously, there
is the following inclusion of subgroup I'mj! C C*(r). We call the first coho-
mology group of the bundle 7 the factor group

_C'(m)
- Imjl’

H(m) (10)

We consider now the presheaf S of germs of local sections of m whose
first jet vanishes, and the 1-dimensional Ceech cohomology group of M with
coefficients in S, H'(M, S).

For a local finite open covering of M, U = {Uj }kes, where Uy are domains
of local charts on M with local adapted coordinates (gc}¢7 YY), in E, we have

S(Ux)={®:Ux — E| j'®=0,}.

e

Remark 2.1. Condition j'® = 0 for ® € S(Ux) means %ii = 0,(V)i =
k

I,m,a=1,n.

Let be 1 € Cl(x). For a local finite open covering of M, U = {Uy}rer,
where Uy, are domains of local charts, there are some local sections {®; €
Ty, () }ker such that in U, ¥|y, = j'®. Hence we obtain a familly {®, }rer
of local sections corresponding to . In U, N U; we have j'®;, = j'®;. The
sections @y = ®p, — Py, defined in U, N U; are satisfying

1 (@ — @) =0,

so they belong to S(UNU;). Moreover, the family {®y;} is a 1-cocycle and its
cohomology class belongs to H LU, S). We denote by ¢! the inductive limit
of the cohomology class of {®y;} over the set of open coverings of M, filtred
to right.

We obtain a function

@:CHm) = H'(M,S), o) ="

Proposition 2.1.
Keryp = Imj'.
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Proof: Let ¢ € Keryp, hence it is a j'-closed section of m; such that
Yl = 0. It follows that the family of sections {®;;} corresponding to 1 in a
covering U = {Uj }ker is a coborder of a 0-cochain {py}rer, pr € S(Uk), so

Py = p1 — i

But &y = @) — ®;, where ¥|y, = j1®;,. We obtain a family of sections
{®k + pr trer such that in U, N U; we have

Oy +pr = D1+ pr. (11)

We define a section ® : M — E putting ®|y, = @ + pi. This is a global
section and, taking into account that jlp, = 0, it results that j1®|y, = Y|u,
for every k € I. Hence 1 € Imj!.

Conversely, for every ¥ = j'®, the family of sections ®;; is a family of
nulls sections, so the cohomology class vanishes, q.e.d.;

Using the fundamental theorem of isomorphism for groups, a consequance
of Proposition 2.1 is:

]_:v’roposition 2.2. The map ¢ induces an injective morphism ¢* : H(7) —
HY (M, S) given by o*([¢]) = .

Theorem 2.1. The morphism ¢* is an isomorphism between the first coho-

mology group of the bundle © and the 1-dimensional Cech cohomology group
HY(M,S).

Proof: Let ¢! be a cohomology class from H'(M,S). For a local finite
open covering of M, U = {Ug }rer, there is a familly of sections {®y; € S(UxN
Ui)}k,1er which is a 1-cocycle and the inductive limite of its cohomology class
is 9. We have in an intersection of domains which overlap U, N U; N U; that

Oy = Py — Dy (12)

For a partition of unity subordonated to U, we can define the sections
sk = Y er Preag. We obtain a familly of sections {si}rer and, taking into
account relation (12) in Uy N U; N U; we obtain:

S — 8 = E Dria; = Dy
tel

We define a section 1 in 7 putting ¢|y, = jtsg. Since @y € S(Up N 1Y), we
obtain 1 is a global section. Moreover, it is jl-closed and (1)) = ¥!. O
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3 The second cohomology group of a vector bundle

The second prolongation of a section ® € I'(7) is a section denoted by j2® €
['(71), where j2®(z) is locally given by

i oo~ 92
(z"(z), %(x), )

i Oxd

().

The map
j°:T(m) = D(m), j*(@)=j%®, (V)@ e (n),

is called the second derivation of sections of .

Let U be an open domain in M. A section ¥ € I'yy(m2) has the coordinate
representation (z¢, 0%, \I/%) If it is a prolongation of a local section ® of m,
then in U we have )

A
b Ot Y 9zidzi’

forevery 1 <i < j <m.

Definition 3.1. A global section ¥ of s is called j?-exact if it is a prolon-
gation of a global section ® of 7.

A global section U of my is called j?-closed if for every open domain U € M
there is a local section @y of ™ such that ¥|y = j2®y.

We denote by C2(7) the set of j2-closed sections of mo. Obviously, there
is the following inclusion of subgroup Imj? C C?(w). We call the second
cohomology group of the bundle 7 the factor group

2 ™
H?(1) = in(ﬂ) (13)

We define the injective map D : C1(7r) — C?(w), by D(1) is locally given
by
1 oYy O
D) = (¥f, = (== 7).
() = (7, 5 (e 1 )

This map is well-defined, as it follows: for an arbitrary 1 € C*(7), in every
domain U from M there is a local section ®; such that ¢|y = j1®y. Lo-
a 92 F
cal representation of D(¢) is (%(1;?7 admj%gi). We obtain that in U we have

D(¢)|y = j?®y. Hence D(v)) € C?(x).

Proposition 3.1. The following equalities hold:

D(C(m)) = C(m), D(Imj'(m)) = Imj*().
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Proof: The first equality says that D is surjective. Let v be a j2-closed
section of mo. In every open domain U C M there is a section ®;; of 7 such
that 7|y = j2®y. Taking into account relation (9), ¢ = w1 0 is a global
section of 71 which in every open domain U C M verifies |y = j1®y, so
¥ € Ct(r). Moreover, D(h) = 7.

The second equality folllows by similar arguments.

As a consequence of the above Proposition we obtain that the map D
induces an isomorphism between the cohomology groups H'(w) and H?(r).
So, we proved that:

Theorem 3.1. The first and the second cohomology groups of a bundle are
isomorphic.

4 Case of trivial bundle

When 7 is the trivial bundle (M x R, 7w, M), we can find the Mastrogia-
como’s results. The set of global sections of trivial bundle is the space of
Ce°differentiable functions on M and we denote it by Q°(M). The first jet of
a function f at a point z depends only by the first derivatives at that point,
and not by the value f(x). The first jet manifold of the trivial bundle, called
the first jet manifold of M and denoted J'M, is:

J'M = {jof lwe M, feQ)(M)},
The second jet manifold of M is:
JPM = {jif |z e M, feQl(M)}.

where Q0 (M) is the set of local sections defined on a domain containing z € M.

The module of sections of J'M is isomorphic to space of 1-forms Q' (M)
of the manifold M. We consider the exterior derivative d : Q°(M) — QY (M).

Local coordinates in J'M are (z°,w;) with w;(jLf) = ggi. The j!'-closed
jets correspond to the closed 1-forms by Poincare Lemma for d, and the coho-
mology group H!(m) is isomorphic with the first de Rham cohomology group
of M. The sheaf S contains functions local constant, so it is the constant sheaf
R.

In this case, Theorem 2.1. is exactly the de Rham theorem for the 1-
dimensional de Rham cohomology group of M.

The injective map by section 3 is in this case

D: QY (M) — T(xd), (14)
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locally given by

1 0w; = Ow;j
We remark that the map D is well-defined since for (U, (%)), (U, (1)) two
local charts which domains overlap, we have

- Oxt

Wi, = == -Ww;
11 ale (3

10w, 0wy, 0% 9t 9r) 1 Owi | 0w,
Q(Eﬁﬁ oz )= oz oz + oz Qi 2(8wj Ox? )

which are exactly the local coordinates changing rules in J2M. Hence Theo-
rems 2.1 and 3.1 say that:

D(wi) = (wi,

Theorem 4.1. The second cohomology group of the trivial bundle (M X
R, 7, M), C*(M)/Imj3,, is isomorphic with the first de Rham cohomology
group of manifold M.
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