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An iteration process for common fixed points
of two nonself asymptotically nonexpansive
mappings

Sezgin Akbulut, Safeer Hussain Khan, Murat Ozdemir

Abstract

In this paper, we introduce an iteration process for approximating
common fixed points of two nonself asymptotically nonexpansive map-
pings in Banach spaces. Our process contains Mann iteration process
and some other processes for nonself mappings but is independent of
Ishikawa iteration process. We prove some weak and strong conver-
gence theorems for this iteration process. Our results generalize and
improve some results in contemporary literature.

1 Introduction

Let E be a real Banach space with C' its nonempty subset. Let T : C — C' be a
mapping. A point x € C'is called a fixed point of T iff Tx = x. In this paper, N
stands for the set of natural numbers. T is called asymptotically nonexpansive
if for a sequence {ky,} C [1,00) with lim,_yo0 kn, = 1, || T2 —T"y|| < kyn|lz—y|
for all z,y € C and all n € N. T is called uniformly L-Lipschitzian if for some
L >0, ||T'z —T"y|| < L||lz —y|| for all n € N and all z,y € C. T is said
to be nonexpansive if |Tz — Ty| < ||l —y|| for all z,y € C. Let P: E — C
be a nonexpansive retraction of E into C. A nonself mapping T : C — FE is
called asymptotically nonexpansive (according to Chidume-Ofoedu-Zegeye [2])
if for a sequence {k,} C [1,00) with lim,, o k,, = 1, we have | T(PT)" 'z —
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T(PT)"Yy|| < kn|lz —yl| for all z,y € C and n € N. T is called uniformly
L-Lipschitzian if for some L > 0, |T(PT)" 'z — T(PT)" 'y|| < L|jz — y|| for
alln € Nand all z,y € C.

We will also denote by F' (T') the set of fixed points of T, that is, F'(T') =
{r€eC:Tx=2z}and by F:=F(T)N F(S), the set of common fixed points
of two mappings S and 7. In what follows, we fix 1 € C as a starting point
of the process under consideration, and take {a,},{8,},{V,} sequences in
(0,1).

We know that Mann, and Ishikawa iteration processes are defined as:

Tp+1 = (1 —ap)zp + @ Tx,, n€N (1.1)
and
Tny1 = (1 — an)xpn + @nTyn, (1.2)
respectively.
Agarwal-O’Regan-Sahu [1] recently introduced the iteration process:
Tnt1 = (1 — ap)Tapn + anTyn, (13)
yn =1 —=0,)xn + B, T2,, neN. '

They showed that their process is independent of Mann and Ishikawa and
converges faster than both of these. See Proposition 3.1 [1].

Obviously the above process deals with one self mapping only. The case
of two mappings in iteration processes has also remained under study since
Das and Debata [3] gave and studied a two mappings scheme. Also see, for
example, Takahashi and Tamura [12] and Khan and Takahashi [8]. Note that
two mappings case, that is, approximating the common fixed points, has its
own importance as it has a direct link with the minimization problem, see for
example Takahashi [11].

Being an important generalization of the class of nonexpansive self map-
pings, the class of asymptotically nonexpansive self mappings was introduced
by Goebel and Kirk [6] whereas the concept of asymptotically nonexpansive
nonself mappings was introduced by Chidume-Ofoedu-Zegeye [2] in 2003 as
the generalization of asymptotically nonexpansive self mappings. Actually
they studied the iteration process:

Zni1 = P((1— o) 2p + anT (PT)" ' 2,), neN. (1.4)

Nonself asymptotically nonexpansive mappings have been studied by many
authors, for example, Wang [13] and the references cited therein. Wang studied
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the process:

yn = P((1 = B,)xn + B,T (PT)"_1 Zn), n€N. (15)

{xnﬂ = P((1 — ap)zn + oS (PS)"  y),

Very recently, Thianwan [14] considered a new class of iterative schemes
(called projection type Ishikawa iteration) as follows:

Tni1 = P((1 = ap)yn + anS (PS)" " ), (1.6)

yn = P((1 = B,))2n + B, T (PT)" " z,), neN. '

Inspired and motivated by the above facts, a new class of two-step iterative
schemes, for two nonself asymptotically nonexpansive mappings, is introduced
and studied in this paper.

Ty = P ((1 —a))T (PT)" g + an (PS)" ! yn) :

1.7
yn:P((l—ﬁn)xn—i-ﬁnT(PT)"_lxn), n € N. (1)

Observe the following.

e Our process (1.7) reduces to Chidume-Ofoedu-Zegeye process (1.4) when
T=1.

e Wang process (1.5), Thianwan process (1.6) and our process (1.7) are
independent: neither reduces to the other.

e Agarwal-O’Regan-Sahu process (1.3) does not reduce to Mann process
(1.1) but our process (1.7) does. It means that the results proved by using
(1.7) not only contain the corresponding results of Agarwal-O’Regan-
Sahu using (1.3) extended to nonself case but also cover the left over
ones using Chidume-Ofoedu-Zegeye process (1.4).

e Our process (1.7) is able to compute common fixed points like (1.5) and
(1.6) but at a better rate.

We recall the following. Let S = {z € E : ||z|| = 1} and let E* be the dual
of E, that is, the space of all continuous linear functionals f on E. The space
E has:

(i) Gateaux differentiable norm if lim,_, exists for each x and
y in S; (ii) Fréchet differentiable norm (see e.g. [11]) if for each z in S, the

lz+tyll—ll=|l
0 t
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above limit exists and is attained uniformly for y in S and in this case, it is
also well-known that

1 2 1 2
(hJ@) + 5 llall® < Sl + bl < (T (@)

+3 lell® + (1Al (18)

for all z, h in E, where J is the Fréchet derivative of the functional 1 ||. |* at 2z €

X, {.,.) is the pairing between F and E*, and b is an increasing function defined
on [0, 00) such that lim, o @ = 0; (iii) Opial condition [9] if for any sequence
{zn} in E,z, — z implies that limsup,,_, . ||z, — 2| < limsup,,_, [[zn — yl|
for all y € E with y # z (iv) Kadec-Klee property if for every sequence {z,}
in E, z, — x and ||z,| — ||z| together imply z, — x as n — oco.

Examples of Banach spaces satisfying Opial condition are Hilbert spaces
and all spaces IP(1 < p < 00). On the other hand, L?[0,27r] with 1 < p # 2 fail
to satisfy Opial condition. Uniformly convex Banach spaces, Banach spaces
of finite dimension and reflexive locally uniform convex Banach spaces are
some of the examples of reflexive Banach spaces which satisfy the Kadec-Klee
property. Also note that there exist uniformly convex Banach spaces which
neither satisfy the Opial condition nor do they have Fréchet differentiable norm
but their duals do have the Kadec-Klee property. For example (Example 3.1,
Falset et al. [4]), let us take X; = R? with the norm denoted by |z| =

||961H2 + Hx2||2 and Xo = L,[0,1] with 1 < p < oo and p # 2. The Cartesian
product of X; and X, furnished with the /?-norm is uniformly convex, it
neither satisfies the Opial condition [4, 9] nor it has a Fréchet differentiable
norm but its dual does have the Kadec-Klee property.

A mapping T : C — E is demiclosed at y € F if for each sequence {z,}
in C and each z € E, z, — x and Tz, — y imply that x € C' and Tz = y.

Lemma 1. [10] Suppose that E is a uniformly conver Banach space and
0<p<t,<qg<1l foralln €N. Let {z,} and {y,} be two sequences of E
such that limsup,, , . ||za|| < r, limsup,, ., lyn|l <7 and

limy, o0 [[tn®n + (1 — tn)ynl| = 7 hold for some r > 0. Then

lim, oo ||Zn — yn| = 0.

Lemma 2. [15] If {rp},{tn} are two sequences of nonnegative real numbers

such that rpt1 < (14t,)rp,n>1 and > 07 | t, < 0o, then lim r, exists.
n—oo

Lemma 3. [2] Let E be a uniformly convex Banach space and let C be a

nonempty closed convex subset of E. Let T be a nonself asymptotically non-

expansive mapping. Then I —T is demiclosed with respect to zero.
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Lemma 4. [7] Let E be a reflexive Banach space such that E* has the Kadec-

Klee property. Let {x,} be a bounded sequence in E and xz*,y* € W =

W (X ) (weak limit set of {x,}). Suppose lim |[tx, + (1 —t)z* — y*|| ewists
n— oo

for allt € [0,1]. Then z* = y*.

Lemma 5. [/] Let C be a convex subset of a uniformly convex Banach space.
Then there is a strictly increasing and continuous convex function g : [0, 00) —
[0,00) with g(0) = 0 such that for every Lipschitzian map U : C — C with
Lipschitz constant L > 1, the following inequality holds:

Utz + (1= t)y) = Uz + (1 = t)Uy)| < Lg~" (o = yll = L7 [Uz — Uyl))

forallz,y € C and t € [0,1].

2 Convergence Theorems

Let T and S be two asymptotically nonexpansive nonself mappings of C' with
{kl} c [1,00), limy oo k) = 1 and {k2} C [1,00), limy 00 k2 = 1 respec-
tively. In the sequel, we take {k,} C [1,00) where k, = max{kl k2}. We
start with proving some key lemmas for later use.

Lemma 6. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T and S be two asymptotically nonexpansive nonself
mappings of C with > (k, — 1) < co. Let P : E — C be a nonexpansive
n=1
retraction of E into C. Let {on},{B8,} be in [e,1 —¢] for alln € N and
for some € in (0,1), and let {x,} be defined by the iteration process (1.7). If
F # @, then lim ||z, — Tx,|| = lim |z, — Sz,|| = 0.
n— oo n—o0

Proof. Let q € F. Then

|zt — gl = HP ((1 — )T (PT)" g + anS (PS)" yn) _ PqH
< (1-an) ‘T(PT)’“I Y — qH +a,|ls sy, - qH
< (1= an)kn yn —all + ankn |yn — qll

Fonllyn —all - (2.1)
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But
lom =l = ||P (1= B @+ 8,7 (PT)" " 0 ) |
< Bu|T@D)" 2|+ (1= B,) lwn —al
< Bukallen —all + (1= B,) & — gl

(L4 B (kn = 1)) [lzn — 4
kn 1z — qll (2.2)

IN

implies that

lner —all < K5 llen — gl
= [+ (k2 = D)] llzn —ql
Thus by Lemma 2, lim ||z, — ¢|| exists. Callit c.
n— oo
Now (2.2) implies that

limsup [y, — gl < c. (2.3)
n— oo
Also )
1T (PT)"" yn —qll < Enllyn — dll
foralln =1, 2,..., so
limsup |7 (PT)" 'y — ¢l < c. (2.4)
n— oo
Next,

1S (PS)" ™ yn — qll < knllyn — 4l
gives by (2.3) that

limsup [|S (PS)" "y, — q|| <e.

=00

Further,

¢ = lim [lzpes —qf = lim |P (1 = an)T(PT)* 'yn + anS(PS)" 'yn) — Pq|
< lim [[(1 = an) (T(PT)" " yn — ) + o (S(PS)" " yn —q) |

< ILm (1 = ap)limsup [(T(PT)" 'yn — q) || + anlimsup ||(S(PS)" 'y, — q) ||
n—o0 n—00 n—o0o
< lim [(1— an) ¢+ agc]

n—00
C
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gives that

lim || (1 —ap) (T(PT)"_lyn - q) + an (S(PS)”_lyn - q) | =e. (2.5)

n— oo

Applying Lemma 1, we obtain

lim |[S(PS)" 'y, — T(PT)" 'y,|| = 0. (2.6)

n— oo

Noting that

i1 —aqll = ||P((1—on)T(PT)"  yn + anS(PS)"'yy) — Pyl

< (@ = an)T(PT)" 'y + 0 S(PS)"y, — g

< | T(PT)* yn — ql| + an | S(PS)" yp — T(PT)" s |
yields that

¢ < liminf HT(PT)"_lyn —q||
n—oo
so that (2.4) gives lim, o |[|[T(PT)" 'y, — ¢ = c.
In turn,
|T(PT)" 'y — 4| < Enllyn — dll

implies

¢ < liminf ||y, — q|. (2.7)
n—oo
By (2.3) and (2.7), we obtain
lim [y — ql| = c.
n—oo
Further,
HT(PT)n_lmn - CIH < kn Hxn - QH
implies that
limsup |7 (PT)" ' 2, — q|| < c.

n— oo

Moreover,

. _1: o n—1 o
c nlggo\lyn—qll—nlgrolOHP((l By) xp + B, T (PT) xn) PqH

< lim | (L= 8,) (o — @)+ B (T(PT)" Y — q) |
< nhﬁn;o {(1 — B,) limsup ||(zn — q)|| + 8, lim sup || (T(PT)"ilxn - q) ||]

n—oo
C
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gives by Lemma 1 that

lim ||T(PT)" '@, — 2, = 0. (2.8)

n—o0

Now z, € C, the range of P, therefore Pz, = x, for all n € N and so

[ HP (ﬁn(T(PT)n_lxn + (- Bn)x’ﬂ) - Pxn“
B, T(PT)" @ + (1 = B, — 24|

B | T(PT)"  ay — |-

IN

Hence by (2.8),
lim lyn — xn|| = 0. (2.9)

From (2.8) and(2.9),
|T(PT) 'y — || < ||T(PT)* 'yn — T(PT)" 'a,||
+||T(PT)" @ — |

bl — 2l 2 — T(PT) 2
— 0asn— oo,

IN

that is,
lim ||T(PT)" 'y — 2| = 0. (2.10)

n— oo

Also note that

[#ne1 —znll = ||P((1—an) T(PT)" 'yn + anS(PS)" 'yn) — Pay||
< (1= ) T(PT)* yn + anS(PS)" iy — |
< | TP yn — @a| + an [|S(PS)" yn — T(PT)" ys||
— 0 asn — oo, (2.11)
so that
[Zne1 = ¥nll < lZnr1 — 2ol + |Yn — 20l (2.12)

— 0asn— oo.

Furthermore, from

IN

Hanrl - T(PT)n_lynH |znt1 — 2nll + Hxn - T(PT)n_lan

+ ||T(PT)" '@y, — T(PT)" |

IN

[Zni1 — 2n| + Hxn - T(PT)n_lmnH + k|70 — ynll
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we find that
lim ||zn41 — T(PT)" 'y, =0. (2.13)

n—oo
Now we shall make use of the fact that every asymptotically nonexpansive
mapping is uniformly L-Lipschitzian combined with (2.8),(2.12) and (2.13)
to reach at

|@n — Tyl < ||zn = T(PT)" an|| + | T(PT)" 2y — T(PT)™  ypn_a|
+ | T(PT)" Yy 1 = Ty

Hxn - T(PT)"_lmnH + kp ||Tn — Yn—1l|

FL (TP 2y = 2

— 0asn — oo,

IN

so that
lim ||, — Tz,| = 0. (2.14)
n—oo

To prove that lim,,_, o ||z, — Szy|| = 0, first note that

||S(P5)n71yn_$n” < ||S(P5)nflyn _T(PT)nilynH+HT(PT)TL71%L - $n|
so that by (2.6) and (2.10),
lim ||S(PS)" y, — x,| = 0. (2.15)
n—oo

)

From (2.9) and (2.15),

[S(PS)" ' an —znll < ||S(PS)" ran — S(PS)" | + || S(PS)" i — 2|
< kn Hyn - an + HS(PS)n_lyn — Tn | s
we have
lim |S(PS)"x, — x,| = 0. (2.16)

Next note that
201 = S(PS)" anll < lwnss = zall + 2 — S(PS)" ™ |
gives by (2.11) and (2.16)
lim [|p41 — S(PS)" tz,| = 0. (2.17)

n—roo
Again making use of the fact that every asymptotically nonexpansive mapping
is L-Lipschitzian, we have
[nit = Stastl < lonss = SPS) @il + [S(PS) i1 — S(PS) ",
HIS(PS) 20 — S
|Zn+1 = S(PS) " Tpi1ll + kntrllTns1 — za|
+L||S(PS)" 2 — nga -

IN
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Thus by (2.11),(2.16) and (2.17) , we get

lim |z, — Sz,| = 0. (2.18)

n—

This completes the proof of the lemma. I

Lemma 7. For any pi, po € F, lim |tx, + (1 —t)p1 — p2|| exists for all
n— oo

t € [0,1] under the conditions of Lemma 6.

Proof. By Lemma 6, lim |z, — p| exists for all p € F and therefore {x,}
n— oo

is bounded. Thus there exists a real number r > 0 such that {z,} C D =
B,(0) NnC, so that D is a closed convex nonempty subset of C. Put

gn(t) = [[txn + (1 = t)p1 — p2|
forallt € [0,1]. Then li_>m 9n(0) = ||p1 — p2| and li_>m gn(1) = lim ||z, — p2]|
n oo n oo n— oo
exist. Let t € (0,1).
Define B,, : D — D by:

Byr = P((1—o,)T(PT)" "Ayz + o, S(PS)" ' Ay2)

Apr = P(1-8,)z+ BnT(PT)"_lm)
Then B,x, = Tp41, Bnp =p for all p € F. Also
[P((1=Bn)z+ B, T(PT)" " a) = P((1 - B,)y+ B, T(PT)" 'y
[(1 = B,) (& = y) + B, (T(PT)" "z = T(PT)" "1y
(1=8,) lle =yl + Bpknllz =yl

(1= B)kn llz =yl + Bknllz = yll
= knllz -yl

[Anz — Anyll

A

IN

and

[(1 —an)T(PT)" Az + a, S(PS)" 1A, 2
IBu =Bl = | ot |

P[(1- ozn YT (PT)" 1A,y + a, S(PS)" "t A,y)]
< H (1—ay) (T(PT)" Az — T(PT)" 'A,y) ‘
- +a, (S PS)” YA,x — S(PS)"1A,y)

< (= an)knllAnz — Apyll + anky, |[Anz — Anyl|l
= kullAnz — Ay

knllz =yl

A

IN

Set
Rn m

s

= Bn+m71Bn+m72-~~Bn, m > 1
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and
Un,m = ||Rn,m (tmn + (1 - t)pl) - (tRmmxn + (1 - t)pl)” .
Then R, ;Tp = Tptm and R, ,,p =p for all p € F. Also

||Rn,mx - Rn,myH S ||Bn+m—an+m—2-~-an - Bn+m—an+m—2---Bny||
< k21 |Batm—2-.Bn® — Bpjpm—2...Bny|
< k12z+m—1k72L+m—2 | Bram—3--Bn® — Byym—3...Bny|
+m—1
< (I k) e = vl

Applying Lemma 5 with z = z,, y = p1,U = R, and using the facts
that lim, 00 kn = 1 and lim, o ||z, — w|| exists for all w € F, we obtain
Un,m — 0 as n — oo and for all m > 1.

Finally, from the inequality

In+m(t) = |[tRymTy + (1 —t)p1 — p2|
é Un,m + ||Rn,m(tl'n + (1 - t)Pl) - p2||
n+m—1
< Un,m + H k?gn(t)a
j=n

it follows that
limsupg,(t) < limsupu,m, + liminf g, (t)
n—00 n,1Mm—00 n—oo

= liminf g, (¢)

n—oo
That is,
lim sup g, (t) < lim inf g, (¢).
n—oo

n—oo
So that lim ||tx, + (1 — t)p1 — po|| exists for all ¢ € [0,1]. B
n—oo
Lemma 8. Assume that the conditions of Lemma 6 are satisfied. Then, for
anypr, pe € F, lim (x,,J(p1 — p2)) exists; in particular, (p — q, J(p1 — p2)) =
n— oo
0 for all p,q € wy(zy).
Proof. Take x = p1 — pa with p; # ps and h = t(z,, — p1) in the inequality
(1.8) to get:

1 1
5 pr = pel® 2 (e = p1 T = p2)) < e+ (1= Dpr = po”

IN

1
3 Ip1 = pall” + t (&0 — p1, J(p1 — pa))
+b(t |7, — p1)-
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As sup,,>1 [|7n, — p1|| < M’ for some M’ > 0, it follows that

1 2 . 1. 2
5 lpr = paf|” + tlimsup (zn, —p1, J(p1 —p2)) < 5 lm |ltz, + (1 —t)p1 — pof|
2 n— oo 2 n—oo

1
< 5 lpr = pall” + b(EM)
+t linnigéf (T —p1,J(p1 — p2)) -

That is,

. .. b(tM’
limsup (z,, — p1, J(p1 — p2)) < liminf (z, — p1,J(p1 — p2)) + ( )M'-

n—oo n—oo tM/

Ift — 0, then lim (x,, — p1, J(p1 — p2)) exists for all p1, pa € F; in particular,
n—oo

we have (p — ¢, J(p1 — p2)) = 0 for all p,q € wy(z,).
|

2.1 Weak Convergence
We now give our weak convergence theorem.

Theorem 1. Let E be a uniformly convex Banach space and let C,T,S and
{xn} be taken as in Lemma 6. Assume that (a) E satisfies Opial’s condition
or (b)E has a Fréchet differentiable norm or (c¢) dual E* of E satisfies Kadec-
Klee property. If F # @ then {x,} converges weakly to a point of F.

Proof. Let p € F. Then lim ||z, — p|| exists as proved in Lemma 6. We prove
n—oo

that {z,} has a unique weak subsequential limit in F. Let u and v be weak
limits of the subsequences {z,, } and {x,,} of {z,}, respectively. By Lemma
6, nhﬁn;(} |xn —Tzy| = 0and I —T is demiclosed with respect to zero by Lemma
3, therefore we obtain Tw = w. Similarly, Su = u. Again in the same fashion,
we can prove that v € F. Next, we prove the uniqueness. To this end, first
assume (a) is true. If v and v are distinct, then by Opial condition,

lim ||z, —u|| = lim |z, —ul
n— 00 n;— 00

A

lim ||z, — vl
n; —»0o0

= lim |z, — v
n—oo

Jim 2, = vl

A

lim |2, — ul|
TLj*)OO

= lim ||z, — ul.
n—oo
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This is a contradiction so u = v. Next assume (b). By Lemma 8, (p — ¢, J(p1 — p2)) =
0 for all p,q € wy(xy). Therefore ||u — v||*> = (u —wv,J(u—v)) = 0 implies
u = v. Finally, say (c) is true. Since lim |[tz, + (1 — t)u — v|| exists for all

n—oo
t € [0,1] by Lemma 7, therefore v = v by Lemma 4. Consequently, {z,}
converges weakly to a point of F' and this completes the proof.

Although the following can be obtained as a corollary from our above
theorem by putting 7' = I, yet it is new in itself.

Corollary 1. Let E be a uniformly convex Banach space and let C, S be taken
as in Lemma 6 and and {x,} as

Tni1 = P((1— o) 2 + anS (PS)" ' 2,), neN.

Assume that (a) E satisfies Opial condition or (b) E has a Fréchet differen-
tiable norm or (c¢) dual E* of E satisfies Kadec-Klee property. If F(S) # @
then {x,} converges weakly to a point of F(S).

2.2 Strong Convergence

Following [5], we say that two mappings S,T : C — E, where C is a subset
of a normed space F, are said to satisfy the Condition (A’) if there exists a
nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0 for all
r € (0,00) such that either ||z — Sz| > f(d(z, F)) or ||z — Tx| > f(d(x, F))
for all x € C where d(z, F') = inf{||lx — p|| : p € F}.

Theorem 2. Let E be a real Banach space and let C,T,S, F,{x,} be taken
as in Lemma 6. Then {x,} converges to a point of F if and only if
liminf,,_co d(xn, F) = 0 where d(z, F) = inf{||x — p|| : p € F}.

Proof. Necessity is obvious. Suppose that liminf,,_, d(z,, F) = 0. As proved
in Lemma 6, HILH;O |zn, — w]| exists for all w € F, therefore nhﬁrréo d(xy, F) exists.
But by hypothesis, lim inf,,_,», d(z,, F') = 0, therefore we have nhﬁn;(} d(xn, F) =
0. On the lines similar to [5], it can be proved that nh_}ngo d(xn, F) = 0. This
gives that d(p, F') =0 and so p € F.

Applying Theorem 2, we obtain a strong convergence of the scheme (1.7)
under the Condition (A’) as follows. I

Theorem 3. Let E be a real Banach space and let C,T, S, F,{x,} be taken as
in Lemma 6. If T, S satisfy the Condition (A’) then {x,} converges strongly
to a common fized point of T and S .
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Proof. We proved in Lemma 6 that

nhHH;O lxn — Tan| = nl;rr;o |zn, — Sxy|| = 0. (2.19)
From the Condition (A’) and (2.19), we get

lim f(d(@n, F)) < lim [l — T, =0,

n—oo

or
lim f(d(z,, F)) < li_>m |zn — Sz,|| =0,

n— oo

In both the cases,
lim f(d(z,, F)) =0.

n—oo
Since f : [0,00) — [0,00) is a nondecreasing function satisfying f(0) =
0, f(r) > 0 for all r € (0,00), therefore we have
lim d(x,, F)=0.

n—oo

Now all the conditions of Theorem 2 are satisfied, therefore by its conclusion
{z,} converges strongly to a point of F. I

Remark 1. Corollaries like Corollary 1 can now be obtained in this case as
well.

Remark 2. The case of nonexapnsive mappings now follows as a corollary
from our above results.

Remark 3. Theorems of this paper can also be proved with error terms.
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