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STRONG CONVERGENCE THEOREMS ON
ITERATIVE METHODS FOR STRICTLY
PSEUDO-CONTRACTIVE MAPPINGS

Yan Hao

Abstract
The aim of this work is to consider an iterative method for a fam-
ily of A-strict pseudo-contractions. Strong convergence theorems are
established in a real 2-uniformly smooth Banach space

1. Introduction and Preliminaries

Throughout this paper, we assume that E is a real Banach space with the
normalized duality mapping J from E into 27 give by

J@)=A{f" € B": (x, f) = |l=lI”, Ifl=ll=ll}, VzeE,

where E* denotes the dual space of E and (-, -) denotes the generalized duality
pairing. We assume that C is a nonempty subset of E and we use F(T') to
denote the fixed point set of the mapping 7. — and — denote strong and
weak convergence, respectively.

Among nonlinear mappings, the classes of non-expansive mappings and
strict pseudo-contractions are two kinds of important nonlinear mappings.
The studies on them have a very long history(see, e.g., [1-28]). Recall that
T is called a A-strict pseudo-contraction in the terminology of Browder and
Petryshyn [3] if there exists a constant A € (0,1) such that

(Tx—Ty,j(x—y)) < o=yl = A = )z — (I = T)yl%, (1.1)
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for all 2,y € C and for some j(z —y) € J(x — y). If I denotes the identity
operator, we can see that (1.1) is equivalent to the following inequality

(I =T~ (I =Ty, j(x —y) = A = T)x — (I = T)ylP?, (1.2)

for all z,y € C and for some j(z —y) € J(z — y). The class of strict pseudo-
contractions was first introduced in Hilbert spaces by Browder and Petryshyn
[3]. Let C be a nonempty subset of a real Hilbert space H, and T : C — C' be
a mapping. In light of [3], T is said to be k-strict pseudo-contractive, if there
exists a k € [0,1) such that

1Tz —Ty|* < |z — y)|* + k(L = T)z — (I = T)y|l*, (1.3)
for all z,y € C. It is well-known that (1.3) is equivalent to

1-k
(T =Ty, —y) <|lz = y|* = —— (1 = D) = (I = T)y|*, (1.4)

for all x,y € C. Note that the class of strict pseudo-contractions strictly
includes the class of non-expansive mappings which are mappings T on C'
such that

[Tz =Tyl < lz—yl, Va,yel. (1.5)

Recall that a self mapping f : C' — C is a contraction, if there exists a constant
a € (0,1) such that

1f (@) = FWll < allz—yl, Vz,yel.

We use Il to denote the collection of all contractions on C.
Remark 1.1. It is shown in [12] that the strict pseudo-contractions are L-
Lipschitz (i.e., [Tz — Ty|| < L|jz — y|| for all 2,y € C and for some L > 0).

Remark 1.2. When A = 0, T is said to be pseudo-contractive, and it is
said to be strongly pseudo-contractive, if there exists a positive constant a €
(0,1) such that T'— al is pseudo-contractive. We remark that the class of
strongly pseudo-contractive mappings is independent of the class of A-strict
pseudo-contractions. This can be seen from some examples (see, Chidume and
Mutangadurea [5] and Zhou [28] ).

A Banach space F is called uniformly convex if for each € > 0 there is a
0 > 0 such that for z,y € E with ||z, ||y]| < 1 and ||z —y|| > € ||z + y|| <
2(1 — 0) holds. The modulus of convexity of F is defined by

, 1
dp(e) = nf{1 — |5 (z +y)l : Il Iyl < L, llz — yl| = e},
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for all € € [0,1]. E is said to be uniformly convex if §5(0) = 0 and d(¢) > 0 for
all 0 < e < 2. A Hilbert space H is 2-uniformly convex, while L,, is max{p, 2}-
uniformly convex for every p > 1.
Let S(E) ={z € E : ||z|| = 1}. Then the norm of F is said to be Gateaux
differentiable if
ety o]

t—0 t (1.6)

exists for each z,y € S(E). In this case, E is called smooth. The norm
of E is said to be uniformly Géateaux differentiable if for each y € S(E),
the limit (1.6) is attained uniformly for z € S(E). The norm of E is called
Fréchet differentiable, if for each z € S(FE), the limit (1.6) is attained uniformly
for y € S(E). The norm of E is called uniformly Fréchet differentiable, if
the limit (1.6) is attained uniformly for z,y € S(E). It is well-known that
the (uniform) Fréchet differentiability of the norm of E implies the (uniform)
Gateaux differentiability of the norm of F.

The modulus of smoothness of E is the function pg : [0,00) — [0,00)
defined by

1
pe(r) = {5(lz +yl +le—yl) = 1:llzl <1, yl <7}, vr=0.

The Banach space F is uniformly smooth if and only if lim,_, p%(ﬂ =0

for all 7 > 0. Let ¢ > 1. The Banach space FE is said to be g-uniformly
smooth (or to have the modulus of smoothness of power type ¢ > 1) if there
exists a constant ¢ > 0 such that pg(7) < cr9. It is known that, if E is
g-uniformly smooth then ¢ < 2 and FE is uniformly smooth and hence the
norm of F is uniformly Fréchet differentiable, in particular, the norm of F is
Fréchet differentiable. There are typical examples of both uniformly convex
and uniformly smooth Banach space LP, where p > 1. More precisely, LP is
min {p, 2}-uniformly smooth for every p > 1.

One classical way to study non-expansive mappings is to use contractions
to approximate a non-expansive mapping ([2], [17]). More precisely, take t €
(0,1) and define a contraction T; : K — K by

Tix=tu+(1—t)Tz, =€k, (1.7)

where u € K is a fixed point. Banach’s Contraction Mapping Principle guar-
antees that T} has a unique fixed point x; in K. It is unclear, in general, what
is the behavior of z; as t — 0, even if T" has a fixed point. However, in the case
of T having a fixed point, Browder [1] proved that, if X is a Hilbert space,
then z; converges strongly to a fixed point of T that is nearest to u. Reich [17]
extended Browder’s result to the setting of Banach spaces and proved that, if
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X is a uniformly smooth Banach space, then x; converges strongly to a fixed
point of T and the limit defines the (unique) sunny non-expansive retraction
from C onto F(T).

Very recently, Xu [24] studied the following iterative process by so-called
viscosity approximation which first introduced by Moudafi [11].

20=2€C, Zpny1=0anf(@n)+ (1 —an)Tr,, n>0 (1.8)

and proved the following theorem in a Banach space.

Theorem X. Let E be a uniformly smooth Banach space, C be a closed convex
subset of E, T : C — C be a nonezxpansive mapping with F(T) # 0, and
f:C — C be a contraction. Let {x,} be generated by (1.8). Then, under the
hypotheses

(1) limy, 0 o = 0;

(i) Doney on = o005
(iii) either > 7 | [apy1 — an| < 00 or limy, oo (Qpy1/an) =1,

{xn} converges strongly to a fived point of T, which is the unique solution of
some variational inequality.

Recall that the normal Mann’s iterative process was introduced by Mann
[10] in 1953. Since then, the construction of fixed points for non-expansive
mappings and strict pseudo-contractions via the normal Mann’s iterative pro-
cess has been extensively investigated by many authors.

The normal Mann’s iterative process generates a sequence {z,} in the
following manner:

Vo1 € C, xpy1 = (1 —an)zn + @ Tr,, Yn>1, (1.9)

where the sequence {a,}>2 ; is in the interval (0,1).

If T is a non-expansive mapping with a fixed point and the control sequence
{an} is chosen so that > 7 a, (1 — @) = oo, then the sequence {z,} gen-
erated by normal Mann’s iterative process (1.9) converges weakly to a fixed
point of T' (this is also valid in a uniformly convex Banach space with the
Fréchet differentiable norm [18]). In 1967, Browder and Petryshyn [3] estab-
lished the first convergence result for strictly pseudo-contractive self-mappings
in real Hilbert spaces. They proved weak and strong convergence theorems
by using algorithm (1.9) with a constant control sequence {a.,} = « for all n.
Afterward, Rhoades [20] generalized in part the corresponding results in [3] in
the sense that a variable control sequence {a,, } was taken into consideration.



STRONG CONVERGENCE THEOREMS ON ITERATIVE METHODS FOR
STRICTLY PSEUDO-CONTRACTIVE MAPPINGS 185

Attempts to modify the Mann iteration method (1.9) for non-expansive
mappings and strict pseudo-contractions so that strong convergence is guar-
anteed have recently been made; see, e.g., [6,8,9,14,16,26,28] and the references
therein.

Kim and Xu [8] introduced the following iteration process.

xg =x € C arbitrarily chosen,

Yn ﬁnxn + (1 - ﬁn)Tmna (110)
Tpy1 = apt + (1 = o) yn,

where T is a non-expansive mapping of K into itself, u € C is a given point.
They proved the sequence {z,} defined by (1.10) converges strongly to a fixed
point of T provided the control sequences {a,,} and {f,} satisfy appropriate
conditions.

More recently, Yao et al. [26] improved the results of Kim and Xu [8] by
using the so-called viscosity approximation methods. To be more precisely,
they introduced the following iterative scheme

x9 =x € C arbitrarily chosen,
Yn = BnTn + (1 - ﬂn)Txm (1'11)
Tnit1 = Olnf(xn) + (1 - an)yna

where f is a contraction on f. They obtained a strong convergence theorem
for a non-expansive mapping in a Banach space.

Very recently, Zhou [27] modified the normal Mann’s iterative process (1.9)
for non-self strict pseudo-contractions to have strong convergence in Hilbert
spaces. To be more precisely, he proved the following results.

Theorem Z. Let C be a closed convex subset of a real Hilbert space H and
let T: C — H be a k-strictly pseudo-contractive nonself-mapping such that
F(T) # 0. Given u € C and sequences {a,} and {#,} in (0,1), the following
control conditions are satisfied:

(1) ﬁn — 05
(ii)) k<a,<b<1lforalln>1,
(i) D221 Bn = o0

Bn
Br+1

(1Av) 307 |1 —an] <00, 302 |Bns1—Bn| < oo; or — lasn — ocol.
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Let a sequence {z,,} be generated in the following manner:

r1=x€C,
Yn = PC[anxn + (1 - ﬁn)Tan
Tyl = Bau+ (1 - ﬁn)ynn n>1,

where Pc¢ is a projection from H onto C. Then, {x,} converges strongly to a
fixed point z of T', where 2z = Pp(yu.

In this paper, motivated by Cho et al. [6], Kim and Xu [8], Qin et al.
[14], Xu [24], Yao et al. [26] and Zhou [27,28], we prove strong convergence
theorems for a finite family of A-strict pseudo-contractions in Banach spaces.
Our results improve and extend the corresponding ones announced by many
others.

In order to prove our main results, we need the following definitions and
lemmas.

Lemma 1.1. (Xu [25]). Let E be a real 2-uniformly smooth Banach space
with the best smooth constant K. Then the following inequality holds:

lz +yll* < [lzl| +2(y, Jz) + 2| Ky]|*,
forallxz,y € E.

Lemma 1.2 (Zhou [28]). Let C be a nonempty subset of a real 2-uniformly
smooth Banach spaces and T : C — C be a \-strict pseudo-contraction. For
a € (0,1), we define Tox = (1 —a)r+aTz. Then as a € (0, %2), T,:C—=C
is non-expansive such that F(T,) = F(T).

Lemma 1.3 (Zhou [28]). Let E be a smooth Banach space and C be a
nonempty convex subset of E . Given an integer r > 1, assume that for each
i1 €N, T;: C — C is a \j-strict pseudo-contraction for some 0 < A < 1. As-
sume that pi_, is a positive sequence such thaty . p; = 1. Then > ., ;T :
C — C is a A-strict pseudo-contraction with A = min{\; : 1 < ¢ <r}.

Lemma 1.4 (Zhou [28]). Let E be a smooth Banach space and C be a
nonempty conver subset of E . Given an integer r > 1, assume that {T;}i_, :
C — C is a finite family of \;-strict pseudo-contractions for some 0 < A < 1
such that F = NI_F(T;) # 0. Assume that {u;}7_, is a positive sequence
such that Y., p; = 1. Then F(3,_, w/T;) = F.

Lemma 1.5 (Xu [24]). Let E be a uniformly smooth Banach space, C be
a closed conver subset of E, T : C — C be a non-expansive mapping with
F(T)#0, and f € e. Then {x:}, defined by

Ty = tf((Et) + (1 — t)T{Et,
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converges strongly to a point in F(T). If we define Q : llc — F(T) by
Q(f) = }gr(l):rt, felle. (1.12)

Then Q(f) solves solves the variational inequality

(I =1HQ),JQ(f) —p) <0, fellg,pe F(T).

Lemma 1.6. In a Banach space E, there holds the inequality
lz +yl* < ll2l* + 2{y, j(z +v)), @,y €E,

where j(z +y) € J(z +y).

Lemma 1.7 (Xu [22]). Assume that {an} is a sequence of nonnegative real
numbers such that
Apt1 < (1 - ’Yn)an + 6n7

where {7y} is a sequence in (0,1) and {5, } is a sequence such that
() £, 7 = oo
(ii) limsup,,_,o0 6n/7n <0 or >_07 | 18,] < co.

Then lim,, oo @, = 0.

3. Main Results

Lemma 2.1. Let C' be a nonempty closed convex subset of a real 2-uniformly
Banach space E and let T : C' — C be a A-strict pseudo-contraction such that
F(T) # 0. Given f € ¢ and zy € C and sequences {a,} and {B,}, the
following control conditions are satisfied:

(i) limy, 00 ap = 05

(if) 3252 an = oo;

(iii) 0 < Bn < 25 for alln > 0.

(iv) Yoot lantr — an| <00, 3577 Bt — Bl < 0.

Then {x,} generated by

Tpt1 = anflxn) + (1 — an)yn, n>1,

{yn = BTz, + (1 - Bn)xn
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converges strongly to a fized point x* of T, which solves the following varia-
tional inequality

(f(@%) —2" J(p—2")) <0, vpe F(T).

Proof. From Lemma 1.2, we have vy, = T3, xp, F(1,) = F(T) and Tp, is
non-expansive for every n. First, we show {z,} is bounded. Indeed, taking a
point p € F(T), we have

lyn = pll < llzn = p-
It follows that
[Znt1 = pll = lan(f(@n) —p) + (1 — an)(yn —p)I| <
< ap| f(zn) = fP) + f(p) =PIl + (1 — o)z — p|| <
<[l —an(l=a)]llzn —pll + anll f(p) — pll-

By simple induction, we have

||p f( )

e — pll < max{[leo — pll, L=L@Iy 5 g

which gives that the sequence {x,} is bounded. On the other hand, we have

Hyn+1 - yn” = ||TBn+1xn+1 - Tﬁnan =
= 1Ts, 1 ns1 = T,y @0 + T3,y T — T, 2nl| <
<N#ntr — 2all + T8, 20 — T, znll <
< l@ntr = znll + Mi[Bns1 — Bal,

(2.1)

where M; is an appropriate constant such that My > sup{||Tz, — z,||}. Ob-
serving that
Tpto — Tpt1 = (1 — @ng1) Wnt1 — Yn) — (Qng1 — @n)Yn
+ a1 (f(Tny1) — flzn)) + f@n)(@ngr — an),

we have

lTnse = Zng1|l < (1 — ang1)[[Yns1 = Ynll + g1 — an| Mo

(2.2)
+ anp10f[Tni1 — @n,

where M is a appropriate constant such that Ms > sup{||y.| + ||f(x.)||}
Substituting (2.1) into (2.2), we have

2nt2—2niall < [1—anp1(I=a)]||Tni1 —znll+Ms(|Bni1 — Bul +lans1 —anl),
(2.3)
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M3 is a appropriate constant such that M3 > max{Mj, M>}. Noticing condi-
tions (i), (ii) and (iv) and applying Lemma 1.6 to (2.3), we have

nll_>lr;o [#n — @nta | = 0. (2.4)

Notice that
1Zn = Ynll < |20 — g1l + |Tn41 — ynll <

< ||x7l - $n+1H + an||f(xn) - yn“

Tt follows, from condition (i) and (2.4), that lim, s ||Zn — yn|| = 0. That is,

nh_}rrolo lzn, — T, x| = 0. (2.5)
Next, we claim that
limsup(f(z”) — 2", J(zn, — 27)) <0, (2.6)
n—oo

where z* = lim;_,¢ x; with x; being the fixed point of the contraction
r=tf(x)+ (1 -1)Ts, .

Then z; solves the fixed point equation x; = tyf(x) + (1 — t)Ts,x¢. Thus we
have

[z = xnll = |1 = 8)(Tp, 20 — 2n) + ¢(f (24) = @n)-

It follows from Lemma 1.6 that

I = 2all? = (1 = )T, 20 — 20) + (1) — ) <
< (U= P, 30— P+ 2 w) = S =2} €,
< (A =2t + 1)) ||me — | + fu(t) <
+ 2t(f(x) — g, J(xp — ) + 28{xy — T, J(T — Tp)),
where

fu() = Cllze — 2ol + (|20 — TBnJJnH)Hxn - Tﬂnxn” -0, asn—0. (2.8)
It follows from (2.7) that
2t(xy — f(we), 24 — ) < t2||xt - xn||2 + fa(t).

That is,
(= F), T = ) < Sl =l + 5 ) (29)
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Let n — oo in (2.9) and note that (2.8) yields

lim sup (e, — £(a0), J (e — 7)) < 5 Mo, (2.10)

n— oo

where M, > 0 is a constant such that My > ||z; — x,]|? for all t € (0,1) and
n > 1. Taking t — 0 from (2.10), we have

lim sup lim sup(z; — f (), J(z: — x,)) < 0.

t—0 n—00

Since F is uniformly smooth, J : E — E* is uniformly continuous on any
bounded sets of E/, which ensures that the order of lim sup,_,, and limsup,,_, .,
is exchangeable, and hence (2.6) holds. Now from Lemma 1.6, we have

zns1 = 2*[* = (1 = an)(yn — &) + an(f(@n) — )| <
<11 = an)(yn — @)1 + 200 (f(20) = 27, J (241 — 27)) <
< (1= 0n)?flan — 2" + ana(llon — 2|7 + [lzns — 27(*)+
+ 2an(f(27) — 2%, J(2p1 — 27)),

which implies that

1 — 217+

(1—an)?+ ana 9 20,
D S P L PV T (fa) — 2", Tz — 2)) <
< Bl O g ot 220 — 0 S — ) <

20, (1 — @) w12
<Yy
<f- 20y, oy
20,(1 =), 1 an,
*\ * J " _ * 7M ,

+ 1—aya [1—0¢<f(x) T, (.’E +1 x)>+2(1—05) 5]

(2.11)
where Mj is an appropriate constant such that Mz > sup, > {|lzn — 2*||*}.
Put j, = W and

ta = T (@) =" Tss = 2) + 5o M
=——(f(@*) — 2", J(@py1 — @ ——— M.
" l-a o 2(1—a) "
That is,
Zn+1 — C1”2 < (1= gu)llzn = gll + jntn. (2.12)

It follows, from conditions (i), (ii) and (2.6), that lim, o0 jn = 0,> 00| jn =
oo and limsup,,_,. ¢y, < 0. Apply Lemma 1.7 to (2.12) to conclude z, — q.
This completes the proof.
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Remark 2.1. Lemma 2.1 improves Yao et al. [26] from non-expansive map-
pings to A-strict pseudo-contractions.

Theorem 2.2. Let C' be a nonempty closed convex subset of a real 2-uniformly
Banach space E and let {T'},_, : C — C be a \;-strict pseudo-contraction such
that F = N[_F(T;) # 0. Let {u;} € (0,1) be r real numbers with Y ;_, ju; = 1
Given f € Ilc and zp € C and sequences {ay} and {B,}, we assume the
following control conditions are satisfied:

(i) limy, 00 ap = 05
(if) 32525 an = oo;
(iii) 0 < B < % for allm > 0.
(iv) 220:1 |1 — | < oo, 220:1 |Bn+1 — Bl < o0.
Then {z,} generated by
Yn = Bn Z:Zl ,UfiTi‘Tn + (1 - Bn)xn
Tn41 = anf(xn) + (]- - an)ynv n>1,

converges strongly to a common fized point x* of {T;}i_,, which solves the
following variational inequality

(f(@%) —2" J(p—2")) <0, vpe F(T).

Proof. Define Tz = Z:zl T;x. By Lemma 1.3 and Lemma 1.4, we have
T :C — C is Mstrict pseudo-contraction with A = min{}); : 1 < ¢ < r} and
F(T)=F(._,T;) = N;_F(T;) = F. From Lemma 2.1, we can conclude the
desired conclusions easily.

Remark 2.2. Lemma 2.1 and Theorem 2.2 are applicable to [P and L? for all
p =2

Applications

As applications of Lemma 2.1 and Theorem 2.2, we have the following
results.

If f(x) =w e Cfor all x € C in Lemma 2.1 and Theorem 2.2, respectively,
we have the following theorems.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real 2-uniformly
Banach space E and let T : C'— C be a A-strict pseudo-contraction such that
F(T) # 0. Given u,zg € C and sequences {ay} and {B,}, such that the
following control conditions are satisfied:



192 YAN Hao

(i) limy, o0 ap = 05
(i) Doney on = o005
(il)) 0 < B, < 25 for alln > 0.
(iv)

then {x,} generated by

{yn = BnT2n + (1 — Bn)an

Zn 1 |an+1 an| < 00, Zzozl |ﬁn+1 - /Bn| < 00,

Tpe1 =opu+ (1 —ap)yn, n>1,
converges strongly to a fized point x* of T, where z* = Qpu and Qu : C — F
1s the unique sunny nonexpansive retraction from C onto F'.

Remark 3.2. Theorem 3.1 improves Theorem 3.2 of Zhou [27] from Hilbert
spaces to Banach spaces and Theorem 1 of Kim and Xu [8] from non-expansive
mappings to A-strict pseudo-contraction.

Theorem 3.3. Let C be a nonempty closed convex subset of a real 2-uniformly
Banach space E and let {T'}7_; : C — C be a \;-strict pseudo-contraction
such that FF = NI_,F(T;) # 0. Let {u;} C (0,1) be r real numbers with
iy i = 1 Given u,zo € C and sequences {a,} and {f,}, such that the
following control conditions are satisfied:

(i) limy, 00 atp = 05
( ) Zn 1 On = 003
(ili) 0 < B, < #5 for all n > 0.
(iv) Zn 1longr —an| < oo, Z;L.Ozl |Bni1 — Bnl < o0,
then {z,} generated by
Yn = Bn Z::l i, + (1 - 571)-1'71
Tnt1 = apu+ (L —ap)yn, n2>1,

converges strongly to a common fixed point z* of {T;}7_,, where z* = Qru
and Qu : C — F' is the unique sunny non-expansive retraction from C' onto
F.

Remark 3.4. Theorem 3.3 improves Theorem 1 of Kim and Xu [8] in the
following senses:

(i) from non-expansive mappings to A-strict pseudo-contractions;
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(ii) from a single mapping to a finite family of mappings;

(iii) relaxing the restriction on parameters.
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