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NUMERICAL DISCRETE ALGORITHM
FOR SOME NONLINEAR PROBLEMS

Cristina Sburlan

Abstract

In this paper we use the eigenfunctions of the Laplacian to approxi-
mate the solution of some nonlinear equations which are used to model
natural phenomena (as the Navier-Stokes flow equations, for instance).
In this respect we propose a numerical algorithm, combining the Uzawa
and Arrow-Hurwitz algorithms. The algorithm proposed here shares fea-
tures from both algorithms, and it has the following advantages upon
them: the usage of a single parameter (like in the Uzawa algorithm) and
the fact that the approximative equation is linear (like in Arrow-Hurwitz
algorithm). We prove the convergence of the approximate solution to
the weak solution of the given equation. Next, we apply a Galerkin-type
discretization of this algorithm in order to compute the approximate so-
lution.

1 An Arrow-Hurwicz-Uzawa Type Algorithm

In this section we develop a numerical algorithm used to approximate the
solution of the stationary nonlinear Navier-Stokes system, combining Uzawa
and Arrow-Hurwicz algorithms presented in [6], which represent extensions of
the classical Uzawa and Arrow-Hurwicz algorithms that appear in nonlinear
optimization problems. We describe the algorithm and prove the convergence
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of the solution obtained by this algorithm to the weak solution of Navier-
Stokes system (without a direct reference to the optimization theory, even if
the idea of an algorithm of this type comes from the optimization theory).
This numerical method can also be applied to other linear or nonlinear
problems modeling natural phenomena, such as diffusion-dispersion problems,
Oseen equations, Brinkman equations and so on.
Consider the Navier-Stokes system for the flow of an incompressible fluid:
div u(z) =0
(u-Vu(z) — vAu(z) + Vp(z) = f(z),z € Q
u =0 on 0.
where v is the dynamical viscosity, € RY,2 < N < 3, is a bounded domain
with smooth enough boundary to apply the Green formula and the Sobolev-
Kondrashov theorem, f € L?(Q) represents the body forces, the scalar function
p represents the pressure and the vector function u = (uy, ..., uy) represents
the velocity of the fluid.
Consider A € L (E, E*) (the Stokes operator):

N
(Ay,w) = Z/Vyz -Vwdz,Vy,w e E

=1 ¢

N
and define the nonlinear form b (y, z,w) := Y. [y;Dizjw;dx.
i,j=1Q
We write the weak formulation of the problem:

v(Au,v) + b(u,u,v) = (f — Vp,v),Vv € E,
or, equivalently,
v<u,v > +b(u,u,v) = (f — Vp,v),Yv € E, (1)

where we have considered the Hilbert spaces X := {y € (L? (Q))N |V.-y =
0,n-y=00n 0N} and F:={y € (H&(Q))N | V-y =0}

Denote by < -,- > and ||-|| (respectively, by (-,-) and |-|) the scalar product
and the norm on V := (H{} (Q))N (respectively on (L? (Q))N)

Define the three-linear functional b: V x V x V — R,

N N
- 1 1
b(u,v,w) = 3 E /ui(Divj)wjdx ~3 E /uivj(Diwj)d%u,v,w ev,
=1} =1}

where u = (u1,...,un), v = (v1,...,Un), w = (w1, ..., wn), and D;u; repre-
sents the partial derivative of u; with respect to z; (z = (z1,...,2n5) € Q).
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We have (see [6], p. 205) that b(u,u,v) = b(u,u,v), Vu,v € E.

Also, in [6] is proved that 3¢ > 0 such that |b(u,v,w)| < ¢ |jul - o] -
|w||,Vu,v,w € V, and, if v? — ¢||f||z- > 0 and u is the solution of problem
(1), then [lul| < L|f|l 5. Moreover, in [6] there are described the following
numerical algorithms, whose solutions converge to the solution of problem (1).

Uzawa Algorithm: Let p® € L?(Q) be arbitrary given. For a known p™
(m € N), define u™*! € V and p™*! € L?(Q) as the solution of the problem:
v <u™t o > 4b(umt umt ) = (p™, div v) + (f,v),Yv €V,
(P = p™,q) + p(div u™T, ) = 0,¥g € L*(9),
where p > 0 is a real number such that 0 < p <2v and v — < || f| g. > 0.

Arrow-Hurwicz Algorithm: Let v € V and p° € L?(Q) arbitrary given.
For known u™, p™ (m € N), define u™*! € V and p™*! € L*(Q) as the
solution of the problem:

< um+1 —um > +,0V < um7,u > _'_pl;(um’um-ﬁ-l’U) =
= p(p™, div v) + p(f,v),Yv €V,
a(pm = p™,q) + p(div u™ ™t q) = 0,Vq € L*(Q),

where v — 2¢ || f|| o — %2 Hf”?;* =v* >0 and a, p > 0 are real numbers such
that 0 < p < m

The Uzawa algorithm has as disadvantage that in the equation appears the
nonlinear term lA)(um‘H7 u™F1 v), which makes difficult the solvability of this
equation. On the other hand, in the Arrow-Hurwicz algorithm, with respect
to the Uzawa algorithm, appears moreover the real parameter «, which is
related by some conditions with the parameter p. However, this method has
the advantage that the term b(u™,u™"! v), in which ™! is unknown, is
linear with respect to this unknown function.

Next, we will develop an algorithm of the above type, and we will prove the
convergence for it. The advantage of this algorithm against those presented
are the usage of a single real parameter, p, like in the Uzawa’s method, and
of the linear term I;(um,um"’l,v), like in the Arrow-Hurwicz method. We
succeeded to combine the two above methods to give a new numerical method
that presents the mentioned advantages.

The numerical algorithm is the following one:

Initially, we arbitrary give p° € L?(Q) and u° € V. For known p™ and u™,
we compute p" ! € L2(Q) and u™ ! € V by:

<um™tl ™ v > 4pr < u™t v > 4 pb(u™, um™ L v)— (2)
—p(pm,diV U) = p(fa ’U),V’U € ‘/7



254 CRISTINA SBURLAN

(pm+1 B pm7q) + p(diV um+1,q) =0,Vq € LQ(Q), (3)

where p is an arbitrary strictly positive real number.
For an arbitrary fixed m € N*, we will prove the existence and the unique-
ness of the solution for the previous algorithm.

Theorem 1.1 If m € N* and p™ € L*(), uv™ € V are known, then the
solution of the problem (2)—(3), (u™Tt,pm*1) € V x L?(Q), exists and it is
unique.

Proof. If we succeed to prove the existence and the uniqueness of u™*1!,

then the existence and the uniqueness of p™+! will follow immediately, p
being determined from relation (3): p™*1 = p™ — pdiv u™*1.
Let us prove now the existence and the uniqueness of u™*!. Equation (2)
can be written as: R
<um™tl o> 4o <um™tH v > 4pb(u™, umt v) =
= p(p™,div v)+ < u™,v > +p(f,v),Yv €V,
or, equivalently, a(u™*!,v) = g(v),Yv € V, where a: V x V — R,
N

m—+1

a(u,v) = (14 pv) <wu,v >+5 > [ul(Dju;)vjde—
=
N "
*‘;—) ‘Zl fu;nt(Dl'Uj)d‘T,u,’U S V;
3,j=1Q
and we have considered the linear continuous functional g : V' — R given by
g(v) =< u™, v > +p(p™,div v) + p(f,v), Vv €V

~ N N
(we have applied: b(u,v,w) =2 Y [u;(Djvj)wjde—3 Y [uv;(Dw;)dz).
i.5=10Q i,j=1Q

We have that a (u, v) is continuous, bilinear and coercive, because

a(u,u) =< u,u >= ||ul|*,Yu €V,
so, applying the Lax-Milgram Theorem, we have that there exists a unique
u™t! solution of the above equation. O

Theorem 1.2 If
v —c|fllp. >0 (4)

and p € R satisfies the condition

v (v —clfllg-)

0<p< 3
| £l +v?

(5)

then, for m — oo, the solution u™ of problem (2) (strongly) converges to u in
V, and p™ weakly converges to p in L*(2)/R, where (u,p) is the solution of
problem (1).



NUMERICAL DISCRETE ALGORITHM 255

Proof. The proof can be done following a similar way to the one used
to prove the convergence of the Arrow-Hurwitz algorithm. First, denote by
v™ = u™ —u and by ¢™ = p™ — p. We take v = 2v™T! in equation (2) and in
equation (1) multiplied by p, and we have:
<umtl —ym 20t > 4oy < L 20 > 4 ph(u™, u™ T 20m ) —
—p(p™,div (20™mT1)) = (f,20™T1)
and pv < u, 20 > 4pb(u, u, 20 — (p, div (20™F1)) = (f, 20,
Making the difference of these equations term by term, we obtain:
<umtl —ym 20t > 420y < L — g™ > 4
+2p {B(um,um+1,vm+1) — l;(u,u,v"”rl)} —2p(p™ — p,div v™*t1) = 0.
On the other hand, we can write:
<yt g™ 2umtl Ss=c ML g™ 2™ >=
=< o™t — g L > 4o <y gy it S =
= va“H2 — <™ T > 4 <y gl ™ >
+ <Mt M g™ >= vaHH2 + Hv"”’l - vm||2 — <™ o™t > 4
+ <omTlom > — <™ ™ >= va“H2 — Jo™|? + |t — va2 and
lA)(um,um+1 ™) = b(u, u, o™ ) =

j)( m-+1 — u,u, pmtl )+ ( m m+17vm+1) —I;(um“,u vm+1)
E( m—+1 ’U,7’Um+1) b(um _ m+1 U ,Um+1) _~_l;(um’um+1 v +1)
—b(u™, u, v™ ) = o™y vm+1) + b(v™ — o™ g, ™) 4

+b(u™, umtt — gy, ) = ( m1 L, 0 b — oML gy )4
+b(u™, v ML) = (oML g, o™ ) + b( — ML gy ML),

because E(w,v,v) =0,Yw,v € V (see [6], p. 218).
Using these relations, we have that:

HUm-HH ”Umll + va+1 mH2+2pVHUm+1H2
,QPb( m+1 U Um+1) — 2pb( _ pmtl u,varl) + Qp(qm,div ,Um+1) <
2pc Hym—O—lH . ||u|| + 2pc HU — m+1H . va—‘rlH . ||u|| + 2p(qm,div Um+1) <

22 || £l g [0 17+ 222 (1 £ ) e

m _ ,Um-‘rl” . ||vm+1H 4 2p(qm,div vm+1)_

But, for every § > 0, we can write:
225 |l o — o o+ < B |7 o8 ot — o
therefore

o 17 = o 4 ffom st o +2PV||”’"“||
<28 | fll e [[o™ | + 55 - 11" + (6)
+0 |[vmtt — m|| + 2p( d1V ™t ™).
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Next, taking ¢ = 2¢™ " in relation (3), we have that (p™*! —p™, 2¢™m*t1) =

—p(div ™t 2¢mH1) or (¢t — ¢, 2¢™T) = —2p(div u™ Tt g™ F1). Us-
ing the same technique, we obtain (¢™*! — ¢™,2¢™*1) = |qm“| ™ +
‘qm“‘l —q 2 , and, using that div u = 0, it follows:
(g™ = g™, 2¢™) = g = g+ gt - g =
= —2p(div u™*t ¢gmt) = —2p(div u™*t g™t — 2p(div u, g™ H) =

= —2p(div (u™*! —u), g™ t) = —2p(div o™t gt
and, therefore,
2 2
’qm+1| _ |qm|2 + ‘qm—&-l _ qm|

— —2p(div vm—&-l, qm-&-l). (7)

Adding relations (6) and (7), we have that:
ot = o 2+ o+t = o+ 20 va“H +
+‘qm+1| |qm| +|qm+1 q ’ .
< 28 | f - o | 4 2 1115 o + 8 ||vm+1 o7+
+2p(d1v vt gm) — 2p(d1v ’u"“r qm =
<28 . o+ £
+5 va+1 mH + 2P le Um+1 qm o qurl)’
and we can evaluate (with the same ¢ previously considered):
2p(div o™, ¢ — g™t < 2p o] g — g™t <
< p va+1H Ny ’q _ TIL-|—1‘2
From here it results that

o P = o1 o= P 2 o P g < g
ot =g <22 il o+ S5 1A o
R S A

or, equivalently,

o7 = o+ (1= ) e o+
+(2pu—2pc 1lse = S5 11 = 5 ) ot + (8)
g = g P+ (1= 6) g — g™ <0,
Summing these inequalities for m = 0,1,...,n (with arbitrary n € N) we
obtain:
2 n 2
R o R
m=1 n
+ (200 =25 1l = 555 Wl = 5) S o+ [P+ 9)
me

H1-0) 3 oo < P

m=1
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2 2
From hypotheses (4) and (5), we have that 0 < % < 3,80 we

PP fll o)+
2w (2 —c[ %

2
e £ >0, and on the other

can choose a 6 > 0 in relation (9) such that 0 < <i<di<l,
which is equivalent to 2pv — 227 || f|

022
E* 102§ ||f |
hand we have that 1 —§ > 0.
Therefore, in relation (9), all the coefficients from the left-hand side of the

inequality are strictly positive, and from here it results that lim ||verl ||2 =0
m— 00

and lim ’quﬁl — qm|2 =0.
m—00

m+1 m—+1 m+1 m—+1

Since v =u — u, we have lim Hu — u|| = 0, therefore u
m— 00
converges to u in V.

On the other hand, we have from relation (9) that the sequence (¢™*!)nen
is bounded in L?(Q2), so (p™*1),nen will be also bounded in L?(§2). Therefore
it follows that we can extract from (p™*!),,en a subsequence (pFm+1),,cn
weakly convergent to p € L?(€).

Passing to the limit with m — oo in relation (2), we have
v < u,v > +pb(u,u,v) — (p,div v) = (f,v),Yv € E,

relation which we subtract from (1) and we obtain (p — p,div v) = 0,Vv € E,
therefore V(p —p) =0, so p =p + K, where K € R is arbitrary. o

Remark 1.1 L?(Q)/R = {p € L*(Q) |£p(a:)dx = 0} (see [6], p. 15).

Remark 1.2 We know that the pressure p must satisfy the condition:
Jp(x)dz =0
Q
(see [5], p- 163). Asking this condition (like in [6]), we can obtain the conver-
gence of p™ to p in L?(2) (instead L?(Q2)/R).
Choosing in the previous algorithm p® € L?(Q) such that [p°(z)dz =
Q

0, then using relation (3) we have that p™ = p’ — Y div v*, and because
k=1

[ div vdz = 0,Yv € X (see [5], p. 69) and we obtain [ p™(x)dz = 0,Vm € N.

Q Q

From the previous theorem it results now that p™ weakly converges to p in
the space L2(Q).

2 Discretization of the numerical algorithm

In this section we describe the discretization of the numerical algorithm using
Galerkin method, for which we prove the existence, the uniqueness and the
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convergence of the solution. This discretization can be used for the effective
calculation of the approximate solution, because it is reduced to the solving
of a linear algebraic system.

The discrete forms of the numerical algorithms from Section 1 can be
obtained using many methods (finite differences, finite element, Galerkin). For
instance, in [6] there are presented discretizations of the Uzawa and Arrow-
Hurwicz algorithms using finite differences method.

Next, we will present the discretization of algorithm (2) from Section 1,
using the Galerkin method. For the application of this method we will use as
discretization basis the orthonormal system of eigenfunctions of the Laplace’s
operator —A, which is the duality mapping between the space (H(2))" and
its topological dual.

In the same conditions as in Section 1 and in conditions of Theorem 1.2,
consider (¢n)neny C V the orthonormal system formed by eigenfunctions of
the Laplace’s operator —A, which is an orthonormal basis in the space V =
(HE ()N (see [4], p. 67). Let k € N* and Sj(Q) be the space generated
by the eigenfunctions @1, @a,..., k. In this case, we have that the matrix
G = (Gij), Gij = (i, ;) is the unity matrix, because {¢;},_, 5 _; forms an
orthonormal system.

We want to formulate the discrete problem corresponding to the problem
(2), which asks to give an approximative problem whose solution will good
enough approximate the solution u™*1 of the problem (2) (with known u™,
p™, for an arbitrary fixed m € N) (we are at the (m+1)" step of the considered
algorithm).

Denote, like in Section 1, by a: V x V — R,

N
a(u,v) = (1+pv) <w,v>+5 3 [u(Diug)vjde—
y e (10)
-5 ,Zlfu?luj(DWj)dﬂu,v ev.
i.j=1Q

We have that a (u,v) is continuous, bilinear and coercive.
Using the fact that:

N N
. 1 1
b(u,v,w) = 5 E /ui(Divj)wjdx ~3 E /uivj(Diwj)d:r
=1} =1}

we can now formulate the approximative problem corresponding to problem

(2):
Find u"™' € Sy () such that:

a (i, ¢) = 9(p), Ve € Sk (), (11)
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where g : V. — R is given by g(v) =< ul’,v > +p(p}, div v) + p(f,v),Yv € V
and ppt = p;’%l —p-div uj.
Since u"*! € S (2), we have that

k
uptt = Z ;pi, (12)
i=1

with o; € R, and relations (11) and (12) lead us to the algebraic linear system
were «a; are not known:

k

i=1

In the following, we prove the existence and uniqueness of the solution

uZH'l for problem (11), and also its strongly convergence to the solution ™!
of problem (2), using the specific arguments of the Galerkin method.

Theorem 2.1 In the above conditions, there exists a unique u"™' € S, ()
satisfying problem (11).

Proof. The proof is immediate using the Lax-Milgram Theorem, because a
is continuous, bilinear and coercive, and g is a linear functional on V. O

Theorem 2.2 The solution uZLH of the problem (11) strongly converges in

V = (H} Q)N when k — oo to the solution u™ Tt of the problem (2).

Proof. We have that a(u}'™,v) = g(v),Vv € S(Q). Taking v = """, we
obtain

aluf ) = [ = g < Dl - [l

so ||uf || < [lgly- , and then the sequence (u}'™)xen is bounded in V, there-

fore it exists a subsequence (ufZH) ken of this sequence, weakly convergent in
V to an element @ € V.

First, we prove that u = u. For this, we pass to the limit with k — oo in
the relation a(ul”ZH?v) = g(v),Yv € S;(2), and obtain a(@,v) = g(v),Vv € V.
But this is in fact the relation (2) (written for @ instead u™T1), so @ verifies
the problem (2). By the uniqueness of the solution of problem (2), it results
that u™*! = 4. Hence, the subsequence (ufﬁ“)keN converges to the solution

u™*1 of the problem (2).

m—+1
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Now, we prove the strong convergence of this solution to w™*!. For this,
denote by r,u™*! the restriction of u™*! to the subspace Si(£2). To simplify

the notations, denote also in the following the subsequence u}ZH by uZLH.
2
We have that a(uZLH — rkum"‘l,u?+1 — rpumth) = Huzerl — rkum‘HH )
On the other hand,
a(up™t — T T — ™) = a(ut u ) —

—a(u’,:”“, rpu™ ) — a(rpumtt, uzlﬂ) + a(rpu™ L rpum L),

therefore )
[Jui ™ = ™ [T = au -

fa(ukm"'l, rru™t) — a(rpu™ T, uzn"'l) + a(rpu™tt ™).

Passing to the limit in this relation for £ — oo, we obtain:
kli—>Holo Huzwrl . rkumHHQ = (w1, um ) —
_a(um+1,um+1) _ a(um+17unz+1) + g(um+1) —
— Za(umtt umt) £ gt = o,

and from here it results that:

. m—+1 m+1|]
lim ||uk —u H =0,
k—o0
therefore u’{”” strongly converges in V to u™ 1. O

Remark 2.1 For k£ — oo and m — oo, we have that u’,l”'l strongly converges
in V to the solution u of the problem (1).

3 Numerical Results and Conclusions

We can apply this discretization for the computation of the approximate so-
lution, considering that this is reduced to the solving of the linear algebraic
system (13), and that in the coefficients of this system there are involved the
scalar products of the orthonormal system {¢,} in V. On the other hand, the
eigenfunctions of the Laplace’s operator, ¢,, are easy to compute for some
particular domains €2, which makes more facile the effective computation of
the solution.

Some numerical results were tested for the rectangular domain Q = (0,1) x
(0,1) or the ball Q = B(0,1) C R?, where f = 0 on (2, and we have experi-
mentally chosen m, k, v and p as in the table from bellow.

| D [m [k [v]p]|
(0,1) x (0,1) [ 10 | 500 | 0.4 | 0.1
B(0,1) 20 | 450 | 0.3 | 0.1

The next figure shows the streamlines of the flow for the case Q = B(0,1) C R2.
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Figure 1: Streamlines of the flow for Problem (2)—(3)
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