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On some differential inclusions with
anti-periodic solutions
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Abstract

In this paper, we investigate a class of second- and first-order differ-
ential inclusions, along with an algebraic inclusion, all subject to anti-
periodic boundary conditions in a real Hilbert space. These problems,
denoted as (Prp)ap; (Pu)ap, and (Eoo), involve operators that are odd,
maximal monotone, and possibly set-valued. The second- and first-order
differential inclusions are parameterized by two nonnegative constants,
€ and p, which affect the behavior of the differential terms.

We establish the existence and uniqueness of strong solutions for the
problems (P:p)ap and (Py)ap, as well as for the algebraic inclusion (Eqo).
Additionally, we prove the continuous dependence of the solution to
problem (P:,)qp on parameters £ and p. We also provide approximation
results for the solutions to (P,)ap and (Ego) as the parameters € and p
approach zero. Finally, we discuss some applications of our theoretical
results.

1 Introduction

Consider the following pair of second-order and first-order inclusions with anti-
periodic boundary conditions in a real Hilbert space H :

p —euw" +pu' + Au+Bu>d f ae. in (0,7), (Eep)
(Pep)ap w(0) +uw(T) =0, u'(0)+u(T)=0,
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along with

W+ Au+Bu> f ae in (0,7), (E.)
(P“)‘”’{Z(O)+u(T)O, e

where the nonnegative parameters € and p satisfy e + ¢ > 0, T > 0 is a given
time instant, and the following assumptions are fulfilled:

(Hf) feWwh2(0,T;H) and f(0)+ f(T) = 0;

(Ha) The operator A : D(A) C H — H is odd, maximal monotone (possibly
set-valued), and satisfies the following strong monotonicity condition:

(a—b, x—y)>wgllz —y||? for all 2,y € D(A) anda€ Az, be Ay,

for some positive constant wp;
(Hg) The operator B : H — H is odd, maximal monotone (possibly set-
valued) and satisfies the following condition: for each r > 0, there is L, > 0
with the property that for all x € H with || z ||< r, it holds that | Bz ||< L.

The inclusion (E,) is derived from (E;,) by setting € to zero. It is also
noteworthy that the problem (P,)q, only includes the boundary condition
u(0) + w(T) = 0. In the case when the parameter € is ’small’, the problem
(P-p)ap is referred to as a perturbed problem associated with (P,)qp, while
the latter is called unperturbed (or reduced problem). In this case, we could
consider (P.,)qp as a regularization of (P,)qp. Sometimes, it can be useful to
consider regularizations of (P,)qp that yield solutions that are more regular
with respect to ¢, approximating the solution to (P,)qp for small € (see Lions
[16, pp. VILI-IX]). From the additional term that involves the parameter, this
regularization method came to be known as the method of artificial viscosity
and became widely used in various fields, such as control theory, numerical
analysis and partial differential equations.

Finally, we introduce the algebraic inclusion

Au(t) + Bu(t) > f(t) for a.e. t € (0,T), (Eoo)

which is obtained by taking e = p = 0 in the inclusion (E.,).

Okochi [21] began studying non-linear evolution equations with anti-periodic
solutions. The author proved the existence and uniqueness of the solution to
problem (P,)q, when A is an odd maximal cyclical monotone operator, and
B =0 (refer also to [22] for quasi-linear equations of parabolic type).

Problems (P,)qp and/or (P:,)qp (including different kinds of perturba-
tions) have been extensively studied in numerous papers in the context where
A is an odd maximal cyclical monotone operator (see Haraux [14], Aizicovici
and Pavel [2], Aizicovici, McKibben and Reich [1], Chen [10] and references
therein).
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For hyperbolic problems with anti-periodic solutions, we refer to Haraux
[14, Section 4], where the author proved that such weak solutions to the semi-
linear wave equation with a dumping term exist. Nakao and Okochi [19] also
studied the quasilinear wave equation with viscosity ( see also [20]) and ob-
tained results regarding its anti-periodic solutions. Chen, Nieto and O’Regan
[11] investigated anti-periodic solutions to problem (P,)qp, assuming that A
satisfies a linear growth condition and its domain D(A) is embedded compactly
into H, whereas B = 0G as a bounded operator, with G € C'(H; H).

Our current goal is to institute a working structure in which A is not a
subdifferential anymore, in order to facilitate new applications to hyperbolic
systems, such as a telegraph system. Compared to [2] and [5] (where A is of
subdifferential type), here we impose a stronger condition on f and require
the strong positivity of A to show that the solution to (P,),, exists (see
Theorem 2.3 below).

In the following, we review some fundamental definitions essential to this
paper. The base of our framework consists in a real Hilbert space H alongside
its inner product (-,-) and the induced norm || - || .

A set-valued operator G : D(G) C H — H is said to be monotone if

(a—b,z—y)>0 foralla,be D(G),a € Gz, be Gy.

If the operator does not admit any proper monotone extensions, then it is
said to be maximal monotone. According to Minty’s Theorem, a monotone
operator G is maximal monotone if and only if the range R(Ig + AG) = H for
all (equivalently, some) A > 0 (here, Iy denotes the identity operator on H).
Therefore, if A > 0 and G is maximal monotone, it makes sense to define the
single-valued operators

Irn= g +XG)™, Gy = (Ig — Jx)/\ with D(J\) = D(G,) = H.

These operators are called the resolvent and the Yosida approximation of
G, respectively. For several properties of these two operators see, e.g., [17,
Theorem 1.3, p.21]. For further details on the theory of monotone operators,
including the set-valued case, we direct the reader to the relevant monographs
(7], 19], [17].

This paper is organized as follows. In Section 2, we present the main result,
which addresses the existence and uniqueness of solutions to the previously
introduced problems. This result also provides essential uniform estimates
with respect to € and p, applicable to all solutions to problem (P:,)qp, and
will be employed in the subsequent sections. In Section 3 we establish that
the solution to problem (P.,),p is continuous with respect to the parameters
¢ and p. Additionally, we show that for small ¢, the solution wu.y, to (Pry)ap



DIFFERENTIAL INCLUSION WITH ANTI-PERIODIC SOLUTIONS 160

approximates the solution to the reduced problem (P,)qp. Furthermore, we
aim to prove that as (e,u) — (04,04 ), the solution to (P:,)qp converges to
the solution to the algebraic inclusion (Eqg). Finally, Section 4 applies our
abstract theory to specific cases of the semilinear telegraph system and the
semilinear heat equation with time anti-periodic conditions.

2 Existence, uniqueness, and uniform estimates of the
solutions

The goal of our first result is to prove that the solutions to the problems in-
troduced in Section 1 indeed exist and are unique. Additionally, we obtain
some uniform estimates with respect to the parameters € and p of these solu-
tions. These estimates will be crucial in proving the results presented in the
subsequent sections.

The Hilbert space L?(0,T; H) alongside its usual scalar product and norm
will be denoted by (K, (-,-), || - |l9¢) - If G is a set-valued operator in H, then
S3¢(G) denotes the class of all sections of G that belong to H. Additionally,
the usual norm in C'([0,T]; H) is denoted by || - ||oo -

From this point onward, we investigate (strong) solutions to problems
(P-p)ap and (P,)qp in the sense presented below.

Definition 2.1. Under the assumptions outlined in Section 1, a function
U, € W22(0,T; H) is said to be a (strong) solution to problem (P-p)ap if
the following conditions are all satisfied
(i) ueu(t) € D(A) for a.e. t € (0,T);

(i) { —eul, (t) + pul, () + &ult) +nep(t) = f(t) for ae. t € (0,7), (1)

Een € Soc(Aucu(+)), New € Sc(Bueu(-));

(#91) ey (0) + uen(T) = 0, ul,(0) +ug,(T) = 0.
In a similar way, a functionu, € WH%(0,T; H) is said to be a (strong) solution
to problem (P,)ap if u, fulfills conditions (i), (i1) (with € = 0), and u,(0) +
u,(T) = 0.
We also recall the following inequality for H—valued antiperiodic functions for
later reference:

Lemma 2.2. Ifue Wh%(0,T; H) and satisfies u(0) + u(T) = 0, then

T
Il v lleqo,m:m < - Il u' Nl 220,70 - (2)

The proof of this lemma follows directly from the equality

2u(t) = /Ot u'(s)ds — /tT u'(s)ds for all t € [0,T].



DIFFERENTIAL INCLUSION WITH ANTI-PERIODIC SOLUTIONS 161

Theorem 2.3. (i) Assume that A is an odd mazimal monotone operator and
(Hp) is fulfilled. Then, for every e > 0, u > 0, and f € L*(0,T; H), the
problem (P.;,)ap has a unique solution u.,, € W*2(0,T; H) which satisfies the
following estimate

e | udy llae<Il f lloc - 3)

(#4) Assume that (H,) is satisfied. Then, for every nonnegative € and p such
that € + > 0, and for f satisfying (Hy), both problems (Py)ap and (Pep)ap
have unique solutions u, € W42(0,T; H) and u., € W*%(0,T; H), respec-
tively. Moreover, the following estimates hold

ey, lse <wg Il £ llac for every pu> 0, "

Iz, lse <wg | ' llsc for every e >0, > 0.

In addition, the algebraic inclusion (Egg) has a unique solution ugy belonging
to WH2(0,T; H), satisfying uoo(0) + uoo(T) = 0 and u(t) € D(A) for all
t e [0,T7.

Proof. Define the linear operator £ : D(L) C H — 3 as

D(L) = {v e W»*(0,T; H);v(0) + v(T) = v'(0) +v'(T) = 0},
Lv=—ev + ' if &>0, and (5)
D(L) = {v e W(0,T; H);v(0) + v(T) = 0}, Lv = w' if e = 0.

On the one hand, if ¢ > 0, by the T— anti-periodicity of v and v’, and by
using (2) combined with Holder’s inequality, we have

T2
(Lo =¢ | v |%> ET v |2 for all v € D(L). (6)

Thus, £ is strongly monotone with constant £72/4. On the other hand, if
€ = 0, the operator £ is only positive. Clearly, £ is maximal monotone in K.
Specifically, it can be easily checked that R(I5c + £) = 3.

(i) Let ¢ > 0, u > 0, and f € L%(0,T; H). For A > 0, let us introduce the
approximating problem below

() { Lu+Au+Bu=f ae. in (0,7), (Ey)
Map A u(0) + u(T) = 0, o/ (0) +u/(T) =0, (BC)

where A and B are the canonical extensions of A, and respectively B to H
(see, e.g., [13, p. 28]), and Ay and B, are their Yosida approximations. The
operator £+ Ay + B, is maximal monotone and, in fact, strongly monotone in
X, provided that £ is strongly monotone. Consequently, the problem (Py)qp
has a unique solution u., » € D(£) , which we will denote simply as uy.
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The monotonicity and oddness of both Ay and By, combined with (BC),
imply that for any positive A, we have

(Arun, uX) = —((Arun) uy) 0, (Baun,uy) = —((Baun)',u)) < 0. (7)
From (E\), (BC), and the above inequalities, one sees that

e(ul, ul) —pu, uf) — (Axun, uy) — (Bauy,uy) = —(f,uy) for all A > 0.

=0 <0 <0

This, along with (2) (with u replaced by u) and uy) and Holder’s inequality,
implies that

[ llac < eI F llses 11wl lac< T@e)™H | S lac, ®
| ux oo < TVT ()™ || f |l3¢ for all A > 0.

As uy satisfies estimate (8)3, we infer from (Hpg), and subsequently from
equation (E)) combined with (8)1,2, that for all A >0

| Baus o< VTLe, | Axus lsc<l £ e 2+ pT(2)Y) +VTL.  (9)
Here L. stands for the positive constant specified in assumption (Hg) corre-
sponding to 7 = TVT || f |l3¢ /(4e).
Now, for every positive A and v, we derive from equations (E)) and (E,) that

T T
_5/ (wgfw w/\u) dt + :u’/ (wg\w w)\l/) dt
0 0
+<AAUA - ‘Auuuawku> + <BAU)\ - ’B,,ul,,w,\,,> = Oa

where we denote wy, = uy — u,.. This implies, due to the T— anti-periodicity
boundary conditions (BC), the definitions of the Yosida approximation, and
the fact that A and B are monotone (see also [17, Theorem 1.3(ii), p.21]), that

el why l3e + (Axun = Avuy, I3 ux — J7 uy)

>0
+ <B)\’U,,\ — ‘B,/LLLM J;\BU)\ — Jf’ul)

>0
= —(Axux — Ayuy, \Myuy — vA uy)
— (Brux — Bouy, AByuy — vBou,).
Here J§* and J£ denote the resolvent operators (Isc+AA) ™! and (I3 +AB) 71,

respectively. Therefore, combining (10) with (9), we obtain the existence of a
positive constant C' such that

[ wxw 5= u — g, 5 C+v) /e, (11)
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for all positive A and v. This implies, by (2), that for all positive A and v
T TC
=y 125 7 1l = B SO+ 0) (12)

Therefore, according to (8)1 2, (9), and (12), there exist u € W22(0,T; H) and
&, n € H, such that, as A — 04, the following convergences hold

uy —u in C([0,T]; H), (13)

vy — v in K, (14)

uy — u” weakly in K, (15)

HAxzuy = &, Bruy — n, weakly in H. (16)

Next, we will prove that v} — ' in C([0,T]; H) as A — 0. In this sense, set
wx(t) == u) (t) —v/(¢), and define hy(t) :=|| wi(t) || for all A > 0 and ¢ € [0, 7.
Then, for all A > 0 and all ¢ € [0,T],

VT

T
R (t) SIHax @) 1|+ 1/ () 1< == Ty llae + 1w oo < 00,

by (2) (in which u is replaced by u)) and (8);. In addition, from (8);, the set
{hx}x>0 is equi-continuous since, for all A > 0, ¢, s € [0, 7],

| ha(@) = ha(s) [<]] wa(t) —wals) ||
/ wa(r) dr|| < VT (| uf lloc + | @ lls¢)
SVT (I £ llse fet I llse) VIt =51,

Therefore, by the the Arzela-Ascoli Criterion, along with (14) (see also [8,
Theorem 4.9]), it follows that hy — 0 as A — 04 in C[0,T7; i.e.,

t—s|

uy = in C([0,T]; H) as A — 0. (17)

Thus, using (13) and (17), we conclude that u(0)+u(7T) = 0 and v/ (0)+u'(T) =
0, implying that u € D(L).

Next, we will verify that u satisfies the inclusion (E;,). Indeed, from
(13) and (16), together with [6, Proposition 1.1(iv), p.42], we get that u €
D(A), u € D(B), and £ € Syc(Au(-)) and n € Sgc(Bu(-)). Thus, if we pass to
the (weak) limit in (E) and use (14) and (15), we obtain that u € D(L+A+B)
and satisfies

—eu"(t) + pu(t) + £(t) +n(t) = f(t) for a.e. t € (0,T) and

£ € Syc(Au()), 1 € Ssc(Bu()). (18)
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Hence, u = ., is the desired solution to problem (P.,)qp. Since £ is strongly
monotone, it follows that the solution u, is unique.

Finally, using estimate (8); obtained above and the weak lower semicon-
tinuity of norms, we derive the estimate (3) by passing to the weak limit as
A — 0+.

(ii) Assume that (Ha), (Hg), and (Hy) hold.

In this framework, we decompose A as A = wolyg + Ay, where A, =
A — woly, with D(A;) = D(A), according to the definition of the sum of set-
valued operators and assumption (H 4). Obviously, 4; is a maximal monotone
operator. Next, denote by A; and B the canonical extensions of A; and B to
JH, respectively, and by A, and By their Yosida approximations, for A > 0.
For f satisfying (Hy) and A > 0, consider the problems

) pu' + wou + Appu+ Bau = f ae. in (0,7), (EY)
AeP 1 u(0) +u(T) = 0, (BC?)

if e =0 and

(7)) —eu” + pu’ +wou + Apu+ Bru = f a.e. in (0,7), (E})
AP u(0) +u(T) =0, v (0) +u'(T) =0, (BC)

ife > 0.

Clearly, £ + wol + A1) + B, is a maximal monotone operator in H. In
addition, it is also strongly monotone, since so is £ + wgl. Thus, for every
A > 0, the problems (P)q, and (PY),, have unique solutions u., \ € D(£L)
and u, x € D(L), respectively, denoted, as in the previous case, by w,.

First, let us consider the case when € = 0. To start with, we need to prove
that the problem (P,),, has a unique solution u,, € W2(0,T; H).

To do so, since (Hy) is fulfilled and uy € D(£), and considering that Ay
and B, are odd Lipschitz operators, we obtain from (EY) that the solution u
to problem (P,)qp, belongs to W22(0,T; H) and v}, (0) 4+ u) (T') = 0. First, we
differentiate (EY) with respect to ¢ a.e. on (0,7) and then we multiply the
equation we obtain by v, in H to obtain, for all A > 0

wo ||y 5 +{(Araun)’ s uh) + (Baun)',uh) = (' uh), (19)

from the T'— anti-periodicity of ). This implies that

Il llse < wot I A3 s, un oo VT (200) ™ | 3 s

(20)
| ux llac < T(2wo)™ || £4 llsc for all X > 0,

by (2) along with Holder’s inequality, and (7) (with Ay replaced by Ajy). As
in the previous case, from (Hpg) and the estimates in (20), together with (EY),
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we obtain the existence of positive constants C7, Cs, both independent of A,
such that
| Baux |[€C, || Anua € Coy YA >0, (21)

Following the approach in Case 1, for every positive A and v, we derive from
equations (EY), (E?), and (21) that

wo || ux =y |3 + (Anaun — A, J{uy — T )

>0
+ <'B)\U)\ — Byul/7 J;J\Bu,\ — JUB’LLV>

>0

= —(Anuy — Apuy, Mizuy — vALuy)
— (Baux — Bouy, AByuy — vBu,) < 2(6’12 + 022)()\ +v),

where Jfl is the resolvent of A;. Now, by using the information obtained so
far, there exist v € W12(0,7; H) and &1, n € H, such that, as A — 0, we
have

uy — u in H, (23)
u) — u’ weakly in I, (24)
Apuy = &1, Byuy —n weakly in H. (25)

Now, consider the function gy : [0,7] = R, ga(t) =|| ux(t) —u(t) || for all A > 0
and ¢t € [0,T]. On the one hand, the set {gx}r>o0 is bounded in C[0,T7], by
(20)2. On the other hand, according to (20);, this set is also equi-continuous.
Consequently, the Arzela-Ascoli Criterion ensures that

uy —uin C([0,T]; H) as A — 04. (26)

Consequently, u(0) + u(T) =0, so u € D(L) (see (5)).

Next, from [6, Proposition 1.1(iv), p.42], combined with (26) and (25),
we obtain that u € D(A) N D(B) for a.e. t € (0,T), & € Sy (A u(-)) and
n € Syc(Bu(-)). Following arguments similar to those used in the proof of Case
1, we take the (weak) limit in (EY) and obtain that u verifies the equation

p' (B) + £(t) +n(t) = f(t) for ae. t e (0,T),

where £(t) = wou(t) + &1(t) € Au(t) for a.e. t € (0,7). That is, problem
(P.)ap admits solution v = u,, as desired. Since A is strongly positive, this
means that u, is unique.

If we take the weak limit A — 04 in (20); and use the fact that the norms
are weakly lower semicontinuous, we get that estimate (4); holds true.



DIFFERENTIAL INCLUSION WITH ANTI-PERIODIC SOLUTIONS 166

Let € > 0. From (i), problem (P.,)qp admits a unique solution u.,. In
addition, as in the previous case, one obtains that this solution is the limit in
C([0,T7; H) of the approximating solutions uy to problems (P )qp, as A — 0.
To prove estimate (4)2, we start by differentiating (E%) with respect to ¢, to
obtain

—Eug\?’) + puf + wou + (A1aun)" + (Bruy) = f ae. in (0,7). (27)

Due to the oddness of the operators A;y and By, along with f(0)+ f(T) =0
and (BC'), we also get from (F}) that v} (0) + u¥(T") = 0. We now multiply
(27) by u), with respect to the inner product of H, then we integrate by parts
and use (BC), as well as v} (0) + v (T") = 0 to obtain

e [l uf 113 +wo || uy 5SS el wh llac -

Here we have used (7) (with Ay replaced by Aj)). We derive from the above
inequality that
Il llae< w1l f" llac,

which implies, by taking the limit as A — 04, that the solution u., to problem
(Pa)ap satisfies (4)y; namely, ||, lac< wg b || £ e .

Next, we consider the algebraic inclusion (Fog). From [5, Theorem 6] we
know that (Epg) admits a unique solution ugy € W12(0,T; H) given by

upo(t) = Q7 f(t) for all t € [0, T], (28)

where @@ :== A + B, with D(Q) = D(A). Moreover, the operator Q% : H —
D(A) is Lipschitz continuous with constant w ! In particular, as Q is odd
and f(0)+ f(T') = 0, we derive from (28) that ugo(0) + uoo(T") = 0. Moreover,
(28) implies that u(t) € D(A) for all ¢t € [0, T].

This completes our proof. O

A similar result to Theorem 2.3 can be derived for the case where the prob-
lems introduced in Section 1 are perturbed non-monotonically by a Lipschitz
operato. More exactly, we now consider the problems

P.) { —eu” +pu' + Au+ Bu > F(u) + f ae. in (0,7), (Eep)
P u(0) +uw(T) =0, o' (0)+u/(T) =0, (BO)

alongside

= W+ Au+Bu>s F(u)+ f ae. in (0,7), (Eo)
(7 O)GP{ (0) 4 u(T) =0, (BCY)
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as well as the algebraic inclusion
Au+Bu> F(u)+ f ae. in (0,7). (Eo)

Here, the nonlinear operator F' satisfies
(Hp) F: H — H is a Lipschitz operator with Lipschitz constant L > 0.

Theorem 2.4. Assume that (Ha), (Hg), and (Hp) are fulfilled, with con-
stants L and wy verifying L < wy. Then, for every nonnegative € and p such
that € + p > 0, and f satisfying (Hy), the problems (Pe)ap and (P,)qp have
unique solutions us,, € W22(0,T;H) and u, € W42(0,T; H), respectively.
Furthermore, one can derive the following estimates

Il e < (wo = L) | " llsc for every pu> 0,

/ -1 / (29)

| ey llse < (wo = L) [ f" [lsc for every e >0, u > 0.
In addition, the algebraic inclusion (Eo) has a unique solution ugy belonging
to WH2(0,T; H) that satisfies uoo(0) + uoo(T) = 0 and u(t) € D(A) for all
t€[0,T].

Proof. Let € > 0 and p > 0 be fixed. We prove the statements of the theorem

for the problem (Peu)ﬂn noting that similar arguments and computations
apply to the problem (P,)qp.
Here, the Banach Contraction Principle is employed to prove that problem

(Pep)ap has a unique solution. To this end, for v € 3, consider the problem

—eu +pu' + Au+Bu> Fou+ fae in (0,7),

(Pey)ap { u(0) +w(T) =0, w'(0) +u/(T) = 0. )

Clearly, for every v € H, it follows from (Hp) that Fv € H. Let u, €
W?22(0,T; H) denote the solution to this problem, which is known to exist
and be unique by Theorem 2.3. Define the operator

P:H - H, Pv=u,.
Let v1, v2 € H. Then, w = uy, — Uy, = Pv; — Puy satisfies

—E'LUN +Mw/+Auv1 _‘Auvz +3uv1 _‘BUUZ > FUl _FU2 inj{’

w(0) +w(T) = 0, w'(0) +w'(T) = 0. (31)

We now take the scalar product of (31); with w in H, use the integration by
parts in the first term and (31)2, as well as the assumptions (H4) and (Hp),
to get

el w I3 +wo | wll5e< Ll vr = vz llscll w lac - (32)
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From (2), together with Holder’s inequality, and (32) it now follows

4e
(72 +90) 1901~ Pun Bes Ll va = va ol Por =P e (33
Since L < wp, we obtain that P is a contraction on H. Hence, P has a fixed
point that is unique in H. This, in fact, is the unique solution to (Pgy)ap-
Now, from (4)2, where we replace f by f + F(u.,), as F(0) =0, we have

wo |l uly, lloc <IN f" + F'(uep)ug, llac<IF f" loc +L || ugy, lloc,

which implies (29),.

The argument which proves that (Ego) has a unique solution is identical
to the argument employed in the proof of Theorem 2.3.

Our proof is thus complete. O

Remark 2.5. If, in addition, F is an odd operator, and f satisfies f(t+T)+
f(t) =0 forae t € R, then the solutions derived in this section can be
extended to all of R imposing T — anti-periodicity.

3 Continuous dependence of the solution to (FP.,),, on ¢
and p and approximation results

This section is designated to investigate the continuous dependence of the
solution u., to problem (P.,)qp on parameters € and p. We will also obtain
approximating results regarding the solutions to the reduced problem (P,)qp
and the algebraic inclusion (Egp). In what follows, O shall denote the usual
big Landau symbol.

Theorem 3.1. Assume that (Hg) is fulfilled.

(i) Let eg > 0 and po > 0 be fized. Suppose that A is an odd mazimal monotone
operator. For everye >0, u >0, and f € L*(0,T; H), let u.,, € W*%(0,T; H)
be the unique solution to problem (P.,)ap given by Theorem 2.3 (i). Then the
following estimate and convergence hold

| ey = teqpuo e o,y =0( € =0 [) + O = o ),

a (34)

Uep = Ueope in C ([0, T]; H) as (g, 1) — (€0, o).
(ii) Let pg > 0 be fized. Assume that (Ha) holds. For every nonnegative &
and p such that e + p > 0, and f satisfying (Hy), let u., € W*%(0,T; H)
and u, € WH2(0,T; H) be the unique solutions to problems (P-;,)ap, and re-
spectively (P,,)ap, given by Theorem 2.3 (it). Then, the following estimate and
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approximation hold

| e = g 220,75y = O(VE) + O 1 = po ),
Uep = Uy, in C([0,T]; H) as (g, 1) = (04, po)-

In addition, the following estimate holds

| tep — uoo || L2(0,r;m= O(Ve) + O(u) as (e,1) = (04,04), (36)

where ugg € WH2(0,T; H) is the unique solution to the (algebraic) inclusion
(Eoo), given by Theorem 2.3(ii). Furthermore, if u?/e = O(1), then

Uep — ugo 1 C([0,T); H) as (g, 1) = (04,04). (37)

Proof. (i) From (E.,) and (E.,,,) we have,

_E(UIEI/A - u/é‘/g,u,()) - (E - Eo)ulﬁ/op,g + /’l‘(u/Ey, - U/E(]/,L()) + (,LL - /’LO)U’IE();L(]

38
+Aus, — Auegpy + Buey — Bugy,, 30 ae. in (0,7). (38)

Set Wey 1= Uey — Ueyp, and take the scalar product of (38) and w., in I to
obtain

€ llwly, 15l wep llac (1€ —eo [ wlypy 3 + | 1= o [ 6y lloc)

T\ fllse T (39)
ST{)HwEM”:}C |5—€0|+§|M—Mo|

by integration by parts, the monotonicity of A and B, as well as the boundary
conditions satisfied by ., and wue,,. Also, we have used (3) and (2) (with u
replaced by w,, and u._, ).

E0H0
From (39) we derive
T| fllsc T
I o=ty = ey e % (=0 [+ [u= o). (40)
From this and (2), we obtain that
VT
[t = teopo llooS =5 | ey = g 3= O € =0 ) + O 11 = po [)- (41)

In order to check convergence (34)y, let 09 € (0,e9) be fixed. Denote
Iy = (g — do,€0 + d0) X ((o — o, o + Jo) NR4). For (e, u) € Ip, by (3) (see
also (2)), we have

| uZ, llsc< (g0 — 80) ™ || £ llse, || uly llso< VT (2(e0 — 00)) ™ || f lloc - (42)
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Following a similar pathway to the arguments employed in the proof of The-
orem 2.3, from the Arzela-Ascoli Criterion, along with (42), (41), and the
uniqueness of the solution uc,,, to problem (P:,.,)ap, We get

ug,, — uzy,, n C([0,T]; H) as (e, 1) — (€0, tto)- (43)

EoM0

Finally, this combined with (41), implies (34)a.
(ii) First, we consider that (e, 1) — (04, po), with po > 0. Subtracting (E.,,)
and (E,,) we obtain

—eu, +p(ug, —u, ) + (1 —po)u,, + Atey — Ay, + Buc, —Buy, 0. (44)

Set W,y = ey — Uy, take the scalar product of (44) and w., in H, then use
the strong monotonicity of A and arguments similar to those in the previous
case, we get

e Il uly 5 +wo || @y N3¢

<= po |+l upy llocll ey llac +e [l ul, locl w, lloc (45)

w0y P Bee (= LS 1B
< 5 W e #5011 e+ o

+

Here we have also used (4) along with the elementary inequality zy < (2% +
y?)/2. Clearly, from (45) we get

e |l uly N3 +wo [l wep 5= O(e) + O( 11— po 7),
which implies
| ey — o lse= O(VE) + O(| p = po |) as (e, 1) = (04, p0).  (46)

Finally, consider an arbitrary sequence (e, ) — (04, o) as n — oco. We
have (see (4))

| llse

forallm e N, ||}, |<
wo

Ho —

' I " llac
| ue, 0, e < T

Therefore, the sequence {|| wc, ., — Uy, ||}nen is bounded and uniformly
equicontinuous in C[0, T]. From the Arzel-Ascoli Criterion, estimate (46) (see
also [8, Theorem 4.9]), and that the solution w,,, to problem (P, )q, is unique,
we obtain u.,,, — u,, as n — oo, which implies

Uep — Uy, in C([0,T]; H) as (e, 1) = (04, po)-

Next we assume that (g, p) = (04, 04).
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By computations similar to those carried out in order to derive (45), we get

e [l uz,, — ugo 3¢ +wo || uey — oo |13

< / li / / (47)
< |l g (¢l wep — woo llac +¢ [ ugo (ol Uep — Upo llac -

Using again the elementary inequality zy < (22 + y?)/2 in (47) we obtain
e || uz, — ugo 3¢ +wo || uen — uoo [I3c= 0(e) + O(1?), (48)
as (¢, ) = (04, 04), hence

| wep — uoo [l3e= O(vVe) + O(p) as (g, p) — (04, 04). (49)

In order to obtain convergence (37), we note that the assumption p?/e = O(1)
as (g,u) — (04,04 ), combined with (48), yields that we can find two positive
constants Cy and §p that are independent of both € and u, with the property
that

H u/su ”g{S Co for all (5#1’) € (0760) X (Oa 50)

This estimate together with (2) implies that the set {| ucy — uoo [|; (e,p) €
(0,d0) x (0, dp)} is relatively compact in C[0,T]. Thus, by the Arzela-Ascoli
Criterion combined with (49), we obtain that every convergent sequence with
positive components (e, ttn) — (04,04 ) has a convergent subsequence, again
denoted (sn,un)n, such that

Ue, p, — Uoo I C([0,T]; H) as (en, ttn) = (04+,04).
Finally, the uniqueness of the solution wugg to algebraic inclusion (Egg) implies
Uey — ugo in C([0,T]; H) as (e, 1) = (04,04).

Our proof is thus complete. O

Remark 3.2. In the case of problems (P-y)ap, (Py)ap, as well as the inclusion
(Ego) obtained by considering the Lipschitz perturbation F, the statements of
Theorem 3.1 (i) hold true assuming the framework in Theorem 2.4. This can
be easily verified by reviewing the proof above and noting that all estimates in
Theorem 3.1 (ii) hold, with the constant wy replaced by wo — L, where L is the
Lipschitz constant of F.

4 Applications

In this section, we will illustrate the relevance of our abstract theorems by
applying them to boundary value problems for the telegraph system and the
semilinear heat equation.
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4.1 Semilinear telegraph system with time anti-periodic solution

We encounter telegraph systems in the theory of integrated circuits, models of
arterial networks (such as arterial blood flow), traffic flows on networks, and
networks of open channels (see [18]).

Let Dy := [0,T] x [0,1], where we consider the problem presented below,

denoted as (PL,)ap:

—euy + pug + vy +ru = fi(t, ),
—E&Ut + cup + Uy + gu = f2(tax)a (tvgj) € DTa

(—u(t,0),u(t, 1)) € T(v(t,0),v(t, 1)), te(0,T),

{ uw(0,2) + uw(T,z) =0, v(0,z) +v(T,z) =0,
ut(0,2) + ue(T, ) = 0, v:(0,2) + v:(T,z) =0, z € (0,1).

The above problem can be considered a Lions-type regularization (for small €)
of the reduced problem linked with the telegraph differential system, denoted
by (P;)ap :

pug + Vg +1ru = fl(tvx)a

cvr + ug + gv = fo(t, z), (t,x) € Dp,

(—u(t,0),u(t, 1)) € T'(v(t,0),0(t, 1), te(0,T), (50)
u(0,2) + w(T,z) =0, v(0,2) +v(T,z) =0, = € (0,1). (51)

Here, the positive constants r, g, i, ¢ represent the resistance, conductance,
inductance and capacitance per unit length of an electrical circuit (long line)
and the functions wu(t,x), v(t,z) represent the current and voltage at time
instant ¢ and point z (see, e.g., [12] and [17, Chapter III]).
We assume that
(hrge) T, g, c are strictly positive constants;
(hfz) fi € WLl(O?T; L2(07 1)), and fi(0) + fi(T) = 0, i = 1,2;
(hr) T C R? (possibly set-valued) is an odd maximal monotone operator.
The boundary condition at the ends of the circuit is very general, which
means that many other classical boundary conditions may emerge from it as
isolated cases. For example, if T" is linear, this condition turns into equalities
that represent Ohm’s law at the ends of the circuit where x = 0 and x = 1. On
the other hand, if I is the subdifferential of the function j : R? — (—o0, +00],
defined by j(z,y) = 0 if x = y, and j(z,y) = +oo, otherwise, the condition
corresponds to space periodic boundary conditions

u(t,0) =u(t, 1), v(t,0) = v(t,1) t € (0,T).

Notice that in both problems (PL,)s, and (P})ap, the parameter p appears
exclusively in one equation of the system. We will consider the inductance,
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represented by u, to be a small parameter. If the corresponding frequency is
small, then the inductance of the line is small as well (see [4, Chapter 3]).

In the Hilbert space H = L%(0,1) x L?(0,1), with the standard inner
product and norm, problems (P, )4y and (P}), can be expressed as abstract
boundary value problems.

Indeed, define A: D(A) C H — H by

D(A) = {v = [v1,0] € H'(0,1); [~v1(0), v1(1)] € T([v2(0), v2(1)]) },
Av = [vh +rvy,v] + gue] Vv ED(A).

Setting w := [u, v], f:= [f1, f2], we can write the two problems above as
{ —ew(t) + [pu’, V'] (t) + Aw(t) > f(t) ae. t € (0,T), (52)
w(0) +w(T) =1[0,0], w'(0) +w'(T) = [0,0],
and
[pu, cv'](t) + Aw(t) > £(t) ae. t € (0,T),
{ w(0) + w(T) = [0,0], (53)

where w(t) = [u(t, ), v(t, )] and £(t) := [f1(¢t, ), f2(¢,-)].

The above definition of the operator A renders it to be maximal monotone
in H (see [15, Section 5.1]). On the other hand, since A is not a subdifferen-
tial, that means that it is also not cyclically monotone. A simple calculation
reveals that A is strongly monotone with constant wy = min{r, g}. There-
fore, we obtain the following result which is very similar to Theorem 2.3 and
Theorem 3.1 above.

Theorem 4.1. Assume that (hycq), (hr), and (hy,), i = 1,2, are fulfilled.
Then, for every monnegative € and p such that € + p > 0, and f; satisfying
(Hy,), i = 1,2, the problems (P.,)ap and (P})ap have unique solutions

[Ueps ven] € (W>2(0,T5 L*(0,1)) N L*(0,T; H*(0,1))?,
and
[w, v, € (WH2(0,T5L2(0,1)) N L*(0,T; H'(0,1))2.
In addition, the following estimates hold
! /!

I [ty 2] o< wg I AL 3] lza(payye  for every e >0, >0,

I [y v] llzapaype< wo I U1 fo] llace for every p> 0.

(54)

Moreover, for nonnegative €9 and pg such that €9 + pg > 0, the following
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estimates and approrimations hold

H [uw — Ueqpgr Vep — UEOMO] HC([O,T];H): O(| €—¢€o |) + O(‘ M — Ko Dv
[UEM’vaﬂ] - [usouo’veo#o] in Cl([OaT];H) as (&N) — (503/1'0)7

| [t — Wpos Vep — Vpuo) lL2(Dr)2= O(Ve) +O( p— o |) and
[usuavs,u] — [u#mvﬂo] in C([OvT}aH) as (S,ILL) — (O—i-nU'O)a

where H = L?(0,1) x L?(0,1).

Proof. Upon reviewing the proof of Theorem 2.3, it becomes evident that all
the arguments and computations used there remain valid within this frame-
work, as the coefficients p and ¢ of the term [u/,v'] are irrelevant. Conse-
quently, the solutions to (P.,)sp and (P})ap both exist and are unique; we
also obtain the uniform estimates (54).

In order to derive (55), we look at Theorem 3.1 and apply similar arguments
to those employed in its proof. However, we do need some tiny adjustments
that we highlight below. To proceed with, consider the case (e, 1) — (04, po);
the other case, (¢, ) — (€0, fo), is similar. Obviously, from (52); and (53)q,
we obtain

(55)

" u ! !/ /

_E[usw UE;L] + [:u(ueu - u;m)v C(Uau - U,uo)] + [(,u - ﬂO)u;w’ O] (56)
+ At Vep] — Aty vy,] 3 [0,0].

Taking the scalar product in 3? of the above inclusion and [ue, — .., Ve —Vpe ]
using the strong monotonicity of A and the antiperiodic conditions, we derive

el [u;#,vé#] Hf2}{2 Fwo || [tep — Upgs Vep — Vpo] ||_’2}C2
<l = no |+ 1wy lloell e — g llsc (57)

+e(lugy llocll wh lac + 1ok, ol v, llac)

<K (| 1= o || e — g lloc +e || [uly, vl,] lac2)

by (54) (here K = wy ' || [f1, f3] lloc2). From the elementary inequality zy <
(22 + y?)/2, this implies

€ wo K? (1 — po)?
3 || Tug,, vi,] 152 +7 | [tep = Upg» Vepr — Vo) (132 < 5 (WO te.
Thus,

| [us/t T Upgy Vep — Uuo] ll3c= O(\/E) +0O(] p—po |) as (g, 1) = (04, o). (58)

Finally, the Arzel-Ascoli Criterion along with (54) and the uniqueness of the

: 1
solution [uy,,v,,] to problem (P, ).y, ensures the convergence

[Ueps Vep] = [Upg, Vpo) 0 C([0,T]; H) as (g, ) — (0, po)-

Our proof is thus complete. O
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4.2 Semilinear heat equation with anti-periodic solutions

Let N be a positive integer, and let Q be a bounded domain in R with smooth
boundary 0f). In this subsection, we set . = 1, to derive a Lions regularization
for the anti-periodic solution of a semilinear heat equation presented below.
Thus, for ¢ > 0, we consider the following pair of problems

u — Agu+0u = (fﬂuzd:c)pquf a.e. in R x Q,
(P?)ap{ u(t,z) =0 forae tcR, xR,
w(0,z) + u(T,z) =0, x € Q,

—eug +up — Agu+0u = ([, udz)" u+ f ae inRxQ,
(P}Hap{ wu(t,z)=0 or %(t,x) =0 for a.e. t € R, z € 99,
w(0,2) + u(T,z) =0, u(0,2) +u(T,z) =0, x € Q,

where p > 0 and A, represents the N—dimensional Laplacian with respect to

the variable . Suppose that the following assumptions are met

(hy) feWh2(0,T;L(Q)), and fi(0) + fi(T) =0, i = 1,2

(hg) 6 C R? is an odd, maximal monotone (potentially set-valued) operator.
We choose the Hilbert spaces H = L?(Q) and V = H}(Q), and define the

even, proper, convex and lower semicontinuos function ¢ : H — [0, +00]

_ [ 3V lZagmny + 115() 121y if v €V and j(v) € LY(9),
o(v) .
400 otherwise,

where j : R — (—o00, 4+00] is such that 9 j = 6 (here and throughout 9 denotes
the subdifferential).

Next, we will derive the abstract formulations of the aforementioned problems
in H. To this end, we define the operators A: D(A) — H and F': H — H as
follows

D(A)={uc H*Q)NV; Au+0uc H}, Av=—Av+uvfor allv € D(A),
F:H—F, Fo=[|ul|PvforallveH,

where # is the canonical extension to the operator # to the Hilbert space
L?(0,T; H). It is known that A = 9% (see, e.g., [6, Proposition 3.8, p. 89]).
Therefore, A is maximal cyclically monotone and also strongly monotone with
constant wg = A1, where \; is the smallest eigenvalue of the Laplace operator
on Hi (). On the other hand, F is the Fréchet derivative of the even, proper,
and convex function

1

w:H—)R, ¢(U):m||’l)“2p+2 for all v € H.
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Also, the operator F' is local Lipschitz continuous being continuous Fréchet
differentiable on H. Indeed, for all » > 0

| Foi— Fuoa [|[< 2p+ )7 || vy —wa || ifv; € H, || v |[< 7,0 =1,2. (59)
Clearly, (P2?),, can be expressed in abstract form in H as follows

{ —eu”(t) +u/(t) + Au(t) 3 Fu(t) + f(t) ae. t € (0,T), (60)
u(0) +u(T) =0, v (0) +u/(T) =0,

where u(t) = u(t,-) and f(t) = f(t,-). Consider u. € W?22(0,T;H) as a
solution to (P?),,. Since A and F are odd operators of subdifferential type,
taking the scalar product in L?(0,T; H) of (60); (with u. instead of u) and u’,
applying the chain rule for subdifferential (see, e.g., [9, Lemma 3.3, p. 73]),
and the T'— antiperiodicity of u, we obtain || ul |l3c<|| f [|z2(0,7)x0) -

This implies, by (2), that

e lloo< VTl f llz2 0y /2. (61)

= Ro

Moreover, using a similar technique, we can show that the solution to (P?)g,
satisfies the same estimate. To apply Theorem 2.4, we define the operator
Fg, = F o hg,, where hg, is the radial retraction given by hx,(z) = z if
| z [|< Ro, and hx,(x) = Rox/ || = || otherwise. Since hg, is Lipschitz with a
constant in the range [1,2] (see, e.g., [3, p. 55]), it follows that F;. is Lipschitz
on H with a Lipschitz constant no greater that L, := 2(2p+1)Re? (see (59)).
If Ly, < wo = Ap, that is

222+ DTP || £ 1% 01y < M- (62)

then Theorem 2.4 applies to our problems with Fg, in place of F', ensuring the
existence and uniqueness of solutions in this case. As can be seen from (61)
and the definition of Fg,, these solutions are, in fact, the unique solutions of
the original problems.

Consequently, from Theorem 2.4 and Theorem 3.1 (see also Remark 3.2),
we have the following result.

Theorem 4.2. Let p > 0. Assume that (hg) and (62) are satisfied. Then, for
every e > 0 and f satisfying (hys), the problems (P?)a, and (P?)qa, have unique
solutions u. € W22(0,T; L2(Q)) N C(0,T; H(Q)) and u € WH2(0,T; L*(Q))
N C(0,T; HE(S2)), respectively. Moreover, for any fived eg > 0, the following
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esti

mates and approximations hold true
| e — uey oo, 11:200)=0O(l € — €0 |),
| uz —uzy [lp20,rymH20)= Ol € — €0 |) and
ue —ue, in CH[0,T];L3(Q) as € — o > 0, (63)
| we = w |2 (0,1 x2))= O(VE),
u. —u in C([0,T];L*(R)) ase — 0.

In particular, the last convergence in (63) confirms that (P2),, provides a

genuine Lions elliptic regularization for the problem (Pg)ap.
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