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Approximation of fractional derivatives by
Brass-Stancu operators
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Abstract

In this paper, we study uniform approximation of fractional deriva-
tives in Caputo sense by Brass-Stancu operators. For the rate of approx-
imation, we give some estimates in terms of the modulus of continuity.

1 Introduction

The fractional calculus knows a great extension in the last period due to the
multiple applications in many fields, like engineering systems, diffusion phe-
nomenon, dynamic systems, thermoelasticity and others, see for instance [8],
[11], [16]. The appearance of the Caputo variant of the fractional derivative [7]
greatly boosted the development of the field. As a general reference regarding
the Caputo differential calculus, we mention the work [9], but there are many
surveys on this subject.

Relatively recently the problem of approximation of the Caputo derivatives
with the aid of positive linear operators raised. This a natural extension of
the simultaneous approximation. We mention in this direction the papers [2],
[3], [6], [14].

In the present paper we consider the approximation of Caputo derivatives
with the aid of Brass-Stancu operators and this way we generalize the approx-
imation by Bernstein operators.
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The paper is organized as follows. In Section 2 we present some general
definitions and results, in Section 3 we obtain certain results concerning the
Brass-Stancu operators and in Section 4 we give the main results.

2 Preliminaries

For f ∈ C[0, 1], a non-negative fixed integer s and n ∈ N such that n > 2s,
Stancu [15] introduced the following Bernstein type positive linear operators

Ln,s (f ;x) =

n−s∑
k=0

pn−s,k (x)

[
(1− x) f

(
k

n

)
+ xf

(
k + s

n

)]
,

where x ∈ [0, 1] and pn,k(x) :=

(
n

k

)
xk(1− x)n−k. The author examined

uniform approximation of these operators and computed the order of approxi-
mation in terms of f and its first derivative. He also obtained a Voronovskaja
type asymptotic formula for the remainder term in the approximation formula
of f and investigated spectral properties of Ln,s. We note that, as stated
in [15], for s = 0 or s = 1 these operators become the classical Bernstein
operators.

We should note here that Ln,2 was constructed and studied earlier by Brass
[4]. The operators Ln,s are usually called as Stancu operators in the litera-
ture. Gonska [10] referred them as Brass-Stancu operators. We will adopt
this name throughout the paper. Like Bernstein operators, Brass-Stancu op-
erators have nice shape results such as preservation of a Lipschitz’ constant
and order of a Lipschitz continuous function and monotonicity of the sequence
{Ln,s (f ;x)}n≥1 under convexity [17], monotonicity in terms of divided differ-

ences [1] and variation detracting property [5].
It is quite natural to extend the simultaneous approximation by positive

linear operators to any fractional order. On the other hand, for the rate of
that approximation, some quantitative results need to be measured with some
convenient tools.

Khosravian-Arab and Torres [12] studied uniform approximation of frac-
tional derivatives by the classical Bernstein operators in the sense of Caputo
fractional derivatives and gave a history on the usage of Bernstein polynomi-
als to approximate fractional derivatives and integrals and to approximate the
solution of some fractional integro-differential equations and some other ap-
plications. Păltănea [14] obtained some estimates in terms of the first and the
second order moduli of smoothness for the degree of approximation of Caputo
fractional derivatives by Bernstein operators.
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These papers have motivated us, by using similar techniques, to study
uniform approximation of fractional derivatives in Caputo sense by Brass-
Stancu operators and to give some quantitative estimates for the rate of the
approximation via first order modulus of smoothness.

Now, we recall some definitions and results used throughout the paper.
Suppose that [a, b], −∞ < a < b < ∞, be a finite interval. Let AC[a, b]
denote the space of functions f which are absolutely continuous on [a, b]. For
p ∈ N, let ACp[a, b] denote the space of functions f with f (p−1) ∈ AC[a, b]
and let Cp[a, b] denote space of continuously differentiable functions on [a, b]
up to order p.

Throughout the paper ‖.‖ stands for the sup-norm taken over [0, 1] and
d.e denotes the ceiling of a number.

From [17], we have the following simultaneous approximation result.

Theorem 2.1. ([17]) If f ∈ Cp[0, 1], p ∈ N and s is a non-negative fixed
integer, then

lim
n→∞

L(p)
n,s (f) = f (p)

uniformly on [0, 1].

Definition 2.1. ([9])Let α > 0. The operator Jαa on L1[a, b] defined by

Jαa (f ;x) :=
1

Γ (α)

x∫
a

(x− t)α−1
f (t) dt

for a ≤ x ≤ b is called the Riemann-Liouville fractional integral operator of

order α. Here Γ (α) =
∞∫
0

tα−1e−tdt is Euler’s Gamma function.

For α = 0, we set J0
a := I, the identity operator.

Definition 2.2. ([9])Let α ≥ 0, p = dαe and f ∈ ACp[a, b]. The Caputo
fractional derivative is defined by

Dα
∗af := Dα

a [f − Tp−1[f ; a]] = Jp−αa Dpf,

where Dα
a := DpJp−αa is the Riemann-Liouville fractional differential operator

and Tp−1[f ; a] denotes the Taylor polynomial of degree p − 1 of the function
f , centered at a. In particular, for p = 0 we set Tp−1[f ; a] = 0 and if α ∈ N,
then Dα

∗af = Dpf .

Theorem 2.2. ([9])If f ∈ Cp[a, b], then the Caputo fractional derivative
Dα
∗af is continuous on [a, b].
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Let, as usual, we denote ej (x) := xj for x ∈ R and j ≥ 0. Then we have
the following remarks.

Remark 2.1. For each j ≥ 0, α > 0 and x ∈ [0, 1], we have Jα0 (ej ;x) =
Γ(j+1)

Γ(α+j+1)x
j+α (see [14, Lemma 2]).

Remark 2.2. Let α > 0 and p = dαe. Then we have

Dα
∗0ej (x) =

{
0, j ∈ N0 and j < p,

Γ(j+1)
Γ(j+1−α)x

j−α, j ∈ N0 and j ≥ p or j /∈ N and j > p− 1

for some j ≥ 0 (see [9, p.193]).

3 Auxiliary results for Brass-Stancu operators

Let us consider the following p-dimensional sets

Qn,s :=
[
0,
s

n

]
×
[
0,

1

n

]
×· · ·×

[
0,

1

n

]
and Qn :=

[
0,

1

n

]
×
[
0,

1

n

]
×· · ·×

[
0,

1

n

]
.

We denote the integrals over Qn,s and Qn by

∫
Qn,s

du :=

1
n∫

0

· · ·

1
n∫

0

s
n∫

0

du1du2 · · · dup and

∫
Qn

du :=

1
n∫

0

· · ·

1
n∫

0

1
n∫

0

du1du2 · · · dup,

where du = du1du2 · · · dup, respectively. Let also (n)p denote the falling fac-
torial given by

(n)p =

{
n (n− 1) · · · (n− p+ 1) , p ≥ 1,

1, p = 0.

As in the case of approximation of the Caputo fractional derivatives by Bern-
stein operators [14], we need the following usual derivatives of order p of
Ln,s(f ;x) which was obtained by Yun and Xiang [17].

L(p)
n,s (f ;x)

=
p (n− s)p

n− s− p+ 1

n−s−p+1∑
k=0

pn−s−p+1,k (x)

∫
Qn,s

f (p)

(
k

n
+

p∑
i=1

ui

)
du

+ (n− s)p
n−s−p∑
k=0

pn−s−p,k (x)

×
∫
Qn

[
(1− x) f (p)

(
k

n
+

p∑
i=1

ui

)
+ xf (p)

(
k + s

n
+

p∑
i=1

ui

)]
du,
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where s is a non-negative integer, n ∈ N such that n > 2s and p ≤ n− s, f ∈
C[0, 1] and x ∈ [0, 1].

In order to investigate an approximation theorem for L
(p)
n,s (f ;x) the authors

in [17] defined the positive linear operators Ln,s,p : C [0, 1] → C [0, 1] for
g ∈ C [0, 1] as follows:

Ln,s,p (g;x)

: =
p (n− s)p

n− s− p+ 1

n−s−p+1∑
k=0

pn−s−p+1,k (x)

∫
Qn,s

g

(
k

n
+

p∑
i=1

ui

)
du

+ (n− s)p
n−s−p∑
k=0

pn−s−p,k (x)

×
∫
Qn

[
(1− x) g

(
k

n
+

p∑
i=1

ui

)
+ xg

(
k + s

n
+

p∑
i=1

ui

)]
du (3.1)

such that for f ∈ Cp [0, 1] Ln,s,p (fp;x) = L
(p)
n,s (f ;x). Moreover,

Ln,0,p = Ln,1,p = L̃n,p,

where the positive linear operators L̃n,p, obtained from the usual derivatives
of Bernstein operators, given in [14] by

L̃n,p (g;x) := (n)p

n−p∑
k=0

pn−p,k (x)

∫
Qn

g

(
k

n
+

p∑
i=1

ui

)
du.

We already have the first two moments and second central moment from the
paper of Yun and Xiang [17].

Lemma 3.1. ([17]) Let s ∈ N0, n, p ∈ N such that n > 2s and p ≤ n − s.
Then for x ∈ [0, 1], we have

Ln,s,p (e0;x) =
(n− s)p
np

[
1 +

ps

n− s− p+ 1

]
,

Ln,s,p (e1;x) =
(n− s)p
np

{[
1 +

p (s− 1)

n

]
x+

p

2n

[
1 +

s (s+ p− 1)

n− s− p+ 1

]}
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and

Ln,s,p

(
(e1 − xe0)

2
;x
)

=
(n− s)p
np

{[
n+ (p+ s) (s− 1) (p+ 1)

n2
− ps (s+ p− 1)

n (n− s− p+ 1)

]
x (1− x)

+
p

n2

[
3p+ 1

12
+

s (p+ 1) (p− 2)

4 (n− s− p+ 1)
+
s
(
2s2 + 3sp− 3s+ 4− p

)
6 (n− s− p+ 1)

]}
.

It might be necessary to mention here that while we were verifying the cal-
culations in Lemma 3.1, we encountered a sign misprint in the second central

moment Ln,s,p

(
(e1 − xe0)

2
;x
)

. Here, the Lemma is reproduced by correct-

ing this misprint. Now, in terms of Lemma 3.1 we can introduce the following
Lemma.

Lemma 3.2. Let s ∈ N0, n, p ∈ N such that n > 2s and p ≤ n− s. Then for
x ∈ [0, 1], we have

(i) Ln,s,p (e1 − xe0;x) =
(n−s)p
np

p
2n

[
1 + s(s+p−1)

n−s−p+1

]
(1− 2x) .

(ii) ‖Ln,s,p (e0)‖ ≤ µ0,s,p,
where

µ0,s,p :=

{
1, s = 0, 1

s+2+p(s−1)
2s+1 , s > 1

.

(iii) ‖Ln,s,p (e0)− e0‖ ≤ p(p−1)
2n

(
1 + 2(|s−1|+s−1)

p

)
.

(iv) ‖Ln,s,p (e1 − ·e0)‖ ≤ p
2nµ1,s,p,

where

µ1,s,p =

{
1, s = 0, 1

s2+p(s−1)+2
2s+1 , s > 1

.

(v)
∥∥∥Ln,s,p (e1 − ·e0)

2
∥∥∥ ≤ 1

4nµ2,s,p,

where

µ2,s,p =


1, s = 0, 1

1 + (p+s)(s−1)(p+1)+ps(p+s−1)
2s+1 + 3p2+p

3(2s+1)

+
3ps(p2−p)+2p2s(3s−1)+2ps(2s2−3s+1)

3(2s+1)2
,

s > 1
.

Proof. (i) It can be proved by direct computation.
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(ii) From Lemma 3.1, one has

‖Ln,s,p (e0)‖ =
(n− s)p
np

[
1 +

ps

n− s− p+ 1

]
=

(n− s)p−1

np−1

(
1 +

(s− 1) (p− 1)

n

)
. (3.2)

Since Ln,s,p = L̃n,p for s = 0, 1 and L̃n,p (e0) =
(n)p
np ≤ 1 [14], it follows that

‖Ln,s,p (e0)‖ ≤ 1 for s = 0, 1.

On the other hand, using the fact n > 2s which implies that n ≥ 2s + 1 and

the inequality
(n−s)p−1

np−1 ≤ 1, from (3.2) we find

‖Ln,s,p (e0)‖ ≤ 1 +
(s− 1) (p− 1)

2s+ 1
=
s+ 2 + p (s− 1)

2s+ 1

for s > 1.
(iii) From Lemma 3.1, we have

|Ln,s,p (e0;x)− e0 (x)|

=

∣∣∣∣ (n− s)pnp

[
1 +

ps

n− s− p+ 1

]
− 1

∣∣∣∣
=

∣∣∣∣ (n− s)p−1

np−1

[
1 +

(s− 1) (p− 1)

n

]
− 1

∣∣∣∣
≤

∣∣∣∣ (n− s)p−1

np−1
− 1

∣∣∣∣+
(n− s)p−1

np−1

|s− 1| (p− 1)

n
. (3.3)

Since
(n− s)p−1

np−1
=
(

1− s

n

)(
1− s+ 1

n

)
· · ·
(

1− s+ p− 2

n

)
for p > 1 and p ≤ n− s, using the well-known inequality

k∏
J=1

(1− aj) ≥ 1−
k∑
j=1

aj for 0 ≤ aj < 1, j = 1, 2, . . . , k

we can write

(n− s)p−1

np−1
≥ 1−

(
s

n
+
s+ 1

n
· · ·+ s+ p− 2

n

)
= 1−

[
s (p− 1)

n
+

(p− 1) (p− 2)

2n

]
.
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Noting that
(n−s)p−1

np−1 = 1 for p = 1, we obtain

1−
(n− s)p−1

np−1
≤ s (p− 1)

n
+

(p− 1) (p− 2)

2n

for p ∈ N. Hence, considering
(n−s)p−1

np−1 ≤ 1 from (3.3) it follows that

‖Ln,s,p (e0)− e0‖ ≤
s (p− 1)

n
+

(p− 1) (p− 2)

2n
+
|s− 1| (p− 1)

n

=
p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)
.

(iv) Since Ln,0,p = Ln,1,p = L̃n,p and we have
∥∥∥L̃n,p (e1 − ·e0)

∥∥∥ ≤ p
2n from

[14], we find ‖Ln,s,p (e1 − ·e0)‖ ≤ p
2n for s = 0, 1.

On the other hand, by (i), one gets

‖Ln,s,p (e1 − ·e0)‖ ≤ p

2n

(n− s)p
np

(
1 +

s (s+ p− 1)

n− s− p+ 1

)
=

p

2n

(n− s)p−1

np−1

(
1 +

(s− 1) (s+ p− 1)

n

)
≤ p

2n

(
1 +

(s− 1) (s+ p− 1)

n

)
.

In terms of the inequality n ≥ 2s+ 1, we have

‖Ln,s,p (e1 − ·e0)‖ ≤ p

2n

(
1 +

(s− 1) (s+ p− 1)

n

)
=

p

2n

(
s2 + p (s− 1) + 2

2s+ 1

)
for s > 1.

(v) Using the fact Ln,0,p = Ln,1,p = L̃n,p and the inequality

‖L̃n,p (e1 − ·e0)
2 ‖ ≤ 1

4n given in [14], we find
∥∥∥Ln,s,p (e1 − ·e0)

2
∥∥∥ ≤ 1

4n for

s = 0, 1.
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Now, we consider the case for s > 1. From Lemma 3.1, one has∥∥∥Ln,s,p ((e1 − ·e0)
2
)∥∥∥

≤
(n− s)p
np

1

4n

{∣∣∣∣n+ (p+ s) (s− 1) (p+ 1)

n
− ps (s+ p− 1)

n− s− p+ 1

∣∣∣∣
+

1

3n(n− s− p+ 1)

∣∣∣(3p2 + p) (n− s− p+ 1) + 3ps (p+ 1) (p− 2)

+2ps
(
2s2 + 3sp− 3s+ 4− p

) ∣∣∣}
≤

(n− s)p
np

1

4n

{
n+ (p+ s) (s− 1) (p+ 1)

n
+
ps (s+ p− 1)

n− s− p+ 1
(3.4)

+
1

3n(n− s− p+ 1)

∣∣∣(3p2 + p) (n− s− p+ 1) + 3ps (p+ 1) (p− 2)

+2ps
(
2s2 + 3sp− 3s+ 4− p

) ∣∣∣}
Since (3p2 + p) (n− s− p+ 1) > 0 and

3ps (p+ 1) (p− 2) + 2ps
(
2s2 + 3sp− 3s+ 4− p

)
= 3ps

(
p2 − p

)
+ 2p2s (3s− 1) + 2ps

(
2s2 − 3s+ 1

)
> 0

for s > 1 and p ∈ N, from (3.4) we have∥∥∥Ln,s,p ((e1 − ·e0)
2
)∥∥∥

≤
(n− s)p
np

1

4n

{
1 +

(p+ s) (s− 1) (p+ 1)

n
+
ps (p+ s− 1)

n− s− p+ 1

+
3p2 + p

3n
+

3ps
(
p2 − p

)
+ 2p2s (3s− 1) + 2ps

(
2s2 − 3s+ 1

)
3n (n− s− p+ 1)

}

=
1

4n

{
(n− s)p
np

[
1 +

(p+ s) (s− 1) (p+ 1)

n
+

3p2 + p

3n

]
+

(n− s)p−1

np−1

[
ps (p+ s− 1)

n

+
3ps

(
p2 − p

)
+ 2p2s (3s− 1) + 2ps

(
2s2 − 3s+ 1

)
3n2

]}

≤ 1

4n

{
1 +

(p+ s) (s− 1) (p+ 1) + ps (p+ s− 1)

n
+

3p2 + p

3n

+
3ps

(
p2 − p

)
+ 2p2s (3s− 1) + 2ps

(
2s2 − 3s+ 1

)
3n2

}
.
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Here we used the inequalities
(n−s)p
np ≤ 1 and

(n−s)p−1

np−1 ≤ 1. Thus, taking into
consideration of the inequality n ≥ 2s+ 1, we obtain∥∥∥Ln,s,p ((e1 − ·e0)

2
)∥∥∥

≤ 1

4n

{
1 +

(p+ s) (s− 1) (p+ 1) + ps (p+ s− 1)

2s+ 1
+

3p2 + p

3 (2s+ 1)

+
3ps

(
p2 − p

)
+ 2p2s (3s− 1) + 2ps

(
2s2 − 3s+ 1

)
3 (2s+ 1)

2

}
which completes the proof.

For our future correspondences, we need the following lemma.

Lemma 3.3. Let s ∈ N0, n, p ∈ N such that n > 2s and p ≤ n− s. Then for
x ∈ [0, 1], we have

Ln,s,p (|e1 − xe0| ;x) ≤

√
2

(
sp

n− s− p+ 1
+ 1

)
Ln,s,p

(
(e1 − xe0)

2
;x
)
.

Proof. By (3.1), one has

(Ln,s,p (|e1 − xe0| ;x))
2

=


n−s−p+1∑
k=0

pn−s−p+1,k (x) p (n− s)p−1

∫
Qn,s

∣∣∣∣∣kn +

p∑
i=1

ui − x

∣∣∣∣∣ du
+

n−s−p∑
k=0

pn−s−p,k (x) (n− s)p ×

×
∫
Qn

[
(1− x)

∣∣∣∣∣kn +

p∑
i=1

ui − x

∣∣∣∣∣+ x

∣∣∣∣∣k + s

n
+

p∑
i=1

ui − x

∣∣∣∣∣
]
du


2

≤ 2


n−s−p+1∑

k=0

pn−s−p+1,k (x) p (n− s)p−1

∫
Qn,s

∣∣∣∣∣kn +

p∑
i=1

ui − x

∣∣∣∣∣ du


2

+

[
n−s−p∑
k=0

pn−s−p,k (x) (n− s)p ×

∫
Qn

[
(1− x)

∣∣∣∣∣kn +

p∑
i=1

ui − x

∣∣∣∣∣+ x

∣∣∣∣∣k + s

n
+

p∑
i=1

ui − x

∣∣∣∣∣
]
du

2

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=: 2(S1 + S2) (3.5)

Applying the Cauchy-Schwarz inequality to each sum we get

S1 ≤
n−s−p+1∑
k=0

pn−s−p+1,k (x)
[
p (n− s)p−1

]2 ∫
Qn,s

∣∣∣∣∣kn +

p∑
i=1

ui − x

∣∣∣∣∣ du


2

and

S2 ≤
n−s−p∑
k=0

pn−s−p,k (x)
[
(n− s)p

]2∫
Qn

Cn,k,s,p (ui, x) du

2

,

where

Cn,k,s,p (ui, x) := (1− x)

∣∣∣∣∣kn +

p∑
i=1

ui − x

∣∣∣∣∣+ x

∣∣∣∣∣k + s

n
+

p∑
i=1

ui − x

∣∣∣∣∣ .
Now, application of the Cauchy-Schwarz inequality to each iterated integral
gives

S1 ≤
n−s−p+1∑
k=0

pn−s−p+1,k (x)
[
p (n− s)p−1

]2 s

np

∫
Qn,s

(
k

n
+

p∑
i=1

ui − x

)2

du

=
sp (n− s)p−1

np
× (3.6)

×

 p (n− s)p
n− s− p+ 1

n−s−p+1∑
k=0

pn−s−p+1,k (x)

∫
Qn,s

(
k

n
+

p∑
i=1

ui − x

)2

du


and

S2 ≤
n−s−p∑
k=0

pn−s−p,k (x)
[
(n− s)p

]2 1

np

∫
Qn

[Cn,k,s,p (ui, x)]
2
du

=
(n− s)p
np

(n− s)p
n−s−p∑
k=0

pn−s−p,k (x)

∫
Qn

[Cn,k,s,p (ui, x)]
2
du

 .
Moreover, since f (t) = t2, t ∈ [0,∞) is convex, using Jensen’s inequality for
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the term Cn,k,s,p (ui, x) in the last formula, we obtain

S2 ≤
(n− s)p
np

{
(n− s)p

n−s−p∑
k=0

pn−s−p,k (x) (3.7)

×
∫
Qn

(1− x)

(
k

n
+

p∑
i=1

ui − x

)2

+ x

(
k + s

n
+

p∑
i=1

ui − x

)2
 du

 .

Making use of (3.6) and (3.7) in (3.5) gives

(Ln,s,p (|e1 − xe0| ;x))
2

≤ 2

{
sp (n− s)p−1

np
×

×

 p (n− s)p
n− s− p+ 1

n−s−p+1∑
k=0

pn−s−p+1,k (x)

∫
Qn,s

(
k

n
+

p∑
i=1

ui − x

)2

du


+

(n− s)p
np

{
(n− s)p

n−s−p∑
k=0

pn−s−p,k (x)

×
∫
Qn

(1− x)

(
k

n
+

p∑
i=1

ui − x

)2

+ x

(
k + s

n
+

p∑
i=1

ui − x

)2
 du




≤ 2

[
sp (n− s)p−1 + (n− s)p

np

]
Ln,s,p

(
(e1 − xe0)

2
;x
)

= 2

(
sp

n− s− p+ 1

(n− s)p
np

+
(n− s)p
np

)
Ln,s,p

(
(e1 − xe0)

2
;x
)

= 2
(n− s)p
np

(
sp

n− s− p+ 1
+ 1

)
Ln,s,p

(
(e1 − xe0)

2
;x
)

≤ 2

(
sp

n− s− p+ 1
+ 1

)
Ln,s,p

(
(e1 − xe0)

2
;x
)
.

Hence, we arrive at

Ln,s,p (|e1 − xe0| ;x) ≤

√
2

(
sp

n− s− p+ 1
+ 1

)
Ln,s,p

(
(e1 − xe0)

2
;x
)

which completes the proof.
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4 Approximation of Caputo fractional derivatives

In this part, we study approximation of the Caputo fractional derivatives of
Brass-Stancu operators. Using the binomial expansions of (1− x)

n−s−k
and

(1− x)
n−s−k+1

Brass-Stancu operators can be expressed as

Ln,s(f ;x) =

n−s∑
k=0

n−s−k+1∑
j=0

(
n− s
k

)(
n− s− k + 1

j

)
f

(
k

n

)
(−1)

j
xk+j

+

n−s∑
k=0

n−s−k∑
j=0

(
n− s
k

)(
n− s− k

j

)
f

(
k + s

n

)
(−1)

j
xk+j+1.

According to Definition 2.2, for α = 0 we have D0
∗0 = I, the identity operator.

So we consider the Caputo fractional derivatives of Brass-Stancu operators
only for α > 0. Applying the operator Dα

∗0 to Ln,s(f ;x) and by taking account
of Remark 2.2 the Caputo fractional derivative of Ln,s (f ;x) can be obtained
explicitly as

Dα
∗0Ln,s(f ;x)

=

n−s∑
k=0

n−s−k+1∑
j=max{0,dαe−k}

(
n− s
k

)[(
n− s− k + 1

j

)
f

(
k

n

)

−
(
n− s− k
j − 1

)
f

(
k + s

n

)]
(−1)

j Γ (k + j + 1)

Γ (k + j + 1− α)
xk+j−α,

where α > 0, s ∈ N0 n ∈ N, such that n > 2s.
Now we prove the following uniform approximation theorem of the Caputo

fractional derivatives by Brass-Stancu operators by using similar technique in
[12].

Theorem 4.1. If α > 0, s is a nonnegative fixed integer and p = dαe, then
for f ∈ Cp[0, 1] we have

lim
n→∞

Dα
∗0Ln,s (f) = Dα

∗0f

uniformly on [0, 1].

Proof. Let ε > 0 be a given number. By Theorem 2.1, for f ∈ Cp[0, 1] there
exists an n0 ∈ N such that for all n > n0 it holds n > 2s, n ≥ p+ s and∥∥∥L(p)

n,s (f)− f (p)
∥∥∥ < ε.
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By Definition 2.2, we can write

|Dα
∗0Ln,s (f ;x)−Dα

∗0f (x)|

=
∣∣∣Jp−α0

(
L(p)
n,s (f)− f (p);x

)∣∣∣
≤ Jp−α0

(∣∣∣L(p)
n,s (f)− f (p)

∣∣∣ ;x)
≤ Jp−α0

(∥∥∥L(p)
n,s (f)− f (p)

∥∥∥ e0;x
)

=
∥∥∥L(p)

n,s (f)− f (p)
∥∥∥ Jp−α0 (e0;x) . (4.1)

From Remark 2.1, we get∥∥Jp−α0 (e0;x)
∥∥ =

∥∥∥∥ xp−α

Γ (p− α+ 1)

∥∥∥∥ ≤ 1

Γ (p− α+ 1)
. (4.2)

Thus, (4.1) yields the desired result.

Note that for the case α ∈ N the above theorem reduces to Theorem 2.1.
Now, we present some quantitative estimates for the degree of the uni-

form approximation of the Caputo fractional derivatives by the Brass-Stancu
operators Ln,s.

Recall the first order modulus of continuity of g ∈ C[0, 1] given by

ω1 (g, δ) = sup
x,t∈[0,1], |t−x|≤δ

|g (t)− g (x)| , δ > 0.

In [14], by using the following result of Mond [13], Păltănea obtained the
subsequent result concerning quantitative estimate for the degree of approxi-
mation of Caputo fractional derivatives by Bernstein operators in terms of the
first order modulus of continuity.

Theorem 4.2. ([13])Let I be an arbitrary interval and V ⊂ C (I) be a linear
subspace such that ej ∈ V, j = 0, 1, 2. If L : V → F (I) := {f | f : I → R} is
a positive linear operator, then

|L (f ;x)− f (x)| ≤ |f (x)| |L (e0;x)− 1|

+

(
L (e0;x) +

1

δ2
L
(

(e1 − xe0)
2

;x
))

ω1 (f, δ)

for any f ∈ V , any x ∈ I and δ > 0.

Theorem 4.3. ([14]) For α ≥ 0, p = dαe , f ∈ Cp[0, 1], δ > 0 and n ∈ N,
we have

‖Dα
∗0Bn (f)−Dα

∗0f‖ ≤
p (p− 1)

n

∥∥∥f (p)
∥∥∥+

(
1 +

1

4nδ2

)
ω1

(
f (p), δ

)
.
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For δ = 1√
n

, we have

‖Dα
∗0Bn (f)−Dα

∗0f‖ ≤
p (p− 1)

n

∥∥∥f (p)
∥∥∥+

5

4
ω1

(
f (p),

1√
n

)
.

For δ = 1√
n

and 0 ≤ α < 1, we have

‖Dα
∗0Bn (f)−Dα

∗0f‖ ≤
5

4
ω1

(
f ′,

1√
n

)
.

Below, we extend this result to Brass-Stancu operators in a similar way
that of [14].

Theorem 4.4. If α > 0, s is a nonnegative fixed integer and n, p ∈ N such
that n > 2s and p = dαe ≤ n− s, then for f ∈ Cp[0, 1] we have

‖Dα
∗0Ln,s (f)−Dα

∗0f‖

≤
{
p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥

+
(
µ0,s,p +

µ2,s,p

4nδ2

)
ω1

(
f (p), δ

)} 1

Γ (p− α+ 1)
, (4.3)

where µ0,s,p and µ2,s,p are defined as in Lemma 3.2.
For δ = 1√

n
we have

‖Dα
∗0Ln,s (f)−Dα

∗0f‖

≤
{
p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥

+
(
µ0,s,p +

µ2,s,p

4

)
ω1

(
f (p),

1√
n

)}
1

Γ (p− α+ 1)
. (4.4)

Proof. Since L
(p)
n,s (f) = Ln,s,p

(
f (p)

)
, from Theorem 4.2 and Lemma 3.2, one
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gets ∥∥∥L(p)
n,s (f)− f (p)

∥∥∥
=

∥∥∥Ln,s,p (f (p)
)
− f (p)

∥∥∥
≤

∥∥∥f (p)
∥∥∥ ‖Ln,s,p (e0)− e0‖

+

(
‖Ln,s,p (e0)‖+

1

δ2

∥∥∥Ln,s,p ((e1 − ·e0)
2
)∥∥∥)ω1

(
f (p), δ

)
≤ p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥

+

(
µ0,s,p +

1

4nδ2
µ2,s,p

)
ω1

(
f (p), δ

)
. (4.5)

Using (4.5) in (4.1) and passing to sup-norm over [0, 1], we reach to (4.3) with
(4.2). Finally, choosing δ = 1√

n
in (4.3) we find (4.4). This completes the

proof.

With the help of Lemmas 3.2 and 3.3, we get the following result.

Theorem 4.5. If s is a nonnegative fixed integer and n, p ∈ N such that
n > 2s and p ≤ n− s, then for f ∈ Cp[0, 1] we have∥∥∥L(p)

n,s (f)− f (p)
∥∥∥ (4.6)

≤

(
µ0,s,p +

√
2

(
sp

n− s− p+ 1
+ 1

))(
1 +

√
µ2,s,p

2

)
ω1

(
f (p),

1√
n

)
+

p(p− 1)

2n

(
1 +

2|s− 1|+ s− 1

p

)∥∥∥f (p)
∥∥∥ ,

where µ0,s,p and µ2,s,p are defined as in Lemma 3.2.

Proof. Using the facts L
(p)
n,s (f) = Ln,s,p

(
f (p)

)
and Ln,s,p

(
f (p) (x) e0;x

)
=

f (p) (x) Ln,s,p (e0;x) the following well-known property of modulus of conti-
nuity of a function g ∈ C[a, b] ,

|g (t)− g (x)| ≤ ω1 (g, |t− x|) ≤
(

1 +
|t− x|
δ

)
ω1 (g, δ) , x, t ∈ [a, b],
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where δ > 0 is arbitrarily chosen, we can write∣∣∣L(p)
n,s (f ;x)− f (p) (x)

∣∣∣
≤

∣∣∣Ln,s,p (f (p);x
)
− Ln,s,p (e0;x) f (p) (x)

∣∣∣+
∣∣∣Ln,s,p (e0;x) f (p) (x)− f (p) (x)

∣∣∣
≤ Ln,s,p

(∣∣∣f (p) − f (p) (x) e0

∣∣∣ ;x)+ |Ln,s,p (e0;x)− e0(x)|
∣∣∣f (p) (x)

∣∣∣
≤ Ln,s,p

(
1 +
|e1 − xe0|

δ
;x

)
ω1

(
f (p), δ

)
+ |Ln,s,p (e0;x)− e0(x)|

∣∣∣f (p) (x)
∣∣∣

=

[
Ln,s,p (e0;x) +

1

δ
Ln,s,p (|e1 − xe0| ;x)

]
ω1

(
f (p), δ

)
+ |Ln,s,p (e0;x)− e0(x)|

∣∣∣f (p) (x)
∣∣∣ . (4.7)

Using Lemma 3.3 and choosing δ =

√
Ln,s,p

(
(e1 − xe0)

2
;x
)

, from (4.7) one

has ∣∣∣L(p)
n,s (f ;x)− f (p) (x)

∣∣∣ ≤ |Ln,s,p (e0;x)− e0(x)|
∣∣∣f (p) (x)

∣∣∣
+

[
Ln,s,p (e0;x) +

√
2

(
sp

n− s− p+ 1
+ 1

)]
×

×ω1

(
f (p),

√
Ln,s,p

(
(e1 − xe0)

2
;x
))

.

Passing to sup-norm over [0, 1] in the above inequality, from Lemma 3.2 it
follows that∥∥∥L(p)

n,s (f)− f (p)
∥∥∥

≤

(
µ0,s,p +

√
2

(
sp

n− s− p+ 1
+ 1

))
ω1

(
f (p),

√
µ2,s,p

2

1√
n

)
+

p(p− 1)

2n

(
1 +

2|s− 1|+ s− 1

p

)∥∥∥f (p)
∥∥∥

≤

(
µ0,s,p +

√
2

(
sp

n− s− p+ 1
+ 1

))(
1 +

√
µ2,s,p

2

)
ω1

(
f (p),

1√
n

)
+

p(p− 1)

2n

(
1 +

2|s− 1|+ s− 1

p

)∥∥∥f (p)
∥∥∥ .

Thus the proof is completed.
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Below, we present the Caputo fractional derivative extension of Theorem
4.5, which improves the direct application result obtained in Theorem 4.4.

Theorem 4.6. If α > 0, s is a nonnegative fixed integer and n, p ∈ N such
that n > 2s and p = dαe ≤ n− s, then for f ∈ Cp[0, 1] we have

‖Dα
∗0Ln,s (f)−Dα

∗0f‖

≤

{(
µ0,s,p +

√
2

(
sp

n− s− p+ 1
+ 1

))(
1 +

√
µ2,s,p

2

)
ω1

(
f (p),

1√
n

)
+
p(p− 1)

2n

(
1 +

2|s− 1|+ s− 1

p

)∥∥∥f (p)
∥∥∥} 1

Γ(p− α+ 1)

where µ0,s,p and µ2,s,p are defined as in Lemma 3.2.

Proof. Taking into consideration the fact L
(p)
n,s (f) = Ln,s,p

(
f (p)

)
if we use

the estimate (4.6) in the inequality (4.1) and take to sup-norm over [0, 1], we
arrive at the desired result with (4.2).

Again, with the help of Lemmas 3.2 and 3.3, we get the following result..

Theorem 4.7. If s is a nonnegative fixed integer and n, p ∈ N such that
n > 2s and p ≤ n− s, then for f ∈ Cp+1[0, 1] we have∥∥∥L(p)

n,s (f)− f (p)
∥∥∥

≤ p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥+

p

2n
µ1,s,p

∥∥∥f (p+1)
∥∥∥

+
3

4
√
n
µ2,s,p

[
1

2
+

√
2

(
sp

n− s− p+ 1
+ 1

)]
ω1

(
f (p+1),

1√
n

)
,(4.8)

where µ1,s,p and µ2,s,p are defined as in Lemma 3.2.

Proof. Let f ∈ Cp+1[0, 1]. Then for any x, t ∈ [0, 1] we have

f (p) (t) = f (p) (x) + (t− x) f (p+1) (x) +

t∫
x

[
f (p+1) (u)− f (p+1) (x)

]
du.



APPROXIMATION OF FRACTIONAL DERIVATIVES BY BRASS-STANCU
OPERATORS 23

Applying the operator Ln,s,p on both sides of the above equality, we get

Ln,s,p

(
f (p);x

)
− f (p) (x)

= [Ln,s,p (e0;x)− e0 (x)] f (p) (x) + Ln,s,p (e1 − xe0;x) f (p+1) (x)

+Ln,s,p

 t∫
x

[
f (p+1) (u)− f (p+1) (x)

]
du;x

 . (4.9)

Therefore, using the fact L
(p)
n,s (f) = Ln,s,p

(
f (p)

)
and the following inequality∣∣∣∣∣∣

t∫
x

∣∣∣f (p+1) (u)− f (p+1) (x)
∣∣∣ du

∣∣∣∣∣∣ ≤
(
|t− x|+ (t− x)

2

2δ

)
ω1

(
f (p+1), δ

)
, δ > 0,

in (4.9) and taking account of Lemma 3.3 in the obtained result, we have∣∣∣L(p)
n,s (f ;x)− f (p) (x)

∣∣∣
≤ |Ln,s,p (e0;x)− e0 (x)|

∣∣∣f (p) (x)
∣∣∣+ |Ln,s,p (e1 − xe0;x)|

∣∣∣f (p+1) (x)
∣∣∣

+

{[√
2

(
sp

n− s− p+ 1
+ 1

)]√
Ln,s,p

(
(e1 − xe0)

2
;x
)

+
1

2δ
Ln,s,p

(
(e1 − xe0)

2
;x
)}

ω1

(
f (p+1), δ

)
.

Choosing δ =

√
Ln,s,p

(
(e1 − xe0)

2
;x
)

in the above inequality, one gets

∣∣∣L(p)
n,s (f ;x)− f (p) (x)

∣∣∣
≤ |Ln,s,p (e0;x)− e0 (x)|

∣∣∣f (p) (x)
∣∣∣+ |Ln,s,p (e1 − xe0;x)|

∣∣∣f (p+1) (x)
∣∣∣

+

[
1

2
+

√
2

(
sp

n− s− p+ 1
+ 1

)]√
Ln,s,p

(
(e1 − xe0)

2
;x
)

×ω1

(
f (p+1),

√
Ln,s,p

(
(e1 − xe0)

2
;x
))

.
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Here, passing to the sup-norm over [0, 1] and using Lemma 3.2, we obtain∥∥∥L(p)
n,s (f)− f (p)

∥∥∥
≤ p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥+

p

2n
µ1,s,p

∥∥∥f (p+1)
∥∥∥

+

[
1

2
+

√
2

(
sp

n− s− p+ 1
+ 1

)]√
µ2,s,p

4n
ω1

(
f (p+1),

√
µ2,s,p

4n

)
≤ p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥+

p

2n
µ1,s,p

∥∥∥f (p+1)
∥∥∥

+

√
µ2,s,p

2
√
n

[
1

2
+

√
2

(
sp

n− s− p+ 1
+ 1

)](
1 +

√
µ2,s,p

2

)
×

×ω1

(
f (p+1),

1√
n

)
.

Now, making use of the fact 1 ≤ √µ2,s,p in the last line of the above inequality,
we reach to (4.8) which completes the proof.

Caputo fractional extension of the above result is presented below.

Theorem 4.8. If α > 0, s is a nonnegative fixed integer and n, p ∈ N such
that n > 2s and p = dαe ≤ n− s, then for f ∈ Cp+1[0, 1] we have

‖Dα
∗0Ln,s (f)−Dα

∗0f‖

≤
{
p (p− 1)

2n

(
1 +

2 (|s− 1|+ s− 1)

p

)∥∥∥f (p)
∥∥∥+

p

2n
µ1,s,p

∥∥∥f (p+1)
∥∥∥

+
3

4
√
n
µ2,s,p

[
1

2
+

√
2

(
sp

n− s− p+ 1
+ 1

)]
ω1

(
f (p+1),

1√
n

)}
×

× 1

Γ (p− α+ 1)
,

where µ1,s,p and µ2,s,p are defined as in Lemma 3.2.

Proof. Using the estimate (4.8) in the inequality (4.1) and passing to sup-norm
over [0, 1], we find the required result with (4.2).
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Gülen BAŞCANBAZ-TUNCA,
Faculty of Science, Department of Mathematics,
Ankara University,
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