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Abstract

A generalized numerical semigroup is a submonoid of N% with finite
complement in it. In this work we study some properties of three dif-
ferent classes of generalized numerical semigroups defined starting from
numerical semigroups. In particular, we prove that the class of the
so called T-stripe generalized numerical semigroups satisfies a general-
ization of Wilf’s conjecture. Some partial results for the generalized
Wilf’s conjecture, together with characterizations for the properties of
quasi-irreducibility and quasi-symmetry, are obtained for the so called T-
graded semigroups and for the generalized numerical semigroups S C N¢
such that elements of N\ S belong to the coordinate axes.

1 Introduction

Let N be the set of non negative integers and d > 1 be an integer. A monoid S
contained in N is called a generalized numerical semigroups if the set N¢\ S
is finite. This notion is introduced in [11] as a generalization of the well known
definition of a numerical semigroup, that is a submonoid of N having finite
complement in it. Numerical semigroups are studied in several papers and
constitute an active area of research. For a collection of the fundamental con-
cepts and the main results related to this matter, refer to the monographs
[1, 16]. The introduction of generalized numerical semigroups leads to the
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natural goal of studying, in the new context, some concepts related to nu-
merical semigroups. This is the intent of [11], where the authors also provide
some definitions and procedures obtained extending some arguments known
for numerical semigroups. Successively, other papers on generalized numerical
semigroups have appeared, introducing new properties and results. We will
recall, along this paper, some of these properties and results that are useful for
the purpose of this work. For other recent developments in such a matter see
also [2, 3, 7, 14, 17]. One of the main questions provided in [11] is to general-
ize a well known conjecture on numerical semigroups, called Wilf’s conjecture,
introduced for the first time in [18]. Although such a conjecture is proved to
be true for many classes of numerical semigroups, it is still an open problem to
prove it in its full generality. See [9] for an exhaustive survey on this argument.
Addressed to the previous question, a generalization of Wilf’s conjecture for
generalized numerical semigroups is introduced in [4], referred as generalized
Wilf’s conjecure (see also [13] for a different extension of Wilf’s conjecture in
a more general context), and it is proved to be true for some particular classes
of generalized numerical semigroups. So a natural direction of research is to
investigate other classes of generalized numerical semigroups, studying their
main properties and verifying the generalized Wilf’s conjecture for them. In
this work we follow this direction, introducing some families of such a kind of
submonoids of N, with the aim of providing the main invariants and studying
their properties. Focusing on generalized Wilf’s conjecture, we prove that it
holds for all monoids belonging to one of the family introduced, with the help
of a condition obtained by an extension of a known result for numerical semi-
groups. For the other families, we provide only some partial results about the
conjecture. Anyway, we find no counterexample. So, the problem of studying
the generalized Wilf’s conjecture remains open and a deeper investigation of
these particular families can be an active goal for future works in this line of
research.

We briefly summarize now, more in detail, the content of this paper. In Sec-
tion 2 we recall the generalized Wilf’s conjecture and the arguments related
to it, together with all useful concepts for the rest of this paper. In particu-
lar, a sufficient condition is introduced for a generalized numerical semigroup
in order to verify the generalized Wilf’s conjecture, involving a particular in-
variant called the type. In Section 3, we introduce the concept of T-stripe
generalized numerical semigroup, that is a semigroup in N¢, d > 2, related
to a fixed numerical semigroup 7. We prove some properties of it depending
on the fixed numerical semigroup T and, using the sufficient condition intro-
duced in Section 2, we prove that all generalized numerical semigroups of such
a class satisfy the generalized Wilf’s conjecture. Other two classes of gener-
alized numerical semigroups in N¢ are introduced in Section 4 and Section 5,
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that are the T-graded GNSs, where T is a fixed numerical semigroup, and
the Axis(Sy,...,S4) GNSs, where Si,...,S3 are numerical semigroups. In
particular, we prove some properties of them, as the quasi-irriducibility and
the quasi-simmetry, and we verify the generalized Wilf’s conjecture in some
particular cases. The two classes of semigroups introduced in Section 3 and
Section 4 are partially inspired, in a certain sense, by some semigroups in N2
depicted in [15]. We conclude with some remarks and open questions, one of
them provided by Shalom Elihaou, after a personal communication with him.

2 Preliminaries

Recall that a numerical semigroup S is a submonoid of N such that N\ S
is a finite set. We denote by m(S) = min(S \ {0}) the multiplicity of S,
and F(S) = max(Z \ S) the Frobenius number of S. We consider in this
paper a straightforward generalization of the concept of a numerical semigroup,
provided for the first time in [11], named generalized numerical semigroup
(GNS for short), that is a submonoid of N¢ having finite complement in it.
In particular all definitions we introduce for GNSs can be trivially considered
also for numerical semigroups.

So, let S C N¢ be a GNS. We consider the following notations:

e H(S) = N\ S is the set of gaps of S and g(S) = |H(S9)| is called the
genus of S.

e PF(S) = {x e H(S) | x+s € S forall s € S\ {0}} is the set of
pseudo-Frobenius elements of S and t(S) = | PF(9)| is called the type of
S.

e SG(S) = {x € PF(S) | 2x € S} is the set of special gaps of S.

It is known that a numerical semigroup S is irreducible if and only if
SG(S) = {F(S)}, and in such a case it can occur either PF(S) = {F(S)} or
PF(S) = {F(S),F(S)/2}. In the first case S is called symmetric, in the second
case S is called pseudo-symmetric (see [16, Chapter 3]). Irreducible GNSs are
studied in [5].

We say that the set A C N? generates S if S = {35 nia; | a; € A, €
N for all i € [e],e € N}, where as usual we denote [e] = {1,2,...,e} for
e € N. If no proper subset of A generates S then A is called a minimal system
of generators of S. It has been proved that every GNS has a unique finite
minimal system of generators (see [6, Proposition 2.3]).

In N¢ we consider the natural partial order: x < y if and only if y — x € N9,
x,y € N?. We recall that a total order < in N? is a monomial order if:
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1. 0 < u, for all u € N%.
2. Ifu,v € Nand u < v, then u+w < v+ w for all w € N%.

Different examples of monomial orders are provided in [11]. Consider now
the following definitions:

e Let G(S) be the set of minimal generators of S and e(S) = | G(.9)], called
embbeding dimension.

e Let N(S) = {s € S| s < h for some h € H(S)} and denote n(S) =
IN(S)I.
e Let ¢(S) = |{n € N? | n < h for some h € H(9)}|

The three invariants defined above are involved in the generalization for
GNSs of a well known conjecture on numerical semigroups, called Wilf’s con-
jecture, that states e(S)n(S) > F(S) + 1. This is still an open problem (see
[9] for a survey). Such a conjecture has been generalized for GNSs in [4] as:

Conjecture 2.1 (Generalized Wilf’s conjecture). Let S C N?¢ be a GNS.
Then

e(S)n(S) > de(S) or equivalently (e(S) — d)n(S) > dg(S).

We want to consider a sufficient condition for a GNS to satisfy the gener-
alized Wilf’s conjecture, introduced for the first time in the Ph.D thesis of the
first author, that we report here with its proof for completeness. To obtain
such a condition we need to consider the following property:

Proposition 2.2. Let S C N be a GNS and let t(S) = |PF(S)|. Then
g(S) < t(5)n(S).

Proof. Consider in N¢ a monomial order <. Let x € H(S), we define f, =
min_ {f € PF(S) | x <g f}. The previous set is not empty by [5, Proposition
1.3]. So we can consider the function

¢ : H(S) — PF(S) x N(S), x1— (fx,fx — %)
. Tt is easy to see that ¢ is injective so g(S) < t(5) n(S). O

Since ¢(S) = g(S) + n(S5), then ¢(S) < (t(S) + 1)n(S). So we can state
the following:

Corollary 2.3. Let S C N? be a GNS and t(S) = |PF(S)|. If e(S) >
d(t(S)+ 1) then S satisfies generalized Wilf’s conjecture.
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Actually, the previous property is a generalization of a well known property
of numerical semigroups (see [10]) and we do not know till now any general
class of GNSs satisfying it. In the next section we introduce a class of GNSs
whose semigroups satisfy the condition of the above corollary. The following
lemma will be useful.

Lemma 2.4. Let g > aig > - -+ > g be elements in N such that E‘f:l a; > g,
where g is a nonzero integer. Then there exist By, Pa,...,Bq4 € N such that
— B; € N and Z?Zl Bi=g.
Proof. If there exists j € {1,2,...,d} such that o; > g then we can consider
Bj =gand §; =0foreveryi e {1,2,....d}\{j}. fo; < gforalli=1,2,...,d
then let 7 € {1,...,d} such that a; = 0 for all s = +(V) + 1,7V 4+ 2. d.
If ¥ > g then we fix 3; = 1 fori =1,...,gand 3; =0 for j =g+ 1...,d.
Soa;—f; >0forallie{l,....d} and Y0, B = g. If ¥ < g we consider
the following steps:
First step. Put 'yi(l) =1forie {1,...,7M} and 7](-1) =0 for j € {rV) +
.,d}. Let ozgl) = o —’yi(l) >0fori=1,...,d and AV = g — (),
Observe that

S
] i=1

in particular there exists j € {1,...,d} such that agl) £ 0.
Second step. Let (?) € {1,...,r(} such that agl) =0foriec {r®+1,...,d}.
If r® > AM then we fix %_(2) =1 for i = ., AW and 'yj(-z) = 0 for
j=AW 41, ... d We consider 3; = (1) + 7( ) fori=1,...,d and we have
;=B = 041(-1)—%(2) > 0foreveryi € {1, ...,d} and Zi Bi = 7"(1)+A(1) =g. If
2 < A wedeﬁne*yZ@) =1fori=1,...,r®, fyj(?) =0forj=r®4+1,...,d
and az@) = agl) - %(2) >0fori=1,...,d Weput A® = AN 2 =
g—7r1 —r® > 0 and observe that sz 045-2) > g—r1M — 72 >0, so there
exists j € {1,...,d} such that a§2) = 0. Therefore we can repeat the procedure
from the beginning of the second step, considering the greatest index r(3) e
{1,...,7®} such that 041(2) =0fori e {r® +1,...,d} and considering the
two cases 73 > A (and in this case we conclude) or 7(3) < A®) and so
on. After a finite number h of steps, it occurs that r(") > A(—1) (because it
is impossible to obtain g — (1) — ... — (") > 0 for infinitely many steps) since
r@) > 0 for every j. Since r™ > A(P=1) we obtain f; = ZJ 1 'yzj) for every

1=1,...,d and these elements satisfy the requested condition.
O
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The following example shows the procedure in the proof of the previous lemma.

Example 2 5. Let d =4, g = 10 and consider oy = 8,0 = 7,3 = 3, g = 2.
We have Z _q 0 = 20 > g. Moreover o; < g for 7 =1,2,3,4.

We have (1) =4 < g. So we define 71-( ) =1 fori= 1,2,3,4 and consider the
following positive integers:

e i =a; -9} =7
oD e o

° aél) =a3 —vél) =2

° afll) =y —fyil) =1

We have AW = g — () =6 and put 7 =4 < AM. So in the second step
we consider %(2) =1for:=1,2,3,4 and the following:

¢ o =af) -5 =6
R
ool =aff) 5 =1
o o <o)~ =0

We have A®) = AW — 72 = g — (1) _ 1) =2 and define r® =3 > A,

() _ 1 40 =1, 4® =0, /& 0.

So the next step is the last, in which v, ) Y4

We conclude defining:

* A =7§1) + 1+ =3
¢ b=l Al ol =3
o B ="+ + 4 =2

. ﬁ4=%§1)+%§)+7 D=2

In the following we denote by eq, e, . . ., €4 the standard basis vectors of the
vector space R%. Let x = (¢, 2®), ... 2(@) € N, Simplifying our notation,
we define along the paper |x| := [|x]||1, that is |x| = ijl x(). Moreover, if

S is a submonoid of N, we denote by S* the set S\ {0}. Finally, recall that
the set {x € N¢ | |x| = z} has cardinality (‘“5%]").
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3 T-stripe GNSs

Definition 3.1. Let T be a numerical semigroup. Let Hy = {x € N¢ : 0 <
|x| < m(T)} and H; = {he; : h € H(T)} for i € [d]. We set H = UL H;. Tt
is trivial to see that S = N?\ H is a generalized numerical semigroup that we
call T-stripe GNS.

If S is a T-stripe GNS then we denote K(S) = Ho \ UL, H;.
Proposition 3.2. Let S be the T-stripe GNS. Then

d
PF(S) = | J{fei: f € PF(T)} UK(S).

i=1
In particular t(S) = |Ho | —d(m — 1) + d - t(T).

Proof. We set £ = U?zl{fei : f € PR(T)}UK(S). We prove that PF(S) C L.
Consider x € PF(S). Then x € H(S) and x +s € §* for all s € S*. Since
x € H(S), we have x € Hy or x € H; for some ¢ € [d]. Suppose that x € H;,
for some ¢ € [d]. Then x = he; for some h € H(T). Set s € T*, then se; € S*
and x + se; = (h + s)e; € S*. So it is easy to obtain that h + s € T* for all
s € T*, that is h € PF(T). In particular x € {fe; : f € PF(T)}. Assume
that x ¢ H; for all ¢ € [d], so x € Hyg. Then trivially x € K(S5). Now we prove
that £ C PF(S). Let x € £ and s € S*. Observe that x + s ¢ Hy, because
|x +s| = |x| + [s| > |x| +m > m. In particular if x € K(S) we have also
x+s ¢ H; for all i € [d], that is x +s € S. Assume that x = fe; for some
i € [d] and f € PF(T). Suppose that x +s € H(S)\ Hy. Then x+s € H; \ Hyp
for some i, in particular s = se; with s € T*, that leads to a contradiction
since we obtain f+s € H(T) but f € PF(T). Hence x+s € 5*, so x € PF(S).
The last statement on t(S) easily follows. O

In the following, for i € N, as usual we denote Ne; = {ze; | z € N}.

Proposition 3.3. Let S be the T-stripe GNS in N, Let Ag = {x € N¢ | m <
|x| <2m—1,x ¢ Ne; Vi € [d|} and A; = {te; |t € G(T)} for alli € [d]. Then
G(S) = U?:o A, and in particular

2m—1

e(s)= 3 <i2f11> —d[m — o(T)].

=m

Proof. Firstly we prove that U?:o A; € G(S). Let x € U;izo A;. We may
assume that x € Ag, because the other case is trivial. If we suppose that there
exist y,z € S* such that x =y + z, then |x| = |y + z| > 2m, a contradiction
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since |x| < 2m — 1. Hence x € G(S). Now we prove that G(S) C U?:o A;.
Let x = (z(), ..., () € G(S). We suppose that x ¢ Uj:o A;. Obviously x
cannot be on the i-th axis of N¢ because it is generated by A; and in such a case
x cannot be a minimal generator of S. Then x ¢ UL | Ne; and [x| > 2m. From
Lemma 2.4 it follows that there exists b € N¢ with |b| = m such that x —b €
N% sox = a+b where a € N? and |a| = [x—b| > m. Observe that b € S since
|[b| = m. If a € S then x ¢ G(S), a contradiction. Then a ¢ S, in particular
a € UL | H; because |a| > m. Assume that a € H; for some i € [d], so a = a;e;
with a; > m. As a consequence, since x = a+ b, we have (¥ > m. In such a
case let w = x —me;. Observe that |w| = |x —me;| > m. We distinguish two
cases. In the first, suppose that x has more than two non-null components.
Then w has at least two non-null components , since x = w + me;, and
therefore w € S. Then x ¢ G(S), a contradiction. In the second case suppose
that x has only two non-null components, so w = z(F e, +(z(Y) —m)e; for some
ke [d\{i}. If 2() > m then w € S*, hence = ¢ G(S) since x = w + me;, a
contradiction. If (V) = m, then (*) > m because |x| > 2m. Let r = min{j €
N:jm > 2™}, Then x = u+v, where u = () —m)ey, + (rm—z*))e;) € S*
and v = mey + () — (r — 1)m)e; € S*. Hence x ¢ G(S), a contradiction
again. All cases lead to a contradiction, so necessarily x € U{_jA;. The
embedding dimension can be easily computed. O

Example 3.4. Let T" be the numerical semigroup generated by 5,6 and 13.
Observe that T = N\{1,2,3,4,7,8,9,13,14}. The T-stripe GNS in N? is
generated by (5,0), (6,0), (1 70), (0,5),(0,6),(0,13),(4,1),(3,2),(2,3), (1,4),
(5,1), (4,2), (3.3), (2.4), (1,5), (6,1), (5,2), (4,3), (3,4), (2.5, (1,6), (7, 1),
(6,2),(5,3),(4,4),(3,5),(2,6),(1,7),(8,1),(7,2),(6,3), (5,4), (4,5), (3,6),
(2,7),(1,8).

In Figure 1 we provide a graphical view of S: the red points are the holes of
S, the grey ones are the minimal generators. The blue points represent other
elements of S.

Now we want to study the generalized Wilf’s conjecture for T-stripe GNSs,
proving that for all numerical semigroups 7" and for all d > 2 the T-stripe GNS
S satisfies the inequality e(S) > d(t(S) + 1).

First of all set By(m) = (m+_d_1), in order to simplify our notations. Applying
repeatedly the known equality (Z) = (kzl) + (k 1) it is easy to obtain that
Ba(m) = 31" Ba-1(3).

Let T be a numerical semigroup having multiplicity m and S be the T-stripe
GNS in N, d > 2. We denote by e and ¢ respectively the embedding dimension
and the type of T'. From the previous considerations and from Proposition 3.2
and 3.3 it follows that the inequality e(S) > d(t(S) 4+ 1) is equivalent to the
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following
Bd+1(2m — 1) - (d+ 1)Bd+1(m - 1) Z @d

where ©4 :=dm —e—d(m—1—1t)].
Our aim is to prove the previous inequality for every choice of the numerical
semigroup 7" and for all d € N with d > 2.

Remark 3.5. Consider the numerical semigroup 7'= N\ {1,...,m — 1}. It is
well known that e(T) = m. The T-stripe GNS S in N¢ has n(S) = 1, so by
[4, Theorem 5.7] it follows that S satisfies the generalized Wilf’s conjecture,
hence that e(S) > dc(S). In particular Y771 (471 > dZ;n:_Ol (Hh,
equivalently Bgi1(2m — 1) — (d + 1)Bgy1(m —1) > 0 for m > 2 and d > 2.
This means that the left hand side of the inequality, which we want to prove,
is always positive.

We recall that for a numerical semigroup T' we have e(T) < m(T) and
t(T) < m(T) — 1. Moreover e(T) = m(T) if and only if t(T) = m(T) — 1
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and in such a case T is said to have mazimal embedding dimension (see [16,
Corollary 3.2]).

Lemma 3.6. Let T be a numerical semigroup. Suppose that one of the fol-
lowing conditions holds:

1. ¢(T) € {2,3};
2. T is a numerical semigroup with maximal embedding dimension;
3 m(T)=2.

Then the T-stripe GNS S satisfies e(S) > d(t(S) + 1).

Proof. (1) Assume that e(T) = 2. Then T is symmetric and by [16, Corollary
10.22] t(T) =1, 80 Og = d(1 — d)(m — 2) < 0. Assume e(T") = 3, then t(T) €
{1,2} by [16, Corollary 10.22]. If t(T) = 1, then ©4 = d[m —3 —d(m —2)] < 0.
If t(T) = 2, then ©4 =d[m —3 —d(m — 3)] < 0.

(2) If T is a numerical semigroup with maximal embedding dimension then
t(T) =m(T) — 1 and e(T) = m(T), so O4 = 0.

(3) In this case e(T") = 2, and the assertion follows from (1).

In all the previous cases we have e(S) > d(t(S) + 1) by Remark 3.5. O

Now we need a refinement of the inequality in Remark 3.5.

Lemma 3.7. Let m > 3 and d > 2 be two integers. Then
Byi1(2m —1) = (d4+ 1)Bgy1(m —1) > d(d - 1).

Proof. Let T = N\ {1,2,...,m — 1} and S the T-stripe GNS in N as in
Remark 3.5. We prove that e(S)—dc(S) > d(d—1), then the conclusion follows
arguing as in Remark 3.5. Let M = {me; + h | h € H(S ) U {0},7 € [d]} and
observe that |[M| = dc(S). Moreover M C G(5), so e(S)—dc(S) = | G(S)\M].
Consider the set A = {(m — 1)e; +e; | 4,5 6 [d],i # j} and observe that
A C G(S) and ANM = (. Furthermore |A| = d(d — 1), so we obtain our
claim. O

Remark 3.8. From the proof of the previous lemma it follows that if S is
the T-stripe GNS in N? with T = N\ {1,2,...,m — 1}, m > 2, then we
can estimate a lower bound for the difference e(S) — dc¢(S). Such a proof
is inspired by some arguments contained in the proof of [4, Proposition 8.1].
In the case d = 2 indeed we obtain a class of GNSs for which we can apply
directly [4, Proposition 8.1], obtaining the exact value of e(S) —2¢(S). In the
framework of [4, Section 5], since n(S) = 1, then S is a monomial semigroup
with correspondent ideal I = (27" ---z* | (n1,...,nq) € S\ {0}) in R =
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Klz1,...,2q], K a field. Consider also the ideal J = (27',...,z%") where
ai, ..., aq are the smallest integers such that =7’ € I for each i € [d]. It is easy
to see that a; = m for all ¢ € [d]. To apply [4, Proposition 8.1] we have to verify
that I? = I.J. Observe that I.J C I?. The converse is true if and only if for all
a=(ay,...,aq),8=(B1,...,B4) € N?such that |a] > m and |B| > m the
equality o+ 3 = v +me; holds for some i € [d] and v € N?, equivalently there
exists ¢ € [d] such that a; + §; > m. It is not difficult to see that this is true if
d=2,not ford > 2. Infact if d =3, m =7, a = be; +2e3 and 3 = He; + 2e3,
it is not a;; + 3; > 7 for any i € [3]. So for T =N\ {1,2,...,m —1}, m € N,
S the T-stripe in N2, we obtain e(S) — dc(S) = m? — ¢(9).

Lemma 3.9. Let m > 7, d > 2 be two integers. Then
Biy1(2m —1) — (d+ 1)Bgg1(m — 1) > d(m — 6).

Proof. Fix d > 2. Define the sequence a,, = Bg11(2m —1) — (d+1)Bg1(m —
1) —d(m — 6) for all m > 7. In order to obtain our claim it suffices to prove
that the sequence {a, }m>7 is increasing and a7 > 0.

Firstly we show that {a,, }m>7 is increasing. For all m > 7 we have to prove
that a;,41 > am, that is

Bat1(2m +1) = (d + 1) Baya(m) — d(m —5) >
Bay1(2m —1) = (d+ 1)Bgyi(m — 1) — d(m — 6)

Since By(m) = Y i~ Ba—1(i), we obtain that Byi1(2m+1) — Bgr1(2m—1) =
Ba(2m + 1) + B4(2m) and Bgy1(m) — Bgy1(m — 1) = Bg(m), so we have the
following equivalent inequality

Bd(Zm + 1) + Bd(2m) - (d + l)Bd(m) —d>0

It is trivially true for d = 2. For d = 3 it is equivalent to 5m? +m — 8 > 0
that is also true for m > 7. For d > 4 we can rewrite the left hand side
of the previous inequality as Bg(2m + 1) — dBg(m) — d + Bg(2m) — Bg(m).
By Lemma 3.7, we have By(2m + 1) — dB4(m) > (d — 1)(d — 2), obtained
considering d — 1 instead of d and m + 1 instead of m. Moreover, since d > 4,
we have also (d—1)(d—2) > d so Bg(2m+1) —dBg4(m) —d > 0. Moreover for
m > 7 and d > 4 then Bg(2m) — Bg(m) > 0. Hence we have the first desired
claim. It remains to prove that a7 > 0, that is Bg41(13) — (d4+1)Bg4+1(6) > d,
but this follows from Lemma 3.7 for m = 7. O

Now we can state the following general result.

Theorem 3.10. Let T be a numerical semigroup and S be the T-stripe GNS
in N, d > 2. Then e(S) > d(t(S) + 1). In particular S satisfies generalized
Wilf’s conjecture.
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Proof. By Lemma 3.6 we can consider e(T") > 4 and t(T') < m(T") — 2. Under
these assumptions, we have ©4 < dm—4—d(m—1)+dt] < dm —4—d(m—
1)+dm—2)] <dm—4—-d) <d(m—6). So, in:

Bd+1(2m — 1) - (d + 1)Bd+1(m - 1) Z d(m - 6) Z @d.

the second inequality is true by our assumption and the left hand side of the
first inequality is always positive by Remark 3.5. So the first inequality is
trivially true for m < 6, for m > 7 by Lemma 3.9. So it is always Bgy1(2m —
1) = (d+1)Bgy1(m — 1) > ©4 and this concludes our proof. O

4 T-graded GNSs

We introduce another class of generalized numerical semigroups related to a
numerical semigroup 7. In this section we denote by G; the set G; = {x €
N | |x| = 4}. It is well known that |G;| = (i‘gd__ll).

Let T be a numerical semigroup. We put S = {a € N¢ | |a] € T}. It is easy
to prove that S is a generalized numerical semigroup in N¢.

Definition 4.1. Let T be a numerical semigroup. We call § = {a € N? |
|a] € T} a T-graded GNS.

Remark 4.2. If S C N? is a T-graded GNS then

S = e [l ¢ 7= U 6w ws)= 3 (507

i€H(T) i€H(T)
Moreover if x € N then x € S if and only if |x| € T

Theorem 4.3. Let T be a numerical semigroup such that G(T) = {ny,...,n,}
and let S C N? be the T-graded GNS. Then G(S) = J;_, Gn,-

Proof. Denote G = |J;_; G,,,. We prove that any a € S can be written as
sum of elements in G. In particular |a| = 22:1 Ajng, with A; € N for every
j=1,...,r. If |a]| = ny for some k € {1,...,r} there is nothing to prove.
Otherwise there exists k € {1,...,r} such that |a] > n; and Ay > 0. In such a
case, by Lemma 2.4, there exists b € N¢ such that |b| = nj and a—b € N?. So
there exists ¢ € N such that a = b+c, moreover |c| = > ik A1+ (A — 1),
in particular ¢ € S. Now, if |c| = ny, for some h € {1,...,r} then ¢ € G,
otherwise there exists h € {1,...,r} such that |c| > np and we can apply
the same argument to c. The computation stops after a finite number of steps
because |c| < |a]. So every element of S can be expressed as a sum of elements
in G, that is G is a set of generators for S.
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Finally, if a,b € G then the sum of coordinates of a+ b is sum of at least two
elements in T', hence |a+b| is not a minimal generator of T', that is a+b ¢ G.
So the set of generators G is minimal for S. O

Example 4.4. Let T = (4,6,7) = N\ {1,2,3,5,9} and let S be the T-graded
generalized numerical semigroup in N2. Then S is generated by the set G =
{40,510 (22), 0.9, 0.8) 6.0) (5.1) (4.2, 6.9, (2.0) (1,5) (0.0)
(7,0). (6, 1), (5, 3,4),(2,5), (1,6), (0.7)}, and H(S) = {(1,0), (0,1),
(2.0).(1,1) )2 (2.1).(1,2). (0.3). (5.0), (4,1). (3,2). (2.3). (1.4),
(0,5),(9,0),(8,1),(7,2),(6,3), (5,4), (4,5), (3,6), (2, 7), (1,8), (0,9)}.

S N o ©

(@31

W o~

Figure 2

Figure 2 provides a graphical view of S: black points are the holes of S, while
the red points are the minimal generators. The other points are all elements
in S.

Pseudo-Frobenius elements and special gaps are described in the following:
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Proposition 4.5. Let T be a numerical semigroup and S C N? be the T-
graded GNS. Then:

1. PF(S) = UiePF(T) Gi.

Proof. 1) Let x € G; with ¢ € PF(T), then x € H(S). If s € S, then
|x+s| =i+]s| € T since [s| € T, so x+s € S. Conversely, let x € PF(S) and
i = |x|. In particular x € G; and i € H(T'). We prove that ¢ € PF(T). Let
t € T\ {0}, then te; € S and x +te; € S for any j € {1,...,d}. This means
that |x + te;| € T, that is i +¢ € T.

2) From 1) we know that x € PF(S) if and only if |x| € PF(T). So x €
SG(S) e 2xeSe 2x|e T 2x|eT < |x| € SG(T). O

Proposition 4.6. Let T be a numerical semigroup and S C N? be the T-
graded GNS. Then n(S) =3, cx(r) |Gil-

Proof. Trivial. O

Observe that if m > 2 is an integer and 7' = N\ {1,...,m — 1} then the
T-graded and T-stripe are the same GNS. For GNSs associated to numer-
ical semigroups generated by two elements we can compute the embedding
dimension and the type.

Corollary 4.7. Let T = (m,n) be a numerical semigroup of embedding di-
mension 2 and S C N? be the T-graded GNS. Then:

a) e(S) = ("I + ("),

b) t(S) — (mn—’rz:?-‘rd—l)

Proof. The first statement easily follows from Theorem 4.3. Since PF(T) =
{F(T)} and F(T) = mn —m — n the second statement follows from Proposi-
tion 4.5. O

If T = (m,n) and S C N? is the T-graded GNS in N? then the inequality
e(S) > 2 (t(S) + 1) is equivalent to 2mn < 3(m+n) — 2 and it is true only for
m = 2 and n = 3. Now we fix m = 2 and consider the numerical semigroups
T = (2,n), with n > 3 an odd number.

Proposition 4.8. Let T = (2,n), n an odd integer, n > 5, and let S C N? be
the T-graded GNS. Then S satisfies the generalized Wilf’s conjecture.
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Proof. In such a case we have H(T) = {1,3,5,...,n — 2} and, by Proposition
4.6, N(T) = {0,2,4,n — 3}. We consider the generalized Wilf’s conjecture in
its equivalent expression (e(S) — d)n(S) > dg(S), that leads to the following
inequality:

(4 () (100 3, ()

kEH(T)

In particular it suffices to prove the following inequality for all k € {1,3,...,n—

2}:
n+d—1 k—1+d-1 >4 E+d—1
d—1 d—1 - d—1
Such an inequality is equivalent to the following:

(n+d—1)n+d—2)(n+1)-(k—1+d—1)(k—1+d—2)--k>
d-(k+d—1)(k+d—2)--(k+1)

that reduces to (n+d—1)(n+d—2)---(n+1)-k >d!-(k+d—1). Observe
that for all k € H(T) we have n +d — 1 > k + d — 1, moreover the inequality
(n+d—2)n+d—3)---(n+1) >d(d—1)---2 holds since n +d — 2 > d and
n+d—i>d—i,for3<i<d-—1. O

Finally we want to provide another property that a T-graded GNS inherits
by the numerical semigroup 7. Let < be the natural partial order in N¢. If
S C N is a GNS we define FA(S) = Maximals< H(S) and denote 7(S) =
|FA(S)|. In [17] the authors define S quasi-irreducible if for all x € H(S) then
2x € FA(S) or there exists F € FA(S) such that F —x € S and S quasi-
symmetric if 7(S) = t(5). Observe that if S is a T-graded GNS then it has
in general two or more maximals in H(S) with respect to <, so it is never
irreducible ([5]). We want to describe conditions on T such that the T-graded
GNS is quasi-irreducible or quasi-symmetric. We first provide the following
generalization of [5, Proposition 2.5].

Proposition 4.9. Let S C N be a GNS. Then S is quasi-irreducible if and
only if FA(S) = SG(S).

Proof. =) Observe that FA(S) C SG(S). Let x € SG(S) and suppose x ¢
FA(S). By hypotheses there exists F € FA(S) such that F —x € S\ {0},
in particular there exists s € S\ {0} such that x +s = F ¢ S, that is a
contradiction.

<) Let x € H(S) such that 2x ¢ FA(S). We prove that there exists F € FA(S)
such that F —x € S. By hypotheses we can assume x ¢ SG(S), so we have
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two possibilities:

1)2x ¢ S and for all s € S\ {0} we have x+s € S. Observe that, in such a case,
for all i € N then ix+s € S for all s € S and if K = max{i € N |ix ¢ S} then
k> 3 and kx € SG(S) = FA(S). Since 2(k — 1) > k then 2(k — 1)x € S, that
is (k — 1)x € SG(S) = FA(S), but this is a contradiction since (k — 1)x < kx.
2) There exists s; € S\ {0} such that x +s; ¢ S. If x + 51 € SG(S) we have
finished. Otherwise put f; = x + s; then, arguing as in the proof of (1) of
[5, Proposition 2.6] we obtain an element fs ¢ S such that fo = x + so with
so € S\ {0} and f5 > f;. If £, € SG(S) we have finished, otherwise by the
same argument we obtain a sequence of elements f; ¢ S, for i > 1, such that
f; = x+s; withs; € S\ {0} and f; > f;_;. By the finiteness of H(S) there
exists k € N such that f, € SG(S), that allows to conclude the proof. O

Corollary 4.10. Let T be a numerical semigroup and S be the T-graded GNS
in N%. Then

e S is quasi-irreducible if and only if T is irreducible.
e S is quasi-symmetric if and only if T is symmetric.

Proof. Tt is not difficult to see that FA(S) = {a € N? | |a] = F(T)}. So, by
Proposition 4.5, it follows that FA(S) = SG(S) if and only if SG(T') = {F(T)},
equivalently T is irreducible. Furthermore 7(S) = t(S), that is FA(S) =
PF(9), if and only if PF(T) = {F(T)}, equivalently T is symmetric. O

Remark 4.11. The analogous of the previous result does not occur for T-stripe
GNSs. In fact if T' is a numerical semigroup with multiplicity m > 4 and S is
the T-stripe GNS in N? then, h = e; + (m — 3)e2 € SG(S) but h ¢ FA(S),
since e1 + (m — 2)eg € H(S).

5 GNSs having gaps only in the axes

Definition 5.1. Let d € N and S7,95:,...,5¢ be d numerical semigroups
different from N. Set J{ = U?:r{hei | h € H(S;)}. It is easy to verify that
S = N7\ ¥ is a GNS, that we call Axis(Sy,Ss,...,Sq).

In order to characterize the minimal generators of Axis(Sy, Sa,...,S4) con-
sider the following sets:

o [ = U?:1{nei | n is a minimal generator of S;}
o [h={e;+he; |2<h<m(S);i,je{l,...,d},i#j}.

o ng{ei‘f'ej |Z7]€{177d}7l<]}
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o y={e;+ej+e|ijke{l,....d},i<j<k}
Moreover if d = 2 we assume conventionally that Fy = () and (g) =0.

Proposition 5.2. Let S be the Axis(S1,Sa,...,S4) GNS. Then the set G =
U3:1 Fy is the minimal system of generators of S. In particular

e(5) =3 e(S) + (d— 1) i(m(si) -+ @ M @

i=1 i=1

Proof. Observe that G C S. We first prove that each s € S\ (GU{0}) is a
sum of elements in G. If s = \e; for some i € {1,...,d}, that is s belongs to
i-th axis, then it is not difficult to check that s is generated by the elements in
Fy. Suppose s = e;+Xej, with A £ 0and i # j. If 1 <X <m(S;) thens € G,
so we suppose A > m(S;). Let k = max{n | nm(S;) < A}, thens =e;+Xe; =
e, + (A —km(S;))e; + km(S;)e;, where e; + (A — km(S;))e; € F» U F3 and
km(S;)e; is generated by the set Fy. So e; + Ae; is a sum of elements in G
for all A € N and for all 4,5 € {1,...,d}, i # j. Suppose that s = ve; + \e;,
¥, A € N\ {0}. If y =1 or A = 1 we are done, otherwise we can write
s = e;j+(y—1)e;+e;+(A—1)e;. It is easy to check that it is a sum of elements in
G by the previous argument. So for all v, A € N\{0} we obtain s = ve;+\e; as
a sum of elements in G. Suppose s = ae; +fe; +ve; with o, 5,7 € N\ {0} and
i<j<k Ifa=p=~v=1thens € Fy, otherwise we can suppose without
loss of generality that o > 1 and, in such a case, s = [(a—1)e;+fe;]+[e;+7ex],
that is a sum of elements in G. So, ae; + Se; + ye;, is a sum of elements in G
for all o, 3,7 € N\ {0} and for all i < j < k. Finally consider s = Y_/_, \;ex,,
r >3, {k1,....k:} C{1,...,d} and A\; € N\ {0} for all i € {1,...,r}. In such
a case, if r is even we consider s = 2:221 (A2i—1€ky;_, + A2i€ky; ), if 7 1s 0odd we
consider s = 372 (\g; 1€y, +A2i€ky, )+ (Ar_2€k_+Ar 1€k, +Arer,).
In both cases it is easy to argue that s is a sum of elements in G. So each
s € S\ (GU{0}) is sum of elements in G, in particular all generators of S are
contained in G. Moreover all elements in G cannot be expressed as a sum of
non zero elements of S, so every element of GG is a minimal generator of S. [J

Proposition 5.3. Let S be the Axis(S1,Se,...,54) GNS. Then PF(S) =
Ule{fei | f € PF(S;)}. In particular t(S) = 2?21 t(S;).

Proof. Trivial. O
Remark 5.4. Let S be the Axis(S1,Sa,...,S4) GNS. Then:

L n(S) = Y0, n(8;) — (d—1)
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2. ¢(S) = Z?:l c(Si) = (d—1)
3. t(S) = Z?:l t(Ss)

In fact all gaps belong to the coordinate axes of N, the term (d — 1) occurs
since 0 belongs to all coordinate axes and obviously PF(S) = U?Zl{ fe;| fe
PF(S:)}.

Proposition 5.5. Let S be the Axis(S1,Sa,...,Sq4) GNS and suppose that S;
satisfies Wilf’s conjecture, that is e(S;) n(S;) > ¢(S;), for all i € {1,...,d}.
Then S satisfies the generalized Wilf’s conjecture.

Proof. Considering the previous results, by a direct computation we obtain:

=1 i=1 i#£]
d d d
+(d—1) ;n(sj)m(&) + ;n(sz) —(d— 1)) <<2> + (3) —d(d - 1)>
d d
—(d=1)> " m(S;) = (d—1))_e(S))
i=1 i=1

Since for all ¢ € {1,...,d} we have m(S;) > e(S;), n(S;) > 1, by hypotheses
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e(S;) n(S;) > ¢(5;), (2) of Remark 5.4, we can continue the argument:

d
e(S)n(S) = d Y c(Si)+d > e(Si)n(S;)

i=1 i#j
() (- a0-n)-1e-agas-
=dc(S)+d(d—1)+d (e(Sl) Z:; n(S;) +-- - +e(Sq) %n(‘gj))
() -ae) -0
> dc(S) +d(d 1) ée(si) - (g) + (g) — (d* — d)ie(&) =

As for T-graded GNSs, we can prove:

Proposition 5.6. Let S be the Axis(S1,Sa,...,S4) GNS, then the following
hold:

1. S is quasi-irreducible if and only if S; is irreducible for alli € {1,...,d}.

2. S is quasi-symmetric if and only if S; is symmetric for alli € {1,...,d}.

Proof. The claim (1) easily follows from Proposition 4.9, since SG(S;) =
{F(S;)} for all i € {1,...,d} if and only if FA(S) = SG(S) = {F(S;)e; | i €
{1,...,d}}. The claim (2) follows since PF(S;) = {F(S;)} foralli € {1,...,d}
if and only if FA(S) = PF(S) = {F(S))e; | i € {1,...,d}}. O

Remark 5.7. Tt is known ([17]) that if S C N is a quasi-irreducible GNS then
7(S) < t(S) < 27(S). We can observe that it is possible to produce a GNS
such that t(S) is any desired value between 7(S) and 27(S). In fact, let r € N
such that d < d+1r < 2d and consider S, ..., .S, pseudo-symmetric numerical
semigroups (in particular PF(S;) = {F(S5;),F(S;)/2} for all i € {1,...,r}),
and Syp41,...,5¢ symmetric numerical semigroups (in particular PF(S;) =
{F(S;)} for all j € {r+1,...,d}). So the semigroup S = Axis(S1,S52,...,S5q)
is quasi-irreducible with 7(S) = d and t(S) = 7(5) + r.
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6 Concluding remarks

We conclude with some questions and possible developments arising from this
paper:

e In this paper we consider, for a GNS S, the inequality e(S) > d(t(S)+1)
and we provide a class of GNSs whose elements satisfy such an inequality.
It could be interesting to find other different classes of GNSs that satisfy
the inequality.

e For a T-graded GNS we prove the generalized Wilf’s conjecture in the
case T = (m,n), n > 3 odd integer. In general it seems very difficult
to prove the conjecture for T' = (m,n) with m > 2 and n > m. So
generalized Wilf’s conjecture for such a class remains open.

e We describe how some invariants and properties of a T-stripe and a
T-graded GNS are related to the invariants and properties of the nu-
merical semigroup 7. We ask if there are other properties of a T-stripe
or a T-graded GNS related to the properties of the associated numer-
ical semigroup 7. The same question can be considered for the GNS
Axis(S1, Sa, ..., S4), with respect to the related numerical semigroups
S1,--.,5.

Finally we mention that in order to prove the generalized Wilf’s conjec-
ture for every GNS Axis(S1,S2,...,54) and d > 2, we attempt also to use
Corollary 2.3. We observe that if S is the Axis(S7,S2,...,54) GNS and if
e(S;) + m(S;) > 2t(S;) +2 for all i € {1,...,d}, then S satisfies the gen-
eralized Wilf’s conjecture. In fact we have that t(S;) < m(S;) — 1 for all
i€ {1,...,d}. Moreover in such a case we can suppose t(S;) < m(S;) — 1 for
some j, since if t(S;) = m(S;)—1 for all 7 then each S; has maximal embedding



ON SOME CLASSES OF GENERALIZED NUMERICAL SEMIGROUPS 173

dimension and satisfies Wilf’s conjecture. So we obtain:

e(S) = Ze(Si) +(d-1) Z(m(Si) —1)+ (;l) + (‘;) -

_ ée(sz) +m(S) =D +(d=2) 3 (m(S) -1+ @ * (;l) -
> 2(2‘5(52) +1)+ (d - 2)2“5%) + <g> * (g) -

We have checked by brute force, using the GAP ([12]) package numericalsgps
([8]), that every numerical semigroup S of genus g < 26 satisfies e(S;) +
m(S;) > 2t(S;) + 2. But this is not true in general. In fact, in a per-
sonal communication, Shalom Eliahou provided us different numerical semi-
groups of higher genus not verifying the previous inequality. For instance,
if S =< 17,18,20,22,24,25 >, then g(S) = 27, m(S) = 17, e(S) = 6 and
t(S) = 11, hence m(S) + e(S) — 2(¢(S) + 1) = —1. He suggested also the
following interesting question:

Question:
Let m be a positive integer and M(m) be the set of all numerical semigroups
of multiplicity m. Set

alm) = _inf {m+e() = 2(4(5) + D)}

so g(m) belongs to Z U {—oc}. From some computational tests, it is verified
that g(m) < 0 for 2 < m < 16, g(17) < —1, g(18) < —1, ¢(19) < —3. We do
not know if these bounds are sharp.

We ask if g(m) is always an integer. In such a case, it would be very interesting
to determine the behavior of g(m) as a function of m.
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