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On generalized morphic modules

Secil Ceken, Unsal Tekir and Suat Kog

Abstract

Aim of the present article is to extend generalized morphic ring to
modules. Let R be a commutative ring with a unity and M an R-module.
M is said to be a generalized morphic module if for each m € M, there
exists a € R such that anng(m) = (a) + anng(M), where (a) is the
principal ideal generated by an element a € R. Many examples and
characterizations of generalized morphic modules are given. Moreover,
as an application of generalized morphic modules, we use them to char-
acterize Baer modules and principal ideal rings.

1 Introduction

Throughout this article, we focus only on commutative rings with a unity and
nonzero unital modules. Let R will always denote such a ring and M will
denote such an R-module. In commutative algebra, the concept of von Neu-
mann regular ring (for short, vn-regular ring) and its generalizations have a
significiant place. A ring R is called a vn-regular ring if for each a € R, there
exists # € R such that a = a®x [22]. Note that a ring R is a vn-regular
ring if and only if for each a € R, the principal ideal (a) is generated by an
idempotent element e € R, namely, (a) = (e). R is called a Baer (sometimes
called PP or complemented) ring if each annihilator ann(a) of an element

a € R is generated by an idempotent element e € R [8]. It is easy to see
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that every vn-regular ring is also a Baer ring but the converse is not true in
general (just consider an integral domain which is not a field). Let R be a
ring and T'(R) its total quotient ring. Then R is called a quasi regular ring
if its total quotient ring T'(R) is a vn-regular ring [8]. In [8, Theorem 2.2],
the author showed that a ring R is quasi regular if and only if it is a reduced
ring satisfying the following property: for each a € R, there exists b € R such
that ann(ann(a)) = ann(b). Also, R is called a generalized morphic (briefly,
g-morphic) ring if each annihilator ann(a) of an element a € R is a principal
ideal, namely, ann(a) = (b) for some b € R [23]. The notion of vn-regular
ring and its above generalizations have been studied in many papers. See, for
example, [1], [6], [7], [8], [9], [10], [11], [12], [13] and [14]. This paper aims to
extend the notion of g-morphic ring to modules and to characterize some class
of rings and modules in terms of g-morphic modules.

Now for the sake of completeness, we give some definitions and notations
which will be followed in the sequel. Let M be an R-module, N, K be two
submodules of M, and J be an ideal of R. The residual of N by K and J is
defined as follows:

(N:pK)={a€ R:aK C N}
(N:pyyJ)y={meM:JmC N}.

Particularly, we use anng(K) and annps(J) to denote (0 :g K) and (0 :ps J),
respectively. Also, for each m € M, we use anng(m) instead of anng(Rm),

where Rm is the cyclic submodule of M. Jayaram and Tekir, in their recent
paper [10], extended the notion of idempotent element to modules and also
they introduced and studied vn-regular modules. Let M be an R-module. An
element e € R is called a weak idempotent element if e — e* € ann(M), or
equivalently em = e?m for each m € M. It is clear that all idempotents in
R are weak idempotents and the converse holds provided that M is a faithful
module, i.e., ann(M) = 0. An R-module M is said to be a vn-regular module
if for each m € M, there exists a € R such that Rm = aM = a®>M [10]. By
[10, Lemma 5], a finitely generated (briefly, f.g.) R-module M is vn-regular if
and only if for each m € M, the cyclic submodule Rm = eM for some weak
idempotent element e € R. Afterwards, In [11], the authors introduced the
notion of Baer modules in terms of weak idempotent elements: an R-module
M is called a Baer module if for each m € M, there exists a weak idempotent
element e € R such that anng(m)M = eM. In [11], the authors gave many
properties and characterizations of Baer modules. Also, the authors in [12],
extended the property ”ann(ann(a)) = ann(b)” in rings to modules as follows:
an R-module M is called a weak quasi reqular module if for each m € M, there
exists a € R such that anny(anng(m)) = annp(a) [12]. In [11] and [12],
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they gave the relations between aforementioned class of modules as follows:
f.g. vn-regular module = f.g Baer module = weak quasi regular module

Now, we introduce a new class of modules which is an extension of g-
morphic rings to modules. Let M be an R-module. Then M is called a
g-morphic module if for each m € M, there exists a € R such that anng(m) =
(a) + ann(M). Among other results in this paper, we show that the class
of g-morphic modules is an intermediate class between f.g. Baer modules
and weak quasi regular modules (See Proposition 2.1). We characterize g-
morphic modules in terms of the factor ring R/ann(M) (See Proposition 2.2,
Proposition 2.3 and Theorem 2.1). Also, we investigate the behaviour of g-
morhic modules under homomorphism, under localization, under idealization
of a module, in direct product of modules, in direct summands of modules (See
Proposition 2.4, Proposition 2.5, Proposition 2.7 and Proposition 2.6). We
give a characterization of principal ideal rings in terms of g-morphic modules
(See Theorem 2.2). Furthermore, we use the g-moprhic modules to characterize
Baer modules (See Proposition 2.8, Proposition 2.9 and Theorem 2.3). Finally,
in Section 3, we investigate the extension of g-morphic modules to polynomial
modules and formal power series modules (See Theorem 3.2).

2 Characterization of generalized morphic modules

Definition 2.1. Let M be an R-module. Then M is said to be a g-morphic
module if for each m € M, there exists a € R such that anng(m) = (a) +
ann(M).

Example 2.1. A ring R is a g-morphic ring if and only if R is a g-morphic
R-module.

Example 2.2. Every torsion free module is a g-morphic module. Let M be a
torsion free module and m a nonzero element of M. Then clearly anng(m) =
(0) + ann(M). Hence, M is a g-morphic module.

Example 2.3. Suppose that M is an R-module in which ann(M) € Max(R),
where Max(R) denotes the set of mazimal ideals of R. Take an element m €
M. Since ann(M) C anng(m) and ann(M) € Maz(R), we can conclude
either anng(m) = (0) +ann(M) or anng(m) = R = (1) +ann(M). Therefore
M is a g-morphic module.

Example 2.4. Every simple module is a g-morphic module. Let M be a simple
module and 0 # m € M. Then Rm = M and thus anng(m) = ann(M) =
(0) + ann(M) which is needed.
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Example 2.5. Let M be an R-module such that R/ann(M) is a principal
ideal ring. Take an element m € M. Put I = anng(m)/ann(M). Then I is
a principal ideal so that I = anng(m)/ann(M) = (a + ann(M)) for some
a € R. Then we can conlude that anng(m) = (a) + ann(M), that is, M is a
g-morphic module. In particular, every module over a principal ideal ring is a
g-morphic.

Example 2.6. Let n > 2 be an integer. Then Z-module Z,, is a g-morphic
module.

Proposition 2.1. (i) Every finitely generated Baer module is a g-morphic
module.
(i) Every g-morphic module is a weak quasi regular module.

Proof. (i): Suppose that M is a finitely generated Baer module and take an
element m € M. Since M is a Baer module, there exists a weak idempotent
e € R such that anng(m)M = eM. Then we can conclude that

M=eM+ (1 —-e)M = [anng(m) + (1 — e)]| M.

By [2, Corollary 2.5], anng(m) + (1 —e) = R and so 1 = r + s(1 —e) for
some r € ann(m) and s € R. Then e = re + se(1 — e) € anng(m) so that
(e)+ann(M) C anng(m). Now, let z € anng(m). Then zM C anng(m)M =
eM and thus (1 — e)zM = 0 and this yields that (1 — e)x € ann(M). Then
we have £ = ex + (1 — e)z € (e) + ann(M) and hence annr(m) = (e) +
ann(M). Therefore, M is a g-morphic module.

(ii) Let m € M. By definition of g-morphic module, there exists a € R such
that anng(m) = (a) + ann(M) and thus

anny(anng(m)) = anny ((a) + ann(M))

= annps(a).
Hence, M is a weak quasi regular module. O]

The converse of previous proposition (i) is not always true. See the follow-
ing example.

Example 2.7. Consider Z-rmodule Z4. Then by Example 2.6, it is a g-
morphic module but not a Baer module.

Lemma 2.1. Let M be an R-module. Then M is a g-morphic module if and
only if for each my,mao, ..., m, € M, there exists a € R such that
n

DlannR(mi) = (a) + ann(M).
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Proof. The "if” part clearly shows that M is a g-morphic module. Assume
that M is a g-morphic module. We use induction on n to show that for each
my, Mo, ...,My € M,

‘élannR(mi) = (a) + ann(M)

for some a € R. If n = 1, the claim follows from the fact that M is a g-morphic
module. Let n = 2. Take two elements my, mo € M. Since M is a g-morphic
module, there exists aj, as,a € R such that

anng(my) = (a1) + ann(M)
anng(mz) = (az) + ann(M)

anng(aims) = (a) + ann(M).

Now, let © € anng(m1) Nanng(mz). Then = a;y + z for some y € R and
z € ann(M). Since z € anngr(mz), we obtain that xmge = (a1y + 2)ms =
yaime = 0 and so y € anng(aimg) = (a) + ann(M). This implies that
y = ra+ s for some r € R and s € ann(M). Then we conclude that = =
raja + a1s + z € (a1a) + ann(M). Also note that (a1a) + ann(M) C (a1) +
ann(M) C anng(my). Since (a) C anng(ayms), we have (aja) + ann(M) C
anng(msz). Then we have anngr(m1) N anng(msz) = (ar1a) + ann(M) which
shows the claim is true for n = 2. Now assume that the claim is true for all
k < n. Take arbitrary elements mq,ms, ..., m, € M. By induction hypothesis

n—1

anng(Rmi + Rmy + -+ Rmy—1) = (] anng(m;) = (a}) + ann(M)

=

anng(m,) = (ah) + ann(M)
= (

anng(aimy) = (@') + ann(M).
Similar argument in the case n = 2 shows that () anng(m;) = (afa’) +
i=1
ann(M) which completes the proof. O

Proposition 2.2. Let M be a finitely generated g-morphic module. Then
R/ann(M) is a g-morphic ring.

Proof. Let M be a finitely generated g-morphic module. Put R’ = R/ann(M)

and @ = a + ann(M) € R’ for some ¢ € R. Then we can easily see that

anng (@) = ann(aM)/ann(M). Since M is a finitely generated module, we
n

can write M = Y Rm,; for some mj, msy,...,m, € M. This yields that

i=1
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ann(aM) = () anngr(am;). Since M is a g-morphic module, by Lemma 2.1,
i=1

ann(aM) = [ anng(am;) = (b) + ann(M) for some b € R. Then we con-

i=1
clude that anng (@) = [(b) + ann(M)]/ann(M) = (b + ann(M)). Therefore,
R/ann(M) is a g-morphic ring. O

Recall from [11] that an R-module M is said to be a weak multiplication
module if for each m € M, anng(m) = annr(IM) for some finitely generated
ideal I of R. Note that every multiplication module and every torsion free
module are a weak multiplication module so that the class of weak multiplica-
tion modules properly contain the class of multiplication modules and torsion
free modules.

Proposition 2.3. Let M be a weak multiplication module and R/ann(M) be
a g-morphic ring. Then M is a g-morphic module.

Proof. Put R’ = R/ann(M) and take an element m € M. Since M is a weak
multiplication module, there exists a finitely generated ideal I of R such that

3
anng(m) = ann(IM). Then we get I = > Ra, for some ay,ag,...,a, €
i=1

n
R. This implies that ann(IM) = () ann(a;M). Also, note that for each a; €

i=1
R, annp/(a;) = ann(a;M)/ann(M), where @; = a; + ann(M). As R’ is a
g-morphic ring, by Lemma 2.1,

Mannp (@) = {ﬁ ann(aiM)} Jann(M) = (B)

i=1 =1

for some b = b + ann(M). This gives [ann(a;M) = anng(m) = (b) +
i=1
ann(M), namely, M is a g-morphic module. O

Theorem 2.1. Let M be a f.g. weak multiplication module. The following
statements are equivalent.

(i) M is a g-morphic module.

(i) R/ann(M) is a g-morphic ring.

Proof. (i) < (i) : Follows from Proposition 2.2 and Proposition 2.3. O

Proposition 2.4. (i) Let f : My — My be a monomorphism and Ms a g-
morphic R-module. Then My is a g-morphic R-module.

(ii) Every submodule of a g-morphic module is a g-morphic.

(iii) Let M be a g-morphic module and S C R a multiplicatively closed
subset of R. Then S™'M is a g-morphic S~' R-module.
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Proof. (i) Suppose that m; € Mj. Since My is a g-morphic R-module and
f(m1) € Ma, there exists x € R such that anng(f(m1)) = (z) + ann(My).
Since f is monomorphism, ann(Ms) C ann(M;) and anng(f(m1)) = anng(mq)
and this yields that anng(m) = () + ann(Mz) C (z) + ann(M;). Also note
that xf(m1) = f(zm1) = 0 and thus am; = 0 so that (z) + ann(M;) C
anng(mq). Then we can conclude that anng(my) = (z)+ann(My). Therefore
M is a g-morphic R-module.

(ii) Follows from (i).

(iii) Let ™ € S~ M. Then it is clear that anng-1 () = S~ (anng(m)).
Since M is a g-morphic module, there exists a € R such that anng(m) =
(a) + ann(M) and so

anns—lR(%) = 571 ((a) + ann(M))
= 57 ((a) + 5~ (ann(M))
C (3) +anng1 (S M).

On the other hand (a) C anng(m) andso (%) € S™! (anng(m)) = anng-1p(2)
and this yields that (%) + anng-1zr(S™'M) C anng-1z(2), whence
anng-1p(2) = (%) 4+ anng-1x(S~*M). Therefore, S™'M is a g-morphic

S~ R-module. O

Proposition 2.5. Let M; be an R;-module for each i € A. Suppose that
R =[] Ri and M = [] M;. Then the following statements are equivalent.
i€A ieA
(i) M is a g-morphic R-module.
(ii) M; is a g-morphic R;-module for each i € A.

Proof. (i) = (i) : Suppose that M is a g-morphic R-module and take iy €
A. Let m;, € M;,. Now put

- mio;i:io
i = . .
0; i1

and m = (m;);ea € M. Since M is a g-morphic R-module, we can conclude
that anng(m) = (z) + ann(M) for some z € R. Assume that © = (z;);ea and

note that anng(m) = [] anng,(m;), ann(M) = ][] anng,(M;) and also
i€EA icA
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() = [] Riz;. Then we have
€A
anng(m) = [] anng,(m;)
€A
= [I Riz; + [ anng, (M;)
i€A i€A
= [] [Riz; + anng,(M;)]
€A
and this yields anng, (mi,) = Ri,zi, + anng, (M;,). Therefore, M;, is a
g-morphic R;,-module.
(#4) = (i) : Let M; be a g-morphic R;-module for each i € A. Take an
element m = (m;);ea € M. Since M; is a g-morphic R;-module, there exists
x; € R; such that anng,(m;) = (x;) + anng, (M;). This implies that

anng(m) = 'le_[AannRi (i)
= H (i) + anng, (M;)]
IEA
iEA €A
= R(2;)ien + ann(M).

Hence, M is a g-morphic R-module. O

Proposition 2.6. Let M = @ N; be a direct summand of a family of faithful
[ISYAN
R-modules. Then the following statements are equivalent.
(i) M is a g-morphic R-module.
(ii) N; is a g-morphic R-module for each i € A.

Proof. (i) = (i) : Suppose that M is a g-morphic R-module. Then by Propo-
sition 2.4 (ii), IV; is a g-morphic R-module for each i € A.

(#4) = (i) : Suppose that N; is a g-morphic R-module for each i € A. Since
N; is a faithful module, M is a faithful module. Take an element m € M. Then
by direct summand, m = m;, +m;, + --- + m;, for some m;, € N;, . Take
an element r € anng(m). Then rm = r(m;, + m;, +---+m;,) = 0 and so
rm;, = —(rm, +---+rm;, ) € N,y N (N;, + ...+ N, ) = 0. This yields that
r € anng(m;, ). Similar argument shows that r € anng(m;,) for each k =
1,2,...,n. Then we can conclude that annr(m) = () anng(m;,). As N; is

k=1

a g-morphic faithful R-module, there exists z; € R such that anng(m;,) =
(zg). Similar argument in the proof of Lemma 2.1, anng(m) = (z) for some
x € R. Hence, M is a g-morphic R-module.
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Corollary 2.1. Let {M;}ica be a family of faithful R-modules and M =

1 Mi, where A is a finite index set. Then the following statements are
1EA
equivalent.

(i) M is a g-morphic R-module.

(i) M; is a g-morphic R-module for each i € A.

Proof. (i) < (it) : Follows from the fact that a direct product of R-modules
is isomorphic to a direct summand of R-modules and Proposition 2.6. O

Now, we characterize the Principal ideal rings in terms of g-morphic mod-
ules.

Theorem 2.2. The following statements are equivalent for any commutative
ring R.

(i) R is a principal ideal ring.

(#i) Every R-module is a g-morphic module.

Proof. (i) = (i) : It follows from Example 2.5.

(#4) = (i) : Suppose that every module over R is a g-morphic module. Let
@ be an ideal of R. Now, we will show that @ = (z) for some x € Q. Put
R'= R x (R/Q). Then by assumption R’ is g-morphic R-module. First note
that anng(R') = 0. Let m = (0,1) € R’. Since R’ is a g-morphic R-module,
there exists € R such that anng(m) = Q = (z) + anng(R’) = (x). Hence,
R is a principal ideal ring. O

Let M be an R-module. The idealization or trivial extension R o« M =
{(r,m) : r € R,m € M} of M is a commutative ring with componentwise
addition and the multiplication (a, m)(b,m’) = (ab,am’ + bm) for each a,b €
R; m,m’ € M [21]. In [9, Theorem 3.1], the authors showed that if R oc M is
a g-morphic ring, then R is a g-morphic ring. Now, we say a lot more than [9,
Theorem 3.1] in the next proposition.

Proposition 2.7. Suppose that R o< M is a g-morphic ring. Then R is a
g-morphic ring and M is a g-morphic R-module.

Proof. Assume that R o« M is a g-morphic ring. Then by [9, Theorem 3.1],
R is a g-morphic ring. Now we will show that M is a g-morphic R-module.
Let m € M. Put m* = (0,m) € R « M. Then we have annpop(m*) =
(Rox M) (r,m') for some (r,m’) € R o M. Then we conclude that
(r,m”)(0,m) = (0,7m) = (0,0) and also (r)+ann(M) C anngr(m). Take an el-
ement t € anng(m). Then (¢,0)(0,m) = (0,0) and thus (¢,0) € anngen (m*)=
(R M) (r,m'). This gives (¢,0) = (r,m')(x,m”) for some (z,m”) € R x
M. Then we have t = rz € (r) and so anng(m) = (r) + ann(M). Hence, M is
a g-morphic R-module. O
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Let M be an R-module. Then the polynomial module over the polynomial
ring R[X] in indeterminate X is denoted by M[X]. Recall that an R-module
M is said to be a reduced module if for each a € R, m € M and whenever
a*m = 0 then am = 0 [16].

Proposition 2.8. Let M be a f.g. Baer R-module, R, = R[X]/(X"!) and
M, = M[X]/(X"*Y). Then M, is a g-morphic R,-module for each n € N.

Proof. Suppose that M is a f.g. Baer module. Take an element m*(x) €

M,,. Then m*(z) = mg + m1 X + maX? + ... + m, X™ + (X"1) for some

m; € M. By [11, Proposition 1], we know that M is a reduced module. Take an

element r*(z) = ro+r1 X +12 X% +. . .+7, X" +(X"*1) € anng, (m*(z)). Then

we conculde that (ro+r1 X +7re X2+ 47, X"+ (X" 1)) (mo+m1 X +ma X2+
<+ mp, X"+ (X)) = 0y, . This yields that

romo = 0

romi + rimo = 0

roMp +1r1Mp—1+ -+ 1r,mo =0
Then we have ro(romy + rimg) = rdmy +r1romo = 0 and so r3m; = 0. Since
M is a reduced module, we conclude that rgm; = 0. Similar argument shows
n
that r; € (anng(m;) for all j = 0,1,...,n. As M is a f.g. Baer module,
i=1
similar arguing in the proof of Proposition 2.1, annR(ml) = (e;) +ann(M) for

some weak idemptent element e; € R. Then note that ﬂ anngr(m;) = (e) +
i=1

ann(M) where e = epey - - - e,. Also, one can observe that anng, (m*(zx))
[_Ola””R(mi)][X]/(X"“) = [(¢) + ann(M)][X]/(X"*1). Now, put e*(z)
)

e € R. Then we can conclude that anng, (m*(z)) = e*(z)R[X]/(X"T!
anng, (My,). Hence, M, is a g-morphic R,-module.

0+

Proposition 2.9. Let M be an R-module. Suppose that M,, = M[X]/(X"*1)
is a g-morphic R, = R[X]/(X"™)-module for eachn € N. Then M is a Baer
module.

Proof. Suppose that M,, = M[X]/(X"*1) is a g-morphic R,, = R[X]/(X""1)-
module. In particular, M; = M|[X]/(X?) is a g-morphic R; = R[X]/(X?)-
module. Take an element m € M. Put m*(z) = mX +(X?) € M;. Then by as-
sumption, there exists r*(z) = ro+r1 X+(X?) € Ry such that anng, (m*(z)) =
(r*(x)) + anng, (My). Also note that anng, (M;) = [Ann(M)][X]/(X?). Since
r*(x) € anng, (m*(z)), we have (ro + 1 X + (X?))(mX + (X?)) = romX +
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(X?) = 0p7,- Then we can conclude that (rg) + ann(M) C anng(m). Let
t € anngr(m). Put t*(z) = t + (X?). Then we have t*(x) € anng, (m*(z))
and so t*(x) = (ro + 711X + (X?))(co + c1X + (X?)) + (yo + y1 X + (X?)) for
some ¢g,c; € R and yo,y1 € ann(M). This implies that ¢ = roco + yo €
(ro) +ann(M) and thus we conclude that anng(m) = (ro) +ann(M). Also, as
X +(X?) € anng, (m*(x)), we can write X + (X?) = (ro + 11X + (X?))(c) +
A X+ (X)) + (yo +yi X +(X?)) for some cfy, ¢y € R and y)),y; € ann(M). This
yields that

rocy + 4o =0
rocy +ricy +yp =1

Multplying the second equality by 79, we have rq — r3c) € ann(M) and so
rocy — (roc))? € ann(M), that is, rocj = €’ is a weak idempotent element
of R. Also one can see that (o) + ann(M) = (¢’) + ann(M). Then we have
anng(m) = (¢/)+ann(M) and this yields anng(m)M = e’ M. Therefore, M is
a Baer module. O

Next , we give a characterization of Baer modules in terms of g-morphic
modules.

Theorem 2.3. Let M be a finitely generated R-module, R, = R[X]/(X"*!) and
M, = M[X]/(X"*1). Then the following statements are equivalent.

(i) M is a Baer module.

(ii) M, is a g-morphic R, -module for each n € N.

Proof. (i) < (i) : Follows from Proposition 2.8 and Proposition 2.9. O

3 Extension of generalized morphic modules

Recall that an R-module M is an Armendariz module if for each f(x) =
ap + a1 X + -+ a, X" € R[X] and m(z) = mg + my X + -+ + mpX* €
M[X] such that f(z)m(z) = 0, then a; € anng(m;) for each 0 < ¢ < n and
0 < j < k. Note that all reduced modules are Armendariz [4].

Proposition 3.1. Let M be an R-module. Then the following statements are
satisfied.
(i) If M[X] is a g-morphic R[X]-module, then M is a g-morphic R-module.
(i) If M is an Armendariz g-morphic module, then M[X] is a g-morphic
R[X]-module.
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Proof. (i): Suppose that M[X] is a g-morphic R[X]-module and take an el-
ement m € M. Put m*(z) = m € M[X]. Then note that anngpxj(m*(z)) =
[anng(m)][X] and anngx)(M[X]) = [ann(M)][X]. As M[X] is a g-morphic
R[X]-module, there exists f(z) = ap + a1 X + -+ + a, X™ € R[X] such that
anngx)(m*(x)) = (f(x)) + anngx)(M[X]). Then we obtain f(z)m*(x) =
0 and so apm = 0. This yields that (ag) + ann(M) C anng(m). Now, let t €
anng(m). Now put ¢*(x) =t € R[X] and note that t*(x) € anngx)(m*(x)).
Then there exists g(x) = by + b1 X + -+ + b, X™ € R[X] and h(z) =
coter X 4+ X¥ € [ann(M)][X] such that t*(x) = f(x)g(x) + h(x) and
so t = agbo + co € (ap) + ann(M). Therefore, we get anng(m) = (ag) +
ann(M), whence M is a g-morphic R-module.

(ii) Suppose that M is an Armendariz g-morphic module and take an
element m(z) = mo +m1 X +- - +mpX* € M[X]. Since M is an Armendariz
module, it is easy to see that

k
ann s (m(a)) = [ ann(m X
k
As M is a g-morphic module, by Lemma 2.1, () anng(m;) = (a)+ann(M) for
i=0

some a € R. This implies that
anngix)(m(z)) = [(a) + ann(M)][X]

Now put a(x) = a € R[X]. Then note that anngx)(m(z)) = (a(z)) +
annR[X](M[XD.
Therefore, M[X] is a g-morphic R[X]-module. O

Theorem 3.1. Let M be an Armendariz R-module. Then M is a g-morphic
R-module if and only if M[X] is a g-morphic R[X]-module.

Proof. Follows from Proposition 3.1. O
Definition 3.1. Let M be an R-module. M is said to satisfy (x)-condition if
for each countable subset {m;};cn, there exists a finite subset {m},mb,...,m}} C
M such that

N anng(m;) = () anng(m)).
ieN i=1

Note that every module over artinian ring satisfies (x)-property. Let M be

an R-module. M][[X]] denotes the formal power series module over formal

power series ring R[[X]]. Then an R-module M is called a ps-Armendariz mod-

ule if for each f(z) = iaiXi € R[[X]] and m(z) = imiXi € M|[[X]] such
i=0 i=0
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that f(z)m(z) = 0, then a; € ﬂannR(mz) for all j > 0. Note that every

ps-Armendariz module is an Armendarlz module.

Proposition 3.2. (i) Let M[[X]] be a g-morphic R[[X]]-module. Then M is
a g-morphic R-module.

(i) Let M be a ps-Armendariz module satisfying (x)-property. If M is a
g-morphic R-module, then M|[X]] is a g-morphic R[[X]]-module.

]
Proof. (i) Assume that M[[X]] is a g-morphic R[[X]]-module and take an
element m € M. Put m*(x) = m € M[[X]]. Then by assumption, there

exists an f(z) = iojaiXi € R[[X]] such that anngqx)(m*(z)) = (f(z)) +

annR[X]E *[EX]])i_(I)\Tote that annpx(M[[X]]) = [ann(M)][[X]] and
annR[X] x

) = lanng(m)][[X]]. Since f(x) € anngx)(m*(z)), we have
ag € anng(m) and thus (ap)+ann(M) C anng(m). Now, let t € anng(m). Put
t*(x) =t € R[[X]]. Then it is clear that t*( ) € anng(x)(m*(z)) and so

[
t*(x) = f(z)g(x) + h(x) for some g(z) = Z:QbiXi € R[[X]] and h(z) =

o0
S ei Xt € [ann(M)][[X]]. This yields that ¢t = agbg + co € (ag) + ann(M) and

=0
therefore anng(m) = (ag) + ann(M). Hence, M is a g-morphic R-module.
(ii) Suppose that M is a g-morphic ps-Armendariz module satisfying (x)-

property. Take an element m(z) = > m; X' € MJ[[X]]. Since M is a ps-
i=0
Armendariz module, it is clear that

oo

anngx)) (m(z)) = [_OoannR(mi)][[X]]
Since M satisfies (x)-property, there exists a finite subset {m/}, m5,...,m,} C
M such that - .
N anng(m;) = () anng(ms).
i=0 i=1

n
Then we can conclude that anngx)(m(z)) = [ anng(m})][[X]]. As M is a
i=1

g-morphic R-module, by Lemma 2.1, () anng(m}) = (a) + ann(M) for some
i=1
a € R. Now put a(z) = a € R[[X]]. Then we can conclude that
anngyx)(m(z)) = [(a) + ann(M)][[X]]
= (a(x)) + ann gy (M[X])).

Therefore, M[[X]] is a g-morphic R[[X]]-module. O
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Theorem 3.2. Let M be a ps-Armendariz module satisfying the (x)-condition.
Then the following statements are equivalent.

(i) M is a g-morphic R-module.
(i) M[X] is a g-morphic R[X]-module.
(iii) M[[X]] is a g-morphic R[[X]]-module.

Proof. (i) < (i) : Follows from Proposition 3.1.

(7) < (i44) : Follows from Proposition 3.2. O

References

[1]

[10]

Anderson, D. D., Chun, S., & Juett, J. R. Module-theoretic generalization
of commutative von Neumann regular rings, Communications in Algebra,
47(11) (2019), 4713-4728.

Atiyah, M. Introduction to commutative algebra. Addison-Wesley Pub-
lishing Company, Addison, 1969.

Alkan, M., Nicholson, W. K., Ozcan, A. C. Comorphic rings, Journal of
Algebra and Its Applications, 17(04) (2018), 1850075.

Baser, M. On Armendariz and quasi-Armendariz modules, Note di
Matematica, 26(1) (2006), 173-177.

Breaz, S. Left comorphic matrix rings. Linear and Multilinear Algebra,
69(12) (2021), 2187-2191.

Bouba, E. M., Tamekkante, M., Tekir, U., & Kog, S. On morphic
modules over commutative rings. Beitrdge zur Algebra und Geome-
trie/Contributions to Algebra and Geometry, (2024), 65(1), 1-11.

Cirulis, J., & Cremer, 1. Notes on reduced Rickart rings, I. Beitrdage zur
Algebra und Geometrie/Contributions to Algebra and Geometry, 59(2)
(2018), 375-389.

Evans, M. On commutative PP rings, Pacific journal of mathematics,
41(3) (1972), 687-697.

Ghanem, M., Osba, E. A. Some Extensions of Generalized Morphic Rings
and EM-rings, Analele Universitatii” Ovidius” Constanta-Seria Matem-
atica, 26(1) (2018), 111-123.

Jayaram, C., Tekir, U. von Neumann regular modules, Communications

in Algebra, 46(5) (2018), 2205-2217.



ON GENERALIZED MORPHIC MODULES 151

[11]

[12]

[21]

22]

23]

Jayaram, C., Tekir, U., Kog, S. On Baer modules, Revista de la Unién
Matemadtica Argentina, 63(1) (2022), 109-128.

Jayaram, C., Tekir, U., Kog, S. Quasi regular modules and trivial ex-
tension, Hacettepe Journal of Mathematics and Statistics, 50(1) (2021),
120-134.

Jayaram, C., Ugurlu, E. A., Tekir, U., Kog, S. Locally torsion-free mod-
ules, Journal of Algebra and its Applications, 22(05) (2023), 2350103.

Jayaram, C., Tekir, U., Ko, S., Ceken, S. On normal modules, Commu-
nications in Algebra, 51(4) (2023), 1479-1491.

El Khalfi, A., Mahdou, N., Hassani, A. R. Bi-amalgamation of rings de-
fined by certain annihilator conditions, Rocky Mountain Journal of Math-
ematics, 50(3) (2020), 947-956.

Lee, T. K., Zhou, Y. Reduced modules, Rings, modules, algebras and
abelian groups, 236 (2004), 365-377.

Mahdou, N., Hassani, A. R. On strong (A)-rings, Mediterranean journal
of mathematics, 9(2) (2012), 393-402.

Mahdou, N., Moutui, M. A. S. On (A)-rings and strong (A)-rings is-
sued from amalgamations, Studia Scientiarum Mathematicarum Hungar-
ica, 55(2) (2018), 270-279.

Mahdou, N. On 2-von Neumann regular rings, Communications in Alge-
bra, 33(10) (2005), 3489-3496.

Mahdou, N., Tamekkante, M., Yassemi, S. On (strongly) Gorenstein von
Neumann regular rings, Communications in Algebra, 39(9) (2011), 3242-
3252.

Nagata, M. Local rings. Interscience Tracts in Pure and Appl. Math.,
1962.

Von Neumann, J. On regular rings, Proceedings of the National Academy
of Sciences, 22(12) (1936), 707-713.

Zhu, H., Ding, N. Generalized morphic rings and their applications, Com-
munications in Algebra, 35(9) (2007), 2820-2837.



ON GENERALIZED MORPHIC MODULES

152

Segil Ceken,

Department of Mathematics,
Trakya University,

Edirne, Turkey.

Email: cekensecil@gmail.com

Unsal Tekir,

Department of Mathematics,

Marmara University,

Ziverbey, Goztepe, 34722, Istanbul, Turkey.
Email: utekir@marmara.edu.tr

Suat Kog,

Department of Mathematics,
Istanbul Medeniyet University,
Istanbul, Turkey.

Email: suat.koc@medeniyet.edu.tr



