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A Special Universe and its Massless Scalar
Field Mathematical Structure

Wladimir-Georges Boskoff and Aurelian Nicola

Abstract

The present paper highlights an exotic universe having a metric
which is partially suggested by the metric of an universe without time
seen in [2]. The new metric is globally defined and depends on an ex-
otic matter created by some classical waves. The massless scalar field
(MSF) of this universe is also analyzed. Its existence depends on some
constants k, k1 and k2, called MSF constants, which appear when we try
to solve some ordinary differential equations deduced from the Klein-
Gordon PDE attached to its metric. The MSF factor is the number
«a := —ki1 + k2. We prove that the massless scalar field of this exotic
universe exists if and only if a = 0.

1 Introduction

We know that it is possible to find solutions of the Einstein field equations
which describe solar systems, black holes, expanding universes, but also solu-
tions which describe exotic universes models, see ([1], [3], [4], [5], [6], [7], [8])-
Even if exotic universes are part of possible imaginary mathematical worlds,
they offer us ideas about characteristics that our universe cannot have.

The exotic universe we present is related to the one seen in [2].
It is created starting from the metric

ds? = e*" (dz°)2 + (dz")? + (dz?)? — (dz®)?
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after we consider an expansion of the last three terms of factor e’ Tt is a
sort of Lemitre expansion, which, we prove that leads to a globally defined
Einstein solution created by an exotic matter depending on classical waves.

In this paper we also analyze the massless scalar field of the studied exotic
universe. The way we solve in Theorem 5 the Klein-Gordon PDE leads to
two possible massless scalar field type solutions, each one corresponding to a
special number «. The study made in Theorem 4 bellow allows to show that
only one between these two numbers generates the ”real massless scalar field”
which acts in this universe.

2 A wave type geometric matter and its corresponding
global exotic universe

As we explained above, we consider a sort of Lemaitre type metric attached
to the metric seen in [2], i.e.

ds® = e (da®)? + * [(da")? + (da?)® — (da®)?]

on M = R*.
The computations show that the only nonzero Christoffel symbols are

1 1 o .3 1 o .3
F83:F20:§; F(1)1:F82:*§6x x5rg3:§6m e

1
Ftl)l = Fio = FSZ = Fgo = 9

1 3 0 1
3 x’—x" 3 _1m3 _
oo = € ; o =T =

2 2’
i.e. the only nonzero Ricci tensor components are
1 3 0 3 3 0 3 1 3 0 3
Rop = e % _ 2. Ry = —Z6% =% — Roo: Raq — —— Zet T
00 = 7€ g 1€ 22; 1133 4+4€
It results 1
0 3
R=—-e® =3¢ *.
%€ e

Replacing, the Einstein’s field equations are

1
Rij - iR 9ij = G Tij



A SPECIAL UNIVERSE AND ITS MASSLESS SCALAR FIELD
MATHEMATICAL STRUCTURE 67

where the exotic matter is represented by the tensor

3 0 0 0
oo 1 0 3er’—2" —1 o 0
97356 | 0 0 3¢’ e’ _ 1 0
0 0 0 3¢z’

Therefore the metric
ds? = e* (dz°)? + ¢* [(d2")? + (d2?)? — (dz®)?]

satisfies Einstein’s field equations on M = R*. If we generic denote by ¥ the
non-zero terms of the energy-momentum tensor 7;;, we observe that a classical
wave equation is satisfied,

0% 0w

@72 (@2

We can say that the ”exotic matter” is created by classical waves.

3 The mathematical structure of the massless scalar field
of our exotic universe

To step forward this problem we consider first the massless scalar field math-
ematical structure in the case when ' = 22 = 0. Denote ¢ := z° and z := z5.
The massless scalar field (MSF), here seen through the function w(¢, z) is de-

scribed by the partial differential equation
e“uy — etu,, = 0.

To solve it, we propose the 7auswahl” wu(t, z) = a(t)b(z). Replacing into the
above equation we obtain

a//(t) B b//(z)

eta(t)  e*b(z)’

where a” and b” are the notations we use to express the second derivative with
respect t, respectively z. The first member depends only on ¢ and the second
one only on z, therefore both members are constant.

Denote the constant by k € R.

Theorem 4: i) If k = 0, the MSF ug(t, z) corresponding to the PDE

e*up — etu,, =0
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is described by the product of two first degree polynomials, i.e.
uo(t, Z) = (C1t + CQ)(CgZ + 04), Cn €R.

ii) If & # 0 the MSF satisfying the previous PDE, now denoted by u(t, z),

has the form
kner

ug(t,z) =C Z We””””.

n,m=0

Proof: The simple case k = 0 leads to a(t) = Cit + Cy. Therefore the MSF
corresponding to the constant k£ = 0, denoted here wug, has the form

UQ(t, Z) = (Cﬂf + Cg)(Clz + CQ)
We concentrate on the case when k # 0. Therefore we have to solve
a’ (t) — ke'a(t) = 0.

Denote e! = v2. It results t = 2Inv and a(t) = a(2Inv) =: ¢(v).
Therefore

¢ (v) = %a'(Q Inv),

2 4
¢ (v) = — U—Qa’(anv) + ﬁa”(ﬂnv).

Replacing in the last expression the equality a”(t) = kela(t) = kv?¢(v), it
results a version of Bessel ODE, here

v?¢" (v) +v¢' (v) — dkv*d(v) = 0,

which can be solved via the classical method. We choose the solution described
by a formal series

$(v) =Y dn",
n=0

where the coefficients ¢,, are determined after we transform the Bessel ODE
into the formal identity

G1v+ Y _[n°hn — Ak _o]v" = 0.

n=2

4k
We have ¢; = 0 and the relation ¢,, = —2¢n_2.
n
n

k k
Since ¢2p41 = 0 for all n € N and ¢2,, = — Pan—2 it results ¢o,, = —5. The
n

(n!)?
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solution depending on an arbitrary coeflicient ¢ is

o0

kn
P(v) = ¢ ——v?",
R
therefore
oo kn
a(t) = ¢ ——e"
DI

D’Alembert criterion shows us that this series converges, that is it describes a
function. It results the form of the massless scalar field corresponding to the
studied domain,

= fnrm nt+mz
Uk(t,Z) =C Z W@ i . qed

n,m=0

In the general case, the MSF is described by a function wu(t,z,y, z) satis-
fying the PDE
e uy + et(uxx T Uyy — Uzz) =0.
To solve it, we propose the same type ”auswahl” u(t, z, y, z) = a(t)b(x)c(y)d(2).
After simple computations we can arrange the equation in the form

a”(t) _ —b"(x)c(y)d(z) — b(z)c"(y)d(z) + b(z)c(y)d” (2)
eta(t) ezb(z)c(y)d(z) '
The first member depends on ¢ only and the second member depends on z, y,

z, therefore both members are constant. Again the constant can be chosen as
k. Therefore we obtain two equations; the first one

a’(t) — kela(t) =0

was already studied both in the case when k = 0 and in the case when k # 0.
In the first case we have a first degree polynomial solution, while in the second
case we have obtained the solution

a(t) = éo Z (legzem.
= (n!

The second equation is deduced from

ke*b(x)e(y)d(z) + b(x)c" (y)d(2) = b(z)c(y)d" (2) = b (z)c(y)d(2)
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arranged as

V(@) _ kee(y)d(z) + ¢ (y)d(z) — c(y)d”(2)
o) (y)d(z) |

We continue to solve when k # 0. It results

B b//(x)
b(x)

=k, k1 € R.

The case k1 = 0 is again simple, by(x) = Bz + Bo.

If k1 # 0 the solution of this ODE depends on the the sign of k;.

If k; = —I? the equation to solve is b"(z) — I?b(z) = 0, while if k; = [ the
equation is b (x) + (?b(z) = 0.

In the first case the solution is b_(z) = Ae!® + Be~  while in the second case
the solution is b (z) = Asinlz + B coslz.

If we continue, from

Fre(y)d(z) = ke*e(y)d(z) + ¢ (y)d(z) — e(y)d" (=)
we obtain

C”(y) B eZ B d//(z)
) " TR

Both members are constant, therefore we have to study the following two
equations,

k1 —

=k
oy
and 7(2)
z __ < _ o
ke d(z) = kl kg.

The first differential equation is studied exactly as we did it for the function
b(x). According to the constant ko which can be 0, negative or positive, we
have the solutions denoted by ¢o(y), c—(y) and c;.

Now, denote —a := k1 — ks.
In the same way in which the equation

a’(t) — ke'a(t) =0
was transformed into the Bessel ODE

029" (v) + v (v) — 4h(v) = 0,



A SPECIAL UNIVERSE AND ITS MASSLESS SCALAR FIELD
MATHEMATICAL STRUCTURE 71

the last equation
d// (Z)

d(z)
can be transformed via e* = v? and d(z) = d(2lnv) = ¢(v) into the more
general Bessel ODE

029 (1) + v (v) — 4(kv? + @) (v) = 0.

= o + ke*

Again, we choose the solution described by a formal series

¢(’U) = Z ¢nvn7
n=0

where the coefficients ¢,, are determined after we transform the Bessel ODE
into the formal identity

—dagy + (1 — 4a)prv + Z[(n2 — 4a) ¢y, — dkpp_o]v™ = 0.

n=2

If o = 0, the formal identity above transforms into

¢1v + Z[nszn — dkpp_o]v™ =0,

n=2

which is exactly the identity we already studied in the previous theorem. In
this case the solution depending on ¢¢9 = D is

oo kn "
bw) =D (nl)2v2 ’
0 ’
therefore
o0 kn
i) =Dy e
5 (n!)
1,
If a = 1 it results ¢g = 2 = ... = ¢9, = ... = 0 and

k
Pont1 = m¢2n—17

therefore the solution depending on ¢ = F is

v) = - kn U2n+1
o(v) Ezo:(TH-l)(n!)? '
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It results -
k'n.
d(z) = E Z 726(77'4_1/2)2.
7 (n+1)(n!)

The same d’Alembert criterion assures us that the series is a convergent one,
so it describes a function.

1
Ifa ¢ {0, 4} it results that ¢(v) = 0.

Let’s go back to the case when & = 0. In all previous formulas we replace k
by 0. Therefore we have to solve the following equations:

_b”(x) B .
b(l’) —kl, k‘l ER,
o c”(y) _ 7d"(z)
c(y) d(z)

The first one was already studied, the second one implies the following two
equations

and

d//(z)

d(z)
Here, we wish to notice that only in the case when k; = k3 we have a degree
one polynomial solution.

Definition: The numbers k, k1, ko are called the MSF numbers of the studied
universe.

=Fk1 — ko.

Definition: o := —k; + ko is called the MSF type factor.

Let us denote the possible solutions of the above ODE in x and y by bg(x)
and c,(y), where 3 and v belong to the set {0,+, —}. So, the indexes § and
~ are determined by the MSF numbers k; and k.

We can conclude the previous results in the form of
Theorem 5: The Klein-Gordon equation of the universe expressed by the
metric

ds® = e* (dz°)2 + e* [(d2")? + (d2?)? — (dz®)?]
is
e ugy + e (Uugy + Uyy — Uszz) = 0.
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Consider the MSF numbers k, k1, ko and the MSF type factor a = —kq + ko.
The solutions

u(t,x,y, z) = a(t)b(x)c(y)d(z)
depending on the MSF numbers are:
1
)Ifk+#0and o ¢ {O, 4}, then wu(t, z,y, z) = 0, that is the MSF is trivial.
ii) If K =0 and o = 0, then
u(t,,y,z) = (A1t + A2)bg(z)cy(y) - (D1z + D2).
iii) If £ =0 and « # 0, then
ult, 2, 2) = (At + Ag)ba(a)es (y) - ds(2), 6 £0.
iv) If k # 0 and « = 0, then

kner

u(t,x,y,z) = ¢0b5(x)c,y(y) . D Z W nt+mz

n,m=0
1
iii) If k #0 and a = T then
> mtn

u(tvxvy’ Z) = bﬁ(‘r)c’Y(ZID “Eo m,zn;() (Tl + 1)(m')2(n')2e

mt+(n+1/2)z.

According to Theorem 5 the most important fact related to the MSF of
the studied universe is captured in the following
Consequence 6: The massless scalar field of this universe exists if the

1
MSF type factor a belongs to the set {O7 4}

It is important to observe that between the two possible massless scalar
fields types for our studied universe only one can be considered (as expected).
Let us look at Theorem 5. If we compare the two possible MSF solutions
obtained in the case when both x = 0 and y = 0 with the result obtained in
Theorem 4, we deduce

Theorem 7: The massless scalar field of the studied universe is described
only by MSF type factor a = 0.
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4 Conclusions

The metric we studied
ds? = ¢* (dz°)? + ¢* [(d2?)? + (d2?)? — (dz®)?]

is related to the metrics seen both in [2] and [3]. It describes an exotic universe
determined by a geometric matter determined by some classical waves.

It is important to note that the massless scalar field of this universe depends
on three numbers k, k1 and k-, called MSF numbers. The massless scalar field
of this universe exists if the constants ki and ko are well accorded to produce

1
one the two possible MSF type factors, « =0 or a = —.

There is a mathematical criterion which allows to distinguish between the two
possible types of massless scalar fields the one that ”functions” in this universe.
To do this, we have to compare the results of Theorem 5 when z = y = 0 with
the result of Theorem 4.
The massless scalar field exists if and only if the MSF type factor « is 0, i.e.
k1 and ko must be equal.
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