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On the Hilbert depth of the Hilbert function of
a finitely generated graded module

Silviu Balanescu and Mircea Cimpoeas

Abstract

Let K be a field, A a standard graded K-algebra and M a finitely
generated graded A-module. Inspired by our previous works, see [2] and
[3], we study the invariant called Hilbert depth of har, that is
hdepth(ha) = max{d : Y (-1)""’ (Z B j) har(5) > 0 for all k < d},

j<k

where har(—) is the Hilbert function of M, and we prove basic results
regard it. Using the theory of hypergeometric functions, we prove that
hdepth(hs) = n, where S = K|z1,...,zx].

We show that hdepth(hs,;) =n, if J = (f1,...,fa) C S is a com-
plete intersection monomial ideal with deg(f;) > 2 for all 1 < 4 < d.
Also, we show that hdepth(hy;) > hdepth(has) for any finitely gener-
ated graded S-module M, where M = M ®g S[zn+1].

Introduction

Let S = KJz1,...,2,] be the ring of polynomials in n variables over a field
K. The Hilbert depth of a finitely graded S-module M is the maximal depth
of a finitely graded S-module N with the same Hilbert series as M; see [7] for
further details.
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In [2] we proved a new formula for the Hilbert depth of a quotient J/I of
two squarefree monomial ideals I C J C S. This allowed us, in [3], to extend
the definition of Hilbert depth to any (numerical) function h : Z — Z>q with
the property that h(j) = 0 for j < 0.

More precisely, we set

hdepth(h) := max{d : » (~1)¥7 <Z j) h(j) >0 for all k < d}.
i<k

Let A be a standard graded K-algebra and M a finitely generated graded A-
module. Since hps(—), the Hilbert function of M, has the property hys(j) =0
for 7 <« 0, it makes sense to consider its Hilbert depth, as was defined above;
see also Definition 1.1.

In some regards, this new invariant seems unnatural, as it is associated to
the Hilbert series of M, seen as a numerical function, and not to M itself.
However, we believe that the study of this invariant could be interesting as it
reflects the growing pattern of the Hilbert series of M. We mention that in [3],
we studied the Hilbert depth for polynomial functions with integer coefficients
and other numerical functions.

Another fact that determined us to study this invariant, is the following:
Let I C J C S be squarefree monomial ideals. Although hdepth(J/I) and
hdepth(h;,;) are not the same, there is the following subtle connection be-
tween these invariants: If

M(J/T) = (J + (x%,,x%))/(]—f— ($%77$i))7
then hdepth(J/I) = hdepth(hys(s/1)); see Proposition 1.4. Note that M (J/T)

is an Artinian S-module.
In Proposition 1.5 we prove that

h
ko < hdepth(has) < ko + 7,
0
where ko = kQ(M) = min{k: : Mk 7é 0}, h() = hM(k’()) and hl == hM(k‘o + 1).
In Proposition 1.6 we prove that if M is of finite length, then
hdepth(har) < ky(M) :=max{k : M # 0}.

In particular, if M = S/J where J is a graded Artinian ideal, we note in
Corollary 1.7 that
hdepth(hg,s) < reg(S/J).

In Proposition 1.9 we show that if 0 - U — M — N — 0 is a short exact
sequence of (nonzero) finitely generated graded A-modules, then

hdepth(hps) > min{hdepth(hy ), hdepth(hy)}.
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In Proposition 1.11 we prove that
hdepth(hps(m)) = hdepth(has) — m,

where M (m) is the m-th shift module of M.

Using the sign of the hypergeometric function o Fy (—k, n, —n; —1), see Lemma
2.1, we prove in Theorem 2.2 that hdepth(hg) = n. Consequently, in Corollary
2.3 we prove that if

F=Sa"®Sa—-1)"a®S(a)® - ®Sa),

where n1,n2,a,a; are integers such that ny > ng > 0 and a > a; + 2 for all
1 <5 <7, then
hdepth(hp) =n — a.

In Theorem 3.1 and Corollary 3.2 we prove that if J = (f1,...,f.) C S is
a graded complete intersection with deg(f;) > 2 for all 1 < ¢ < r, where
0 <r <n, then

hdepth(hg, ;) = n.

In particular, for r = 0 we obtain a new proof of the fact that hdepth(hg) = n.
_ Finally, in Theorem 4.3 we show that hdepth(hg7) > hdepth(has), where
S = S[xp11], M is a finitely generated S-module and M = M ®g S.

1 Basic properties

Let K be a field and let

A=PAa,,

n>0

be a standard graded K-algebra, i.e. A is finitely generated, Ay = K and A,
generates A.
Let

M = P My,

keZ

be a nonzero graded finitely generated A-module.
Since M is finitely generated, dimg (My) < oo for all k € Z and My =0
for k < 0. In particular, there exists ko(M) € Z such that

k()(M) = mln{k : Mk 7é 0}
We consider the Hilbert function of M, that is

hM(—) 7 — Zzo, hM(k‘) = dimg My, for all k € Z.
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We recall the definition of the Hilbert depth of hjp; from [3].
Let d be an integer and let

k

_1)k—d(d=3 ;
) = { oy O R SESE

0, otherwise

From (1) we deduce that

k .
har(k) = > (Z B i) B (har) for all ko(M) < k < d. (2)
J=ko(M)

With the above notation, we have:

Definition 1.1. The Hilbert depth of hys is
hdepth(hy) := max{d € Z : B&(har) >0 for all k < d}.

Note that (1), (2) and Definition 1.1 hold for any function h : Z — Z>g
with h(j) = 0 for j < 0.

Remark 1.2. If 8¢(hys) > 0 for all ko(M) < k < d, then, from [3, Corollary
1.4], it follows that Bg/(hM) >0foralld <d and ko(M) < k < d'. Also, it is
clear that ko(M) = ko(har)-

Let 0C I CJCS=K]|x,...,2,] be two squarefree monomial ideals.
We recall the method of computing Hilbert depth of J/I given in [2]. For
0<k<n, welet

ag(J/I) = |{u € S is a squarefree monomial with u € J\ I}|.
For all 0 < d <n and 0 < k < d, we consider the integers:
k S
BR(I/T) = (=1)F (k 3 j> o (J/T). (3)
j=0
We recall the following result:

Theorem 1.3. ([2, Theorem 2.4]) With the above notations, the Hilbert depth
of J/I is

hdepth(J/T) := max{d : B¢(J/I) >0 for all 0 < k < d}.
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We consider the S-module
M(J/I) = (J+ (23, ..., 22)) /(I + (23,...,22)).

It is easy to see that

M(J/I) = &y Ku. (4)
u€S squarefree monomial
ueJ\I
From (4) and the definition of oy (J/I)’s it follows that
ar(J/I) = haregn (k) for all 0 <k < n. (5)
From Theorem 1.3, Definition 1.1 and (5) we get the following result:

Proposition 1.4. With the above notations, we have
hdepth(J/I) = hdepth(hass/1))-

In the following, all modules are assumed finitely generated over a standard
graded K-algebra A, unless it is stated otherwise:

Proposition 1.5. Let M be a nonzero graded A-module, ko = ko(M), ho =
hM(ko), hi:= hM(ko + 1). Then:

ko < hdepth(far) < o + 1
0

Proof. Tt follows from [3, Proposition 1.5]. O

Let M be a nonzero graded A-module of finite length, i.e. dimg (M) < oco.
It follows that there exists ky(M) > ko(M) such that

kg(M) :=max{k : M # 0}.

Note that kf(M) < ks(ha). Hence, from [3, Proposition 1.5] we conclude
that:

Proposition 1.6. If M is a nonzero graded A-module of finite length, then
hdepth(hM) S kf(M)

Corollary 1.7. Let I C S = Klz1,...,x,] be an Artinian homogeneous ideal.
Then
hdepth(hg/r) < reg(S/I).
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Proof. According to [6, Theorem 18.4], we have that
reg(S/I) = max{k : (S/I); # 0}.
The conclusion follows from Proposition 1.6. O

Remark 1.8. Assume K is a field of characteristic zero and let I C S =
Klz1,...,2,] be a homogeneous ideal. Let J := Gin(I) be the generic initial
ideal of I with respect to the reverse lexicographic order. It is well known that
S/I and S/J have the same Hilbert function. Moreover, according to Bayer
and Stillman [1], we have

reg(S/I) = reg(S/J).
On the other hand, according to Galligo [5], J := Gin(I) is strongly stable,
hence from the well known result of Eliahou and Kervaire [4], it follows that
reg(S/I) =reg(S/J) = max{deg(u) : ve G(J)} —1,

where G(J) is the minimal set of monomial generators of J.

In conclusion, hdepth(hg,;) < reg(S/I) if and only if hdepth(hg, ;) <
reg(S/J).

The result from Corollary 1.7 cannot be extended in general. For instance,
the ideal J = (z3) C S = K[x1, 22, x3] is strongly stable and its regularity is
reg(S/J) = 3 — 1 = 2, while hdepth(hg, ;) = 3.

Proposition 1.9. Let 0 - U - M — N — 0 be a short exact sequence of
(nonzero) graded A-modules. Then:

hdepth(hys) > min{hdepth(hy), hdepth(hy)}.

Proof. Tt follows from the fact that hps (k) = hy (k) + hy (k) for all k € Z and
[3, Proposition 1.10]. 0

Proposition 1.10. Let M be a graded A-module and let r > 0 be an integer.
Then
hdepth(hyse-) = hdepth(hay).

Proof. Since hper(k) = 7 - hpr(k) for all k € Z, the conclusion follows from
[3, Proposition 1.11]. O

If M is a graded A-module and m is an integer, then
M(m) = @ M(m), = E My
keZ keZ

is the m-th shift module of M.
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Proposition 1.11. Let M be a nonzero graded A-module and m € Z. Then:
(1) ko(M(m)) = ko(M) —m.
(2) If dimg (M) < oo then kf(M(m)) = k(M) —m.
(3) hdepth(hps(m)) = hdepth(har) —m.

Proof. (1) and (3) Since hps(m)(k) = har(k +m) for all k € Z, the conclusion
follows from [3, Proposition 1.12].
(2) Tt is obvious. O

Remark 1.12. Let h : Z — Z> such that h(j) = 0 for j < 0. Let kg =
min{j : h(j) > 0} and ¢ = V(kOH)J. Let S := K[z1,...,2,) and m =

h(ko)
(z1,...,2n). We claim that there exists an Artinian S-module M such that
. h(j), ko<j<ko+c
i) = {10 o =TS hote ©
0, otherwise

Indeed, we can take
M= (5/m) (o) 0) & (8 m) (ko = 1)) .+ (8 ) (ko — ) o
From (6) it is easy to deduce that

hdepth(h) = hdepth(hay).

Note that M is in fact a graded K-vector space of finite dimension.

2 Hilbert depth of the Hilbert series of a free S-module

Let a € C and j a nonnegative integer. We denote (a); = a(a+1)--- (a+j—1),
the Pochhammer symbol. The hypergeometric function is

N (@)(0); A
oF1(a,b,c;2) = j;o W . R
First, we prove the following lemma:

Lemma 2.1. Let n > 1 be an integer. Then:
(1) 2F1(0,n,—n;—1) =1 and 3 F1(—1,n,—n;—1) = 0.
(2) (=1)*3F1(—=k,n,—n;—1) > 0 for any 2 < k < n.
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Proof. (1) It is obvious from the definition of the hypergeometric function.

k ; .
(2) Since o F1(—k,n,—n;—1) = > (—1)7 (];) %, in order to prove (2),
§=0

it is enough to show that for any n > k& > 2 we have that:

k
(k
E(n,k) := Z(—l)k_J <j)(n)j(n—k—|—1)k_j > 0. (7)
=0
We consider the functions
1 1

fie f20(0,2) = R, f1(2) = PR for(z) = s

By straightforwards computation, for all 0 < j < k we have that

; . . —1)k—J — k41
() = (2_(”3357% and ) () = &Y ;Z_ﬂf i ()

where f() denotes the j-th derivative of the function f. Let
fk : (032) — Ra fk(z) = fl,k(z)fZ,k(x)a HAS (032) (9)
From (7), (8), (9) and the chain rule of derivatives, it follows that
k
E(n, k) = M), (10)

We consider the function

— g)k-1
gk - (—1, 1) — R, gk(:v) = fk(l — LL’) = (1 n x)n(lli x)nik+1 _ ((11 — I)Q)” .

Since glgk)(x) = (—l)kflik)(l —z), from (7) and (10), in order to complete the
proof, it is enough to prove that

(—1)*g"(0) > 0 for all k > 2. (11)

If £ > 2 and j > 1, then, using the identity gi(z) = (1 —z)gx—1(x), we deduce
that
g (@) = (1 - 2)g?,(z) — g P (2) for all & € (~1,1). (12)

For k > 1 and 5 > 0 we denote cg) = g,(cj)(O). Since

I T YR A
gl(x)_(l_x2)n_€_o< V) )l‘ )
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it follows that

) 0, j=20+1 1
= 3
Cy {(n—&-ﬁ—l) (2€)|’ j -9 ( )

Also, it is clear that

A =1 forall k> 1. (14)

On the other hand, from (12) it follows that
c,gj) = 05321 - jcfcj__ll) forall k >2, j > 1. (15)
From (13), (14) and (15), using induction on k > 2, we can easily deduce that
(—1)7c? >0 for all k > 2, j > 0.
In particular, it follows that
(—1)kc® = (=1)% ™ (0) > 0 for all k > 2,
hence the proof is complete. O

Theorem 2.2. Let S := Klx1,...,2,]. Then hdepth(hg) = n.

Proof. The Hilbert function of S is hg(k) = ("_]1+k) for all k > ko(S) = 0.
Therefore, from (1), we have

b A=\ (n—1+]
62(h5)=2(—1)k—1<kj>( ; )for all0<k<d.  (16)
j=0

Since ko(S) =0, hg(0) =1 and hg(1) = n, from Proposition 1.5 we get that
hdepth(hg) < n. From (16) we have that

k . .

n— —1

Br(hs) = S (~1)F (” j,) (” ) ”) forall0 <k <n. (17)
= k—j J

From (17) if follows that

Br(hs) = (—=1)* <Z>2F1(—k, n,—n;—1) for all 0 < k < n, (18)

From (18) and Lemma 2.1 it follows that hdepth(hg) > n, as required. O

Corollary 2.3. Let F' = S(a)™ @& S(a — 1)"2 @ S(a1) & --- @ S(a,) where
ni,MN2,a,a; are some integers such that ni > no > 0 and a > a; + 2 for all
1< j <. Then hdepth(hr) =n — a.
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Proof. From Theorem 2.2, Proposition 1.10 and Proposition 1.11 it follows
that

hdepth(hg()m1) =n —a,
hdepth(hgg—1)n2) =n —a+1, if ng > 0 and
hdepth(hg(a,)) =n —a; forall 1 <j <.

Using Proposition 1.9, we deduce that
hdepth(hp) > min{n —a, n—a+1, n—aqa;, 1 <j<r}=n—-a  (19)
On the other hand, from hypothesis, we have

hp(—a) = dimg S(a)™, = ny dimg Sy = ny and
hp(—a+1) =dimg S(a)™, ;; +dimg S(a —1)"2 ,; =n-ny +no.

Since n1 > ng, from Proposition 1.5 it follows that hdepth(hr) < n—a. Hence,
the conclusion follows from (19). O

3 Hilbert depth of the Hilbert series of a complete in-
tersection

Let S = K[x1,...,2,] and J = (f1,..., fn) C S be a graded complete inter-
section ideal w1th d = deg(f;) > 2 for all 1 < ¢ < n. The Hilbert series of
S/J is

Hsys(t) ZhS/J (1t At DY) (At 27 o (Lt i),
k>0

Theorem 3.1. With the above notations, we have that
hdepth(hg, ;) = n.

Proof. First, note that hdepth(hg, ;) < n by Proposition 1.5, since hg,;(0) = 1
and hg/s(1) =n

We use inductionon n > 1 and d :=dy +---+d,, > 2n. If n = 1 then
there is nothing to prove. If d = 2n, that is d; = 2 for all 1 < i < n, then:

s =30 3) () = oo () )

Jj=

Therefore, 8§ (hg;s) = 1 and 3}/(hg/;) = 0 for 2 <k < n. From Remark 1.2,
it follows that hdepth(hg,;) > n and thus hdepth(hg, ;) = n.
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Assume d > 2n. Without any loss of generality, we may assume that
d, > 3. Let I = (¢1,...,9n) be a graded complete intersection ideal with
deg(g;) = deg(f;) = d; for 1 <i < n—1 and deg(g,) = d, — 1. Let J' =
(f1,-- fl_1) €S8 = Klxi,...,xn-1] be a graded complete intersection ideal
with deg(f/) = deg(f;) = d; for 1 <i <n — 1. We have that that

Hgyy(t) = (It AtB ) o (Tt ot ) (Tt - ot 2ol =
:Hs/j(t)ﬁ’td"ilHS//J/(t). (20)
From (20), it follows that for 0 < k < n we have that

k

R0 = 30 (_J)hsm)
(” ]> (hs/1() + hsr /g (f = dn + 1)) =

k .
<k j)hS/I +Z <_j>h5f/f<j—dn+1):
:O

Jj=

?r

I
> H Mw
o

3

k ‘
= B (hs/1) + Z < ;)hS’/J/(j —dn +1). (21)
7=0

From induction hypothesis, it follows that ;' (hg/;) > 0 for all 0 < k < n. If
k < d, — 1 then from (21) it follows that

Bi(hsyy) = By (hs/r) > 0. (22)
If k> d, — 1 then

> (=1t (Z:J>h5//y(gd +1)= > (1)’“j<z:j>hsf/y(jdn+1)

j=dn—1

—an -5’ (n_d + ) / n n
= 3 e (7 D ) = s

§'=0
Therefore, from (21) and the induction hypothesis it follows that
Bi(hsys) = Bi(hsyr) + Br_gr it (hsryp) > 0. (23)

The conclusion follows from (22) and (23). O
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Corollary 3.2. If J = (f1,..., fr) C S is a graded complete intersection with
deg(fi) > 2 for all1 <i <r, where 0 < r <mn, then

hdepth(hg, ;) = n.
In particular, we reobtain the result hdepth(hg) = n.

Proof. Let J = (gl, ..., gn) be a graded complete intersection with deg(g;) =
deg(f;) for all 1 <4 <r and deg(g;) =n+1 for r +1 <14 <n. Since

Tttt ) (L4t +£2+--)" " and
Lttt (At + 2 4 ™),

(

pd1—1

Hsys(t) = (1414 ) (

Hg()=(1+t+-- thTh

it follows that hg,;(j) = hg,7(j) for all 0 < j < n. Therefore

Bii(hsyy) = By (hg7) for all 0 < k < n,

hence the result follows from Theorem 3.1. O

4 Hilbert depth of the Hilbert series of a tensor product
of modules

As in the beginning of the section, K is a field, A is a standard graded K-
algebra and the modules over A are considered finitely generated and graded
unless is stated otherwise.

We recall the following well known lemma, regarding the Hilbert series of a
tensor product of modules, for which we sketch a proof in order of completion.

Lemma 4.1. Let M, N be two A-modules such that N is flat. Then:

Hy (t) Hy (t)
H t)= ——-—-=
Meoan(t) = Ha(l)
Proof. Take a free resolution of M,
= PP Fy—=M-—=0 (24)

where each Fj, is concentrated in degrees > n. It follows that

Har(1) =) (=1) Hr (). (25)

i>0
Taking ® 4N in (24) we get an exact sequence

= FBQAN->FLQAN—=>Fy@aN—->M@4a N =0, (26)
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Since F; is free, it follows that

Hp, (t) Hy (?)

for all i,
Hy (t)

Hrg.n(t) =

and thus from (25) we get

Hare (1) = g;(—l)iHFﬁiE)N S T e =

as required. O

Lemma 4.2. Let S = K[r1,...,7,], S = Slxpt1] and M be a S-module.
If M = M[zp41] := M ®g S, then

H (t)
H+#(t) =
In particular, h37(3) = > har(€).
<j
Proof. Since Hg(t) = ﬁ, Hg(t) = W and S is flat over S, the
conclusion follows from Lemma 4.1. O

Theorem 4.3. Let S = K[zy,...,2,], S = S[xpny1], M be a S-module and
M = M[z,41]. Then

hdepth(hy7) > hdepth(har).

Proof. Let d = hdepth(hys), ko = ko(M) and ko < k < d. By (1) we have
that

k .
() = (0% () i) 20 (27)
Jj=ko

By (1), Remark 1.2 and Lemma 4.2 it follows that

5h) = i(—l)’“—f (527 et = i(—nk—j (17) > hito =

j=ko j=ko l=ko
k—ko k
_ifd— g
=> > J(,{Z)hM(f—t) = =j-1=
t=0 j=ko
k—ko k—t ) , (d ) jl k—ko det
- e (07T it = 3 sttan 2o
t=0 j'=ko t=0

as required. O
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Remark 4.4. Let kg := ko(M) and let ky < k < d be some integers. We have
that

k N
Bilhar) = D (=1)" (Z:ﬁ) > ha(l) =

k
= Z (—1)k¢ <Z : §>2F1(1, —k+0,—d+0;—1)hp (£).

On the other hand, for any nonnegative integer s, it holds that

s 1, siseven
F 17777;7]‘ = 712: ’ :
211 (1, —s, —s;—1) ;( ) {07 s is odd
Therefore, we get
k
har(£), d=£(mod 2)
d ?
h—) = har(€)d) > 0, wh ha(ld) = .
Ba(haz) Z:Z/co m(£|d) = 0, where hy(¢]d) {07 otherwise
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