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A note on almost sure exponential
stability of #-Euler-Maruyama
approximation for neutral stochastic
differential equations with
time-dependent delay when 6 € (3,1)

Maja Obradovi¢ and Marija MiloSevié

Abstract

This paper is motivated by the paper [2]. The main aim of this
paper is to extend the stability result from [16], related to the f-Euler-
Maruyama method (6 € (%,1)) for a class of neutral stochastic differen-
tial equations with time-dependent delay. The theta method is defined
such that, in general case, it is implicit in both drift coefficient and
neutral term. Sufficient conditions of the a.s. exponential stability of
the 6-Euler-Maruyama method, including the linear growth condition
on the drift coefficient of the equation, are revealed. The stability result
is established for larger class of neutral terms than that considered in
the second cited paper. An example is provided to support the main
results of the paper.

1 Introduction

(Neutral) stochastic differential delay equations and (neutral) stochastic func-
tional differential equations are considered by many authors (see, for example
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[5, 21, 1, 9, 10, 4, 3, 6, 7, 14, 11, 12]), since these equations describe many
real-life phenomena. As known from the existing literature, a very significant
task in numerical analysis of stochastic differential equations is to reveal the
conditions under which the exact and approximate solution share the same
stability properties. For example, in [20, 23, 8], the authors investigated a.s.
exponential stability of the Euler-Maruyama or backward Euler approximate
solutions for stochastic differential equations. Also, in [15, 16], the -Euler-
Maruyama method is considered for neutral stochastic differential equations
with time-dependent delay, for 6 € [0, %} and 0 € (%, 1), respectively.

In this paper we will consider the §-Euler-Maruyama method for a class
of neutral stochastic differential equations with time-dependent delay, under
the linear growth condition on the drift coefficient of the equation, among
other conditions. The main result of this paper is influenced by the paper
[2], where the theta method, for 6 € (3,1] is considered for a class of neutral
stochastic differential equations with constant delay and Markovian switch-
ing. It should be noted that in the cited paper certain sufficient conditions,
without the linear growth condition on the drift and diffusion coefficients, are
applied for obtaining the appropriate stability results. Additionally, in [13]
and [17], the backward Euler method is studied for a class of neutral stochas-
tic differential equations with bounded time-dependent delay, as well as for
a class of neutral stochastic differential equations with unbounded delay and
Markovian switching. On the other hand, the a.s. exponential stability of the
f-Euler-Maruyama method, when 6 € (%7 1), for neutral stochastic differential
equations with time-dependent delay, which is considered in the present pa-
per, required the application of the technique different than that from [13, 17].
It should be emphasized that in the paper [16], the a.s. exponential stabil-
ity result for the same method and the same type of equations is established
under certain highly nonlinear conditions, including an additional condition
on the drift coefficient, comparing to the conditions from the paper [2]. The
reason for that is the fact that in [16] the approximate equation is defined by
parameterizing not only the drift coefficient by 8, but also the neutral term,
which was not the case in [2]. Comparing to the paper [16], in the present
paper, the linear growth condition on the drift coefficient of the equation is
added, but without the additional condition on the drift coefficient although
the approximate equation is defined by parameterizing the drift coefficient and
the neutral term by 6, since the argument of the neutral term in the approx-
imation could be the present state of the system described by our equation.
On the other hand, in this paper the condition on the neutral term is weaker
than the one in the paper [16].

This paper is organized in following way. After introducing the basic no-
tation and hypotheses which are necessary for proving the main result of this
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paper in Section 2, we will impose the assumptions under which the discrete 6-
Euler-Maruyama approximate solution for neutral stochastic differential equa-
tions with time-dependent delay is a.s. asymptotically exponentially stable,
for 6 € (3,1). Moreover, we will present the verification that the assumptions
from the present paper, for the certain extent, allow the extension of the cor-
responding result from the paper [16]. However, these assumptions include
the linear growth condition on the drift coefficient. In Section 3 an example
and numerical simulations will be presented in order to illustrate our theory.

First, we will introduce some standard notation and definitions which are
fundamental for the following consideration. Assume that all random variables
and processes considered here are defined on a complete probability space
(Q,F,{Ft}t>0, P) with filtration {F;}+>¢ satisfying the usual conditions. Let
w = {w(t),t > 0} be an m-dimensional standard Brownian motion and F; =
o{w(s),0 < s < t}. Additionally, let |z| stand for the Euclidean norm of
x € R? and, for simplicity, |A|? = trace(AT A) for matrix A, where AT is the
transpose of a vector or a matrix.

Let 7 be a fixed positive number and let C([—7,0]; R?) be the family
of continuous functions ¢ : [~7,0] — R? with the supremum norm ||¢| =
Sup_, ;<o |(t)]. Moreover, let C%, ([-7,0]; R?) be the family of Fo-measu-
rable, C([—7,0]; R?)-valued bounded random variables.

For the delay function § : Ry — [0, 7], which is Borel-measurable, we con-
sider the following neutral stochastic differential equation with time-dependent
delay

dla(t) — u(a(t — 5(), 1)
= f(x@®),2(t = 6(t)), t)dt + g(x(t), x(t = 6(1)), t)dw(t), t >0 (1)
and with the initial condition
wo = ¢ = {p(t) : t € [-7,0]} € CF, ([~7,0]; R7), (2)
where the functions
f:R'xR'xR. - R g: R*xR'x R - R™™ wu:R*x R, - R?

are all Borel-measurable and x(t) is a d-dimensional state process.

The next hypotheses are essential for obtaining the main result of this
paper:

A; (Linear growth condition): There exists a positive constant K such
that, for all 2,y € R% and all ¢t > 0,

[f @y, )17 < K (|2 + [y]). (3)
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Ay (Contractivity condition): There exists a constant 5 € (0,1) such that,
for all z,y € R? and all t > 0,

u(z, t) —uly,t)] < Blz —yl. (4)

Moreover, we will assume that w(0,¢) = 0, t > 0, which, together with (4),
implies that
[u(e,t)] < Blal, =€ R (5)

Asz: The delay function & : Ry — [0, 7] is differentiable and ¢'(t) < § < 1.
Ay: There exists a constant 7 > 0 such that

|6(t) - 5(3)| < 77|t - S|7 t,s > 0. (6)

As (Khasminskii-type condition): There exist constants «; and s for

which a; > 1"‘_23 > 0, such that, for all 2,y € R% and all t > 0,

20z —u(y, )" f(,y,0) + lg(@,y, ) < —onfal* + aslyl>.  (7)

For the purpose of guaranteing that the 6-Euler-Maruyama method, which
will be considered in the sequel, is well defined, we introduce an additional
assumption.

€; (The one-sided Lipschitz conditions): Let f € C(R? x R% R%) and
suppose that there exist constants p;, s > 0 such that, for all z,y,z € R?
and all ¢ > 0,

<x—y,f(a?,z,t)—f(y,z,t)>S,u1|x—y|2, (8)
(x—y,f(z,x,t)—f(&yﬁ)) Slu'2|x_y|2' (9)

The main contribution of the present paper is the extension of the stability
result from [16] partly by extending a class of neutral terms u. Precisely, in
[16], it is assumed that the Lipschitz constant 3 of the neutral term w satisfies

4

the condition
2
pre (0’ 99([(1777)*1]“))’

while in the present paper, the stability result will be obtained for

1 1
491 - 02+ 62+ 3)([(1—n)~ 1]+ 1))’ b (5’ 1)‘

g2 e (o

It is easy to observe that for any 6 € (%, 1), the scope of 3 in the present paper

is greater than that from [16]. Moreover, it could be observed that assumption
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As is slightly weaker then A4 from [16]. Consequently, the technique which
will be used in the sequel differs from the one from the previously cited paper.

The following lemmas are essential for proving the stability result in Section
2. The first one is an elementary inequality which will be applied several times
in the proof of that result.

Lemma 1. For all a,b >0, p>1, ¢ > 0, we have that
(a4 b)P < (1+c)P~H(aP + ' 7PbP).

Lemma 2. [[12], Lemma 3] Assume that (6) holds. For an arbitrary but fized
i€{0,1,2,...}, let i — [0(iA)/A] = a, where a € {—n., —n. +1,...,0,1, ... i}.
Then,

where #S denotes the number of elements of the set S.

In a view of [12], one find that the assumptions As, A3, As, as well as the
local Lipschitz condition on f and g and hypotheses f(0,0,t) = ¢(0,0,t) =
0, t > 0 imply the existence and uniqueness of the global solution to Eq. (1),
which is a.s. exponentially stable. Baring in mind these results from [12] we
will determine the conditions under which the 8-Euler-Maruyama solution is
a.s. exponentially stable. As will be shown in the sequel, for that purpose we
will need, among other conditions, the linear growth condition Az on the drift
coefficient f. However, as mentioned earlier, we will weaken the condition for
the neutral term u comparing to the corresponding condition from [16].

Let us consider the autonomous version of the initial equation (1), that is

2(t) = ¢(0) +uz(t - 0(t))) — u(x(-6(0))) + /0 f(x(s),2(s = 0(s)))ds (10)

4 / g(a(s), 2(s — 6(s)))du(s), >0,

with the initial condition z(t) = ¢(t), t € [—7,0]. In that sense, instead of the
assumptions Ai-As, let their autonomous versions hold.

The main result in this paper will be obtained for the #-Euler-Maruyama
solution defined in the paper [16]. Let A € (0,1) be a step size, such that
A = 7/n,, for some integer n, > 7. Recall the discrete §-Euler-Maruyama
approximate solution ¢ from [16], corresponding to Eq. (10) defined on the
equidistant partition kA k = —(n. + 1), =N, ..., —1,0,1, ..... Also, set

5(=A) = 6(0),  q-(n11) = p(—n.A). (1)



A NOTE ON ALMOST SURE EXPONENTIAL STABILITY OF THE ¢-EULER
-MARUYAMA APPROXIMATION FOR NEUTRAL STOCHASTIC DIFFERENTIAL
EQUATIONS WITH TIME-DEPENDENT DELAY WHEN 6 € (3,1) 130

Let [-] be the integer part function. Then, the mentioned 6-Euler-Maruyama
approximate solution is defined as

qr = @(kA)? k= M, =N + 1a "'aoa (12)
while, for & € {0,1,2,...},

Q1 = Gk + 0u(Qry1—5((k+1)0)/4]) + (1 — O)u(gr—[5(ka)/A])
—0u(qr—skay/a)) — (1 — O)ulqr—1-[5((k—1)a)/A])
+9f(Qk+17Qk+1 B((k+1)A)/A)A + (1= 0) f(qr, qe—s(ka)/a)) A
+9(Qks Qr—[5(knr) ) A)) Dw, (13)

where Awy, = w((k+1)A) —w(kA). For convenience, we will use the notation

2k = qr — (1 = 0)u(qr—1-[5((k—1)2)/a]) — Ou(qr—[s(ka)/A])
=01 (qrs Qr—15(knr)/2)) A,
T = F(@r qe—1skny/a))s 9k = 9(Qk Gh—(5(kn)/A))-

In order to conclude that there exists unique 6-Euler-Maruyama approx-
imate solution of Eq. (13), it should be noted that this equation is of the
form

v=d+0(Af(z,a)lac + Af(v,2)]a +u(z)ls), =€ R (14)

for given a,d € R?, where Iy = 1 if [6((k + 1)A)/A] = 0 and 14 = 0,
otherwise. The desired conclusion then follows from the next lemma, which
will be imposed without proof. The proof can be found in [15].

Lemma 3. Assume that the condition (4) and the hypothesis Cy hold. If
O((p1 + n2)A + B) < 1, then, there exists unique solution to Eq. (14).

2 Almost sure exponential stability of the #-Euler
-Maruyama method

In the existing literature one can find results on different aspects of the 8-
Euler-Maruyama approximate method for different types of stochastic differ-
ential equations (see, for example, [24, 19, 22]). In these papers the authors
studied primarily convergence and stability of the approximate solutions under
consideration.

The main result of this section is a.s. asymptotic exponential stability
of the theta method, that is, of the discrete #-Euler-Maruyama approximate
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solution (13) for 6 € (3,1). In the paper [13], the author established the
a.s. exponential stability result for the backward Euler method (that is, for
6 = 1) without requiring the linear growth condition on the drift coefficient
f. In that sense it should be emphasized that the technique which is used
differs than that which will be used in this paper. Also it is important to
observe that the technique mentioned above is successfully employed in [2],
for a class of highly nonlinear neutral stochastic differential equations with
constant delay and Markovian switching. In the cited paper the corresponding
f-Euler-Maruyama approximate equation is implicit only with respect to one
argument (present state) of the drift coefficient. So, the main difficulty in the
present paper is to treat the implicitness of the method with respect to both
drift coefficient f and neutral term u, which is also parameterized by 6. Thus,
in this section, we will extend to the certain extent the stability result from
[16], applying slightly weaker Khasminskii-type and contractivity conditions
comparing to those from the cited paper. On the other hand, the approach
which will be used in the present paper requires the application of the linear
growth condition on the drift coefficient f. So, in further analysis the following
definition of the a.s. exponential stability of the numerical method plays an
important role.

Definition 1. The solution g, of Eq. (13) is a.s. asymptotically exponentially
stable if there exists a constant € > 0 such that

lim s log [gx|
imsup ———

< —¢, a.s.
k—o0 k

for any bounded initial condition .

In what follows, we will prove the a.s. asymptotic exponential stability of
the discrete -Euler-Maruyama solution given by (11)-(13).

Theorem 1. Let the assumptions of Lemma 8 hold together with the assump-
tions A1-As. Additionally, suppose that

1
491 - 02+ 62+ 3)([(1—n) ']+ 1))’
- 2([0 =)'+ 1)

T 1—4p2(9(1 - 0)2 + 0% +3)([(1—m) Y + 1)

X (a2 T K (Mll]“ + 1) +5(1 - 9)2ﬁ2), (16)

52 ¢ (0, (15)

«

10 — 0°K — (a0 + 0°K + 4821 - 0)*)([(1—n)" Y] +1)>0. (17)
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If € is the unique positive oot of the equation
010 — 02K — (a2 + %K +282(1 — 0)%(c* + 1)([(1 — 1)~ '] + 1)e™ = 0, (1)

then, there exists A* € (0,1] such that, for any A € (0,A*) and any 0 €
(%, 1), the 0-Euler-Maruyama approzimate solution (13) is a.s. asymptotically
exponentially stable.

Proof. Taking into account (13), we find that

21 ]® = 2k 4 [2(qk — (1 = O)ulqe—1-5((h-1)8)/4]) — Ou(@i—(sea)a))) fr
+lgrl*+ (1= 20)| fe*A)A + my,,
= [z ® + [2(qr — wl@k—senya))” fi + lgul* + (1 = 20)| fi|?AlA
+2(1 = 0) (w(gu—s(ka)/a]) — Wl@r—1-5e—1)a)/a1)) " ol + my, (19)
where
my, = |grAwi* = gr?A + 2(zk + frA)" grAwy. (20)

For ¢y > 0, such that 0 < C' < 5 We have

2(l+c
(20 — V)| fr]?A = C|z|?
= [(20 = 1)A — CO* A% f,.?
+2C0A(qe — (1 — O)ulqe—1—[s(k-1)8)/4)) — Owl@r—(seay/a))” fr
—Clgr — (1 - 9)“(%—1—[5((k-1)A)/A]) - 9“(Qk—[5(kA)/A])|2
=alfx + b(ar — (1 — O)u(gr_1-[5(k-1)a)/4]) — Ou(@u—[s(ea)/a))]?
—(ab® + C)lgr — (1 — O)ulqr—1-5((k-1))/a]) — Ou(qu—(ska)/a))l’, (21)
where a = (20 — 1)A — C?A? and b = <94

For § € (3,1) we can determine small enough A* such that, for each

A € (0, A*) we have that a > 0 and —(ab® + C) > — 31y Precisely, we get

A* =

20—1(172C(1+co)). (22)

Co?
By Lemma 1 and conditions (4) and (5) from Ay we have that, for any A €
(0,4%),

(20 = 1)| ful*A = Clzi|?
1

ay

2 T2+ ) )|Qk — (1 = O)u(qr—1-[5((k—1)2)/A]) — 9u(qk_[5(kA)/A])|2
aq
=g — —(1—
300+ cg) % ~ Wak—tokay/al) = (1= O)ul@eo1—psk-nay/a)

+(1 = O)ulgr—(sxay,a))|?
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__% _ 2
S | U(Qk—[&(m)/mﬂ
g
T |(1 = 0) (wlgr—seaya)) — wW@e-1-[s(-1)a)/a]) >
Co

aq
> —onlgr|® + azlge—(sray/al® — <0052 + Oéz) |Ge—(5(ka) /2]
aq

71+CO

(1= 0)8%|qu—(ska)/a] — Go—1-[s((k—1)a)/a)) |- (23)
Applying A4, the estimate (23) becomes
(20 — DI fs|*A = Clai?

«
> 2(qr — u(qr—seny/a))’ fe + lgkl® — <0552 + az) TSNS
o
1 + Co

(1= 0)B%|qr—(5(ka)/a] — Qe—1—[5((h—1)2)/A])] - (24)
Thus, we get
2(aqr — w(qe—iskarya)) fe + lgel® + (1= 20)[ fi|*A

(0%
< —Cla? + (C;BQ + az) |Ge—(s(ka)/a) ]

(€3]
14 ¢

+ (1= 0)*B|ar—(5ka)/8] — Tr—1-[5((k—1)2) /2] |*- (25)

Substituting (25) into (19) and applying the assumption A;, we have
|2k 41/
a
< |zl = CAlz* + <c;52 + az) |ak—(s(ka) /)P A
aq

1+co
+2(1 = 0) (w(qr—1ska)/a)) — War—1-[5(—1)a)/a])) " frd + my,

(6%
< |zkl? — CAlz* + (0552 + 042) (TP NYINIAN

_|_

(1= 0)2B%|ar—(5(ka)/a] — Te—1—[5((h—1)a)/a] P A

20 2 52 2 20 2 92 2
+—(1-0 _ A 1-0 1 _ A
1+Co( )" B ak—15(k0) /A +1+CO( ) B ak—1-[5((k-1)2) /]

+2(1 = 0)Blar—[s(ka)/a] — We—1-[5((k—1)A) /A [ FR] A + mp

o 2a
< |oul? — CAlzf + (6552 g4 2 <1—9>2ﬂ2)|qk_[m)m]%

1+Co

20(1

+1+Co

(1= 0)*B|qe—1-[s((k-1)8)/8)* A
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+(1 = 0)?B|ar—(5(ka)/A] — Tr-1-[5((h—1)A)/A] P A + [ fuPA + my,

« 2
< |zk)® — CAlz|* + <1ﬂ2 +ag 4 (1—9)252) |k—sn) o)A
Co 1+ Co
2c
+ 1+;0 (1=0)?8%|qk—1-1s((h—-1)2) /21| A + 2(1=0)? 8| qr—[s(r2) /] |22

+2(1-0)28%|qe—1-(5((k—1)2) /2 A+ K @ |* A+ K g5 kay 2] PA+ 1101

« 2c
= |zk|2—CA|Zk|2+ [1 ﬁ2+a2+K+< ! +2> (1—9)2ﬂ2:| ‘Qk—[é(kA)/A]FA
Co 14+co

2
+ (1 n 100 + 2> (1= 0)28%@r—1-(s(k—-1)a)/8] °A + K|qu|*A + my,. (26)

Then for any arbitrary constant A > 1,
A(k+1)Alzk+1|2 _ AkA|Zk|2
< AFFDA[ 21— CA)

20[1
1+Co

(6%
4{00152 +ax+ K+ < + 2) (19)252} [P NSYIN AN

2
+<1+c10 +2>(1—9)252|L]k—1—[5((k—1)A)/A] PA+K|qr[?A+my,

_AkA|zk|2

_ A(k+1)A‘Zk|2(1 —CA — A—A)

« 2c
+ARFTDA {152 +oax+ K+ < — + 2> (19)252} |Qk—[5(kn)/A] |2A
co 1+co

2c
A(k+1)A aa1 2) (102820, B 2A
+ Treo +2) (1-0)"B%|qu—1-[5((k-1)2) /2]

+A(k+1)AK‘qk|2A+A(k+1)Amk. (27)
For simplicity, denote

Ri(A)=1-CA—- A%,

A1 52 21 252
Ry = — K 2)(1-26
2= Ftaxt +(1+CO+)( )°B%,

33:( 20 +2> (1-6)%8%

1+CO

Consequently, we have that
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ARA |, 2
k—1 k—1
< 20> + R1(A) Z AFTDA 212 + RoA Z A(i+1)A|Qi—[5(iA)/A] |?
k-1 = i k-1
+R3A ZA(i+1)A|qi_1_[6((1_1)A)/A] 2LKA ZA(i+1)A|Qi|2+Mk7 (28)
=0 =0
where
k—1
My, = ZA(Z'“)Ami
=0
is a martingale with My = 0.
By the definition of z, condition (7) and Lemma 1, for any ¢g > 0, we get
|Zk|2 > qr — (1 - 9)U(Qk—1—[5((k—1)A)/A]) - 9”(Qk—[5(kA)/A])|2
—20A(qr — (1 = 0)u(qu—1-[5((k—1)a)/a]) — Ou(@u(skay/a))” fr
= gk — (1 = O)u(ge—1-(s((h—1)a)/4)) — Ou(@r—(50a)/a)) >
—20A(qr — w(qr—(ska)/a) " fr
=20(1 = O)A(u(gr—[s(ka)y/al) = wl@r—1-5(—1a)/a)) " fr
> gk — (1= O)ulqe—1—(s(h—1)a)/4]) — Oul@r—isaya))l?
—020A| g 500y /)

—(1 = 0)*Alulgr—ska)y/al) — Wae-1-s(k-1)a)/a) > — A fi|?
1
14co
+010A|qi|* — a20A|q_(5ka) /]

>

|Qk|2_Cio|(1_H)U(Qkflf[é((kfl)A)/A])+9u(Qk7[6(kA)/A])|2
|2

—(1 = 0)*B°Alge—s(sa)/a] — Th—1-[5((k—1)A)/A] 7
—0*KA(|qr|® + lar—iska)/all®)

s 2(1-0)p? o 20757
T lax|” — T|Qk—1—[5((k—1m)/m\ T
+o10A|qi | — a20A|gi_(seay/a)l® — (1= 0)*BAQ2|qr—(ska)a)l”
+2|gr—1-s(k—1)a)/a]7) — O KA(qr|” + lar—50a)/a117)

1
= OA—0*KA 2
(H—Co +ag )|Qk|
292 2
+( B

Co

>

|q}c—[6(kA)/A]|2

— A — 2(19)252A92KA) | a5 (o)1
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2(1-0)%2p?
+ <—(CO) - 2(1—9)2,32A) [Ge—1—s(—1)a)/a1 % (29)
Moreover, one can observe that R;(0) = 0 and R} (A) = —C' + A= log A.
So, we will assume that 1 < A < €%, such that R;(A) <0, A € (0, A*), which
implies that Ry (A) < 0, A € (0, A*). Then, substituting (29) into (28) we get
that, for any A € (0, A*),

k—1 k—1
AkA\ZkF < |z0|2 + K1(A) Z A(Z‘JFI)A|%|2 + K3(A) ZA(iJrl)A‘Qi—[é(iA)/A]P
i=0 i=0
k=1
+K3(A) Z AR g sc—nyayya) + Mg, (30)
i=0
where
Ky(A ( KA) + KA,
29252 232 2
K2 —agﬁA—2( )BA—QKA + RoA,
21 252
Ks( —2(1—0)ﬁA + R3A.
Observing that K3(A) > 0, A € (0, A*), bearing in mind (11), we find that
k=1
A) Z A(Z—H)A|Qi717[6((i71)A)/A] |2
i=0

k—1

< K3(8) A% |q-1-s0) /a1 + K3(A) A% Y A2 g, 56a)/a1% (31)
=0

So, the expression (30) becomes

x>
—

AFB 22 < 2o + K (A) Y AGTDA g, 2

g

Il
o

k-1
+(Ka(A) + K3(A)AR) Z AR g saay al?

=0

+K3(A)AA|Q—1—[5(0)/A]\2 + M. (32)
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On the basis of Lemma 2, the second sum on the right-hand side of (32), can
be estimate as

k—1 k—1

Z AR g 5iay/a))? < A8 Z AGBOEAYAFVA g, 560y a1
1=0 =0
k-1
<([(L=m N+ 1A™2 Y AUTDR g (33)
T=—"N

Since n.A = 7, the expression can be (32) becomes

k—1
AR 2 < X+ h(A) D ATTDA g2 + My, (34)
=0

where

X = [z0]” + K3(A)A®q_1 (502

F(E(A) + K5(A)AX)((1—n) ]+ DA™ 3 ACHDA AP

< 00, o (35)
and
h(A) = Ki(A) + (Ka(A) + K3(A)A%)([(1 —n) '] + DA (36)
Note that
h(A)
) (- pral UL ELa (LR )

K+ (Re o+ RaA®)([(1L =)™ 4+ DA™ + Ra(A)
X (10— 02K — (az0+02K +2682(1-0)2 (A% +1))([(1-m) "]+ 1) A7) | A

_ A Bu(A) 1 L28%((1—0)2PA% +0*)([(1—n) ']+ 1)
N A{ 1A (1 +co A o )
+K 4 (Ry + R3A®)([(1 — )"+ 1)A™ + R1(A)

x [ale—GQK—(a29+92K+262(1—G)Q(AA+1))([(1—n)‘1]+1)AT]}. (37)

Then, for any A € (0, A*), we have that
h(A) < A{Rl(A) < L 2B 0PA (A=) + 1))

A 14 ¢o Co
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+K + (Re + Ry A)([(1 = m) ']+ DA + Ry (&) (4)},
where
hi(A)
=10 — 0°K — (0 + 0°K +28%(1 — )2 (A + 1))([(1 —n) "] +1)A7. (38)
We find that

’

hi(A) = [—(20 + 02K 4+ 26%(1 — 0)2(A+1))TA™ ! —252(1 — §)247]
x([(1=m)~1+1)
< 0.
On the other hand,
hi(1) = 10 — 0°K — (aaf + 0° K +4B8*(1 — 0)*)([(1 —n) " + 1).

On the basis of the assumption (17), we have that (1) > 0. Bearing in mind
that Eq.(18) has the unique positive root & = log A, we conclude that

ha(e?) = a10 — 02K — (aaf + 0K +262(1 — 0)%(e* + 1))([(1 — )] + 1)e™
> 0,

whenever € € (0,&) and, thus, whenever A € (1, A A e%).
Let us denote a(A) = %, A € (0, A*), such that lima_,0 a(A) = log A—

C <0forany Ac (1,ANe®) and a’(A) = b(fg), where

b(A)=—1+A"2(1+ Alog A).
Having in mind that b(0) = 0 and
V(A)=-AA2log” A <0, Ac(0,A%), Aec (1,Ane%),

we find that b(A) < 0, A € (0,A%), A € (1,A A e). Consequently, we have
that a/(A) < 0, that is, a(A) is decreasing function on (0, A*) for any A €
(1,A A e®). Obviously, as logA — C > a(A), A € (0,A*), for any A €
(1, A A e®), if we show that

2001 _ n\2 2 -1
hQ:(lOgA_C)<1+1€0_AT26 (0= 02A+ (0~ ]+1>>

+K + (R + RsA)([(1 =)'+ 1)AT <0, (39)
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then we have h(A) < 0, for A € (0,A*) and A € (1, AAe®). Thus, if

hy — log A (cho 2= 0)?A+ 9:))([(1 -+ 1))
—(Cwz((l_Q)QAHZ)([(I_U)_HH)+(R2+R3A)([(1—77)‘1]+1)> (47—
=K+ (Re + R3A)([(1 —n) 7'+ 1)
_C (1 +1€O _23%((1-0)*A+ ZZ)([(I —n)~ '+ 1)) <0, (40)

for some ¢y > 0 and A € (1, AAe®), then hy < 0 for the same ¢y and some A
close to 1.
So, first observe that

o - 0P AT ) )

1+ ¢y Co

20[1

o
>K+(162+a2+K+<
Co 1

<((L=m~]+1)

+ 2) (1—-0)28%A+ 1))

+Co

1 _268%((1 —0)2A+92)>
<:)C<(1+00)([(1—77)‘1]+1) co
K Qi 20, 242
> —[(1_77)_1“_1 + coﬂ +az+ K+ <1+Co +2) (1-0)B“(A+1)
1 _268%((1 0)2A+92)>
*(ramsr e co
a1 o 20[1 2 52
gt (1) (A+ 1)
2 2
>(X2+K([(1_n)1]+1+1)+2(1—0)5(14+1). (41)
We will choose ¢g =1 and C = m = %. So, on the basis of (41), we
need to show that, for the appropriate choice of A,
1 28%((1 - 6)*A+6%) 2 2 92
o (EmrTe - 6 - -0 +)
1 2 2
>a2+K(W+1)+2(1—9)6(A+1). (42)
In a view of the assumption (15), that is
1
2
e (O’ 491 —60)2+62+3)([(1—n)~1] + 1))’
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we conclude that the expression multiplying «; in (42) is positive for any
Ae (1, % ANAN eC>. Moreover, on the basis of the assumption (16) we find

that (42) holds for any A € (1, % ANAN ec), which yields he < 0, as desired.

Taking into account (34), one can observe that, for any A € (0, A*), we
have that

AR 22 < X + M, (43)

Applying the discrete semimartingale convergence theorem (see [18]), we find
that

limsup A2z, |2 < limsup(X + M) < oo a.s.
k—o0

k—o0

Substituting (43) into (29), we obtain

1
OA — P KA | A2 |q,|?
(1+Co t o ) |qk|

292 2
< ( cﬂ + A +2(1 - 6)*6A + 92KA> A axgsnay/ml”
0

2(1 — #)232
+ <(CO)B +2(1 - G)QBQA) AR g1 s(1yay/a))?

where ¢y = 1. Because of that, for any v € (O,log (% A fl) A C’), there exists
an integer ki, such that for any integer ko > ki,

1
< + a10A — 92KA> sup  e7FA g |?
1+co k1 <k<ks

202 32
§< 6 +a20A+2(10)2B2A+92KA) sup e“’kA|qk_[5(kA)/A]|2

€o k1 <k<ks
292 2
S( b +020A+2(1—9)ZBQA+92KA>e’YT sup e(k=[0(kA)/ADA
o ki <k<ko

2(1-0)*p° i

X|ar—(skay/a)l* + ( o (1- 9)252A) e (T+h)

xsup  VBTIEPEDAADR g sy ay all? X + DMy
k1<k<k2
(292ﬁ2

€o

IN

+ aofA +2(1 — 0)2B2A + HZKA)

><<e” sup "B q? + e sup 67"”AquIQ)
k1—n.<k<k k1<k<ks
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+ (W +2(1 9)2B2A>

Co

% (e"/(T+l) sup e’ykAlqk|2 + (D) sup eﬂ/kA|qk|2) + X+ M,
k1—n.—1<k<k; k1<k<ko

Then, substituting ¢y = 1, we get

H sup e""%[ql?
ky<k<hs

< (20°8% + as0A +2(1 — )’ B2A + 0°KA) 7 sup g
kl—‘n*ng]fl

+(2(1-0)28% +2(1 - 0)28%A) ) sup €| qp] P+ X + My, (45)
k1, —1<k <k

where
1
H= 3 + a10A — KA — (292ﬁ2 + agfA +2(1 — 9)2,82A + GQKA) e’
—(2(1 - 0)28% +2(1 — 0)28*A) (")
> % _ 262 (92 + (1 _ 9)2)67(7-‘1-1)

+A [0 - 62K — (a6 + 4(1 - 0267 + 9°K) V)] (46)

Then, for any v € (07 %Hlog ([(1=m)~1+1) Alog(2 A A) A C) and any

A € (0,A*), from (46) follows that

H> =286+ (1-0°) (10 —m) +1)

+A |:0419 —0’K — (a0 +4(1 — 0)*8> + 0°K) ([(1—n) '] + 1)}.

Bearing in mind the previous inequality, on the basis of conditions (15)
and (17), we conclude that H > 0, such that (45) yields

sup e”kA\qk|2

k1<k<kz
1
< = {(20262 + A +2(1 - 0)2F2A + 02 KA)e’™  sup "R qy|?
H 1. <k

—1—(2(1—9)2ﬁ2 + 2(1—9)2ﬁ2A)e'Y(T+1) sup g2+ X+ My |. (47)
kl—n*—lglcgkl

Letting ks — 400 in (47), we obtain
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sup €72 gy|?

k1 <k<oo
1

< — (20787 + a2 A +2(1 — 0)°B2A + 0°KA) e’ sup "% qy|?
H kv o <k<ks

+2(1-0)282+2(1-0)%82A0) T sup g+ X+ My | < o0,
k1—n,—1<k<k;

which yields

lim sup 72 || < oo,
k—o0

whenever
v € (0 b log ([(1 — )+ 1) A log(f3 A A) A C’) A € (0,A).
1 2 ’ )

Thus, (44) gives

X+ M
lim sup e"*2|¢i)? < g
k—o0 H
Consequently,
. log (e |qi?)
limsup ————— =0
o kA ’
which gives
lim sup log || <-J
k—o0 EA - 2 ’

for any v € (0, T—illog ([T =m~+1) Alog(3 A A) A C’) and any A €
(0, A*). O

Remark 1. In the proof of the previous theorem, the conditions of Lemma 8
are not used explicitly. Their role was to guarantee the existence and unique-
ness of the solution under consideration.
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3 Numerical example and simulations

In this section, in order to illustrate the previous theoretical results, we present
an example which will be completed by the appropriate numerical simulations.

Example 1. We will consider the following scalar neutral stochastic differen-
tial equation with time-dependent delay

d[g;(t) 1 sinz(t — 5(t))}

50
1 a(t—d(t)

1
= — gt + 20v6 L+ 22(t — 8(¢))

cosz(t)dw(t), te€[0,50], (48)

satisfying the initial condition ¢(t) = 1,t € [—7,0], where 7 = 0.5 and
p € C'gro([—T, 0]; R). Obuiously, the drift coefficient f(x,y) = fiz satis-
fies the linear growth condition A; for K = é, while the meutral term
u(zx) = 5—10 sinz, x € R satisfies the assumption Ay for B = %. Assume that

the delay function is of the form §(t) = + — Lsint, t € [0,50]. Then,

5’(t):—icost§%:5, \5(t)—5(s)|§i\t—s|, t,s € [0, 50],

and we find that As and Ay hold with n = i. In order to verify As, note that

2(z — u(y)) f(z,y) + lg(z,y)|

1 2

1 Yy 2

1

_ 2 ;

~ 2" T a0 MY T 2000 (T2
1 2 1 2 1 2 2

< =

=70" T oa00” T 2400Y T 22007
33 , 1

< 22 -

= 7g00" T 1200Y

that is, oy = % and oy = ﬁ. Moreover, we have that

o _ 1 _33
1—6 900 "800

aq.

Since Gy trivially holds for any positive uy and ps, we will choose p = po = %,
such that 0((u1 + p2)A + B) < 1 for any A € (0,1). Thus, on the basis of
Lemma 3, we conclude that the corresponding 0-Euler-Maruyama approximate

equations have unique solutions. Bearing in mind (18), for 6 = %, we have
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that g, = p(kA), k = —n., —n. + 1,...,0, while, for k =0,1,2,...,

3 1 .
a1 = qQr + % SIN G 4+1—[5((k+1)A)/A] — 1700 S Gk —[5(kA)/A] (49)
1 . ! L
~ 500 S k- 1-5((k-1)2)/A] ~ @quA B @qkA

1 Qr—[8(kA)/A]
20V/6 1+ 45k

Following the proof of Theorem 1 we first observe from (22) that, since C = %,
we have that A* = 1. So, we will proceed the verification of the stability result
for Eq.(49) for any A € (0, A*).

In Figure 1 several trajectories corresponding to (49) are plotted with step-
size A = 0.01.

cos g Awy.

Figure 1: Trajectories of the §—Euler—-Maruyama solution with A = 0.01

Noting that
1 1
491 =02+ 62 +3)([(1—n)~']+1) 33
we find that (15) holds. Moreover,

33
800

&51

. 12([(1 =)~ +1)
1—-4B82(9(1 —0)2 + 0602+ 3)([(1 —n)~ 1] +1)

X (a2 +K ([(1_77)1_1]“ + 1) +5(1— 9)252) = 0.03914,
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that is, the condition (16) is fulfilled. Finally, since
10 — 0*°K — (af + 0*°K +48%*(1 — 0)*)([(1 — 1)1 + 1) = 0.0287,

the assumption (17) is satisfied. Thus, on the basis of Theorem 1, for

v e (O, %Hlog ([(T=n) " +1)A log(g A A) A C’),

we have that
lim sup log || <2 a.s
k—o0 kA — 2777
where A = log &, while & is the unique positive root of Eq.(18). Direct compu-
tation gives

LI YR VIP)

log ((1—n)" Y +1) = 04621, C==

1 6 1600’

such that Theorem 1 holds for v € (O7 %). In order to illustrate the almost

sure exponential stability of the 0-Fuler-Maruyama solution, we plotted a tra-

jectory of the ratio % against the line z = —%, which can be seen in
Figure 2.
z
It
50
B e
Figure 2: loii‘Aq"‘ against the line z = —%
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