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Two-dimensional cyclic codes over a finite
chain ring

Disha Garg and Sucheta Dutt

Abstract

In this paper, we have determined the generators and rank of a 2D
cyclic code of length mn over a finite chain ring R with residue field
Fg, where m is arbitrary and ¢ = 1(mod n). Further, we have obtained
a necessary and sufficient condition for a 2D cyclic code over a finite
chain ring R to be MHDR. Some examples of 2D cyclic codes have been
constructed and ranks of these 2D cyclic codes have been calculated by
us. We have also given a few examples of 2D cyclic codes over some
finite chain rings, which are MHDR.

1 Introduction

The class of two-dimensional (2D) cyclic codes is an important class of error-
correcting codes. These codes have been extensively studied over the past
few decades due to their wide applications in various digital communication
systems where reliable transformation of information is critical.

The basic theory of 2D cyclic codes was introduced by H. Imai [8] in 1977.
Later, the relation between 2D cyclic codes and quasi-cyclic codes was es-
tablished by C. Gneri and F. zbudak [7]. In 2016, 2D cyclic codes of length
n = 2% over the finite field F,m were characterized as ideals of the quotient
ring Fpm [z, y]/(2® — 1,y? — 1) for an odd prime p by Z. Sepasdar and K.
Khashyarmanesh [11]. Using a similar approach, the algebraic structure of
repeated root 2D constacyclic codes of length 2p*2% over a finite field Fym
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was characterized by Z. Rajabai and K. Khashyarmanesh [10]. The generator
matrix of a 2D cyclic code of arbitrary length was determined by Z. Sepasdar
[12] using another approach. Recently, using the concept of central primitive
idempotents, a new form of generator polynomials of two-dimensional («, 8)-
constacyclic codes of arbitrary length sl has been established by S. Bhardwaj
and M. Raka [2].

The class of MHDR (Maximum Hamming distance with respect to rank)
cyclic codes is an important subclass of cyclic codes. These codes have been
studied extensively in literature [1, 4, 5, 6, 13].

This paper is organized as follows: In Section 2, we state some basic defi-
nitions and preliminary results on cyclic codes and 2D cyclic codes over finite
chain rings. In section 3, we obtain the generators and the rank of a 2D
cyclic code of length mn over a finite chain ring, where m is arbitrary and n
is co-prime to the cardinality of the residue field of the finite chain ring. We
also provide some examples of such 2D cyclic codes. In section 4, we give a
condition for a 2D cyclic code to be MHDR over the finite chain ring. We also
provide some examples of 2D cyclic codes over some finite chain rings, which
are MHDR.

2 Preliminaries

Let R be a finite commutative ring. A code C of length ¢ over R is called a
linear code if it is a submodule of R® over R. A linear code C of length ¢ over
R is known to be cyclic if 7(b) € C for every b € C, where 7 is the usual cyclic
shift operator over R! defined by 7(ro,71,...,7t—1) = (F4—1,70,T1s -+ Tt—2)-
It is well established that a cyclic code C of length t over R can be viewed as
an ideal of R[z]/(z' —1). Let c= [ry], 0<i<m—1,0<j<n—1,r; €R
be a m x n array over R. Then, the row cyclic shift of ¢, denoted by 7,

To Tm—1
8] To
is defined by 7 . = . , where r; denotes the i*" row of ¢ for
Tm—1 T'm—2
0 < i <m — 1. Further, the column shift of ¢, denoted by 7, is defined by
Te(Cos €15y Cne1) = (Cp—1,Co, ..., Cn—2),where ¢; denotes the jth column of

cfor 0 <j<n-—1. A linear code C of length mn over R is called a 2D cyclic
code if its codewords, viewed as m X n arrays of the form ¢ = [mj] , 0<i<
m—1,0<j<n—-1, ry € R, are closed under both row and column cyclic
shifts. It is easy to check that a 2D cyclic code € of length mn over R can be
viewed as an ideal of the ring R[x,y]/(z™ — 1,y™ — 1).

For any two codewords, ¢ = [¢;;] , ¢/ = c;j ,0<i<m-1,0<j<n-1
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in a 2D cyclic code €, the Hamming distance between ¢ and ¢’ is given by
0 if Cij = C;j

A n—1 m—1 ) ) _
du(c,c) = Zj:[) > im0 dH(CU’Cij>7 where dH(clJ7Cij) =1 it cij # C;j.
The minimum Hamming distance of € is given by dy(C) = rr;éin dp (e, ).
c#c!

Also, the Hamming weight of a codeword ¢ = [¢;;] € €, denoted by wg (c), is

number of non zero ¢;; and the minimum Hamming weight of C is given by

wp(C) = mig wpr(c). Clearly, di(C) = wg(€). The rank of € is defined to be
ce

the cardinality of the minimal spanning set of €. The code C is called MHDR
if dg(€) =mn — Rank(C) + 1.

An element w € R is called primitive n*" root of unity if n is the smallest
positive integer such that w™ = 1. An element z € R is called an idempo-
tent element if 22 = x. Moreover, the idempotents of a commutative ring R
with unity are called primitive idempotents if and only if they are pairwise
orthogonal and their sum is equal to the unity of the ring.

If all ideals of a finite commutative ring R form a chain under inclusion
operation, then R is said to be a finite chain ring. All ideals of a finite chain
ring are principally generated. Moreover, there exists a unique maximal ideal
in a finite chain ring. Let R be a finite chain ring and () be its maximal ideal.
Let v be the nilpotency index of v and R/(y) = F,, where ¢ = p". The set
T =1{0,1,£ €2, ...,67 =2}, where £ € R is an element such that &7~ =1, is
called the Teichmuller set of R. The map ~ : R — F,, defined as ¥ = r(mod )
is an onto-ring homomorphism which can be naturally extended as a map from
the polynomial ring R[z] to Fg[x].

We state below some well-established results which are required for later use.

Theorem 1. [9] Let g(x) € R[x] be a monic polynomial such that g(z) =
fi(@) fa(x) ... fm(x), where fi(z) € Fylz] are pairwise coprime monic polyno-
mials for 1 < i < m. Then there exist monic, pairwise coprime polynomials
gi(z) € R[z] such that g(x) = g1(x)ga(x) ... gm(z).

Theorem 2. [9] Let R be a finite chain ring and g(x) € Rlz] be a monic
polynomial. Then g(z) factors uniquely in Rlx] if g(x) is square free.

The structure of a cyclic code C' over a finite chain ring R has been deter-
mined by Monika et al. [3, 4]. We reproduce below the relevant results from
[3, 4], which we shall require for determining the structure of a 2D cyclic code
over ‘R.

Theorem 3. [3, 4] Let C be a cyclic code of length n over a finite chain ring R.
Then, there exists a positive integer r such that C = (po(x), p1(x),..., p-(x)),
where p;(x) = % q;(x) is the minimal degree polynomial among all the poly-
nomials in € whose leading coefficient is v% for 0 < j < r. Also, ¢;(z)
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is a monic polynomial in R/ [x]/(z"™ — 1), where R’ is the finite chain ring

Fy+AFy +7°Fy + -« + 4757 1F, for 0 < j < r, sg > s1 > === > s,

and tg < t1 < --- < t,, where t; = deg(p;j(z)). Moreover, the polynomi-
V—8§5;—

als pj(x) can be uniquely expressed as pj(x) = v Y ., 17’%]»,;6(95), where

hjk(xz) € T(z), hjo(z) = gj(z) and deg(h;o(z)) = t;.

Corollary 1. [3] A cyclic code of arbitrary length over R is generated by at
most k = min{v,t,. + 1} elements.

Theorem 4. [4] Let C = (po(z), p1(x),..., pr(x)) be a cyclic code of length
n over a finite chain ring R where, p;(x) = v%¢q;(x) such that v —1 >
sg > 81 > - > spand tyg < 1 < -+ < t,, where t; = deg(p;(x)).
Then the rank of C is n — tg and the minimal spanning set is given by S =
{po(@), zpo(),... a0 po(2), pr (@), zpr (@), ... a7 pa(2), ... pr(2),
apy (@), .. a" ()}

The generators and the dimension of a 2D («, 8)-constacyclic codes of
arbitrary length s.l over a finite field F; have been determined by S. Bhardwaj
and M.Raka [2]. We replicate below the appropriate result from [2], which we
shall require for further use.

Lemma 1. [2] Let C be a 2D («, 8)-constacyclic codes of length sl over a
finite field Fy, where s is arbitrary and [ = 1(mod q). Then, C is generated by

Mo (y)po(z),m (y)p1(2), ..., m-1(y)pi—1(x)), where n;(y) are primitive central
idempotents in Fyly]/(y' — B) and deg(pi(x)) = a;. Also, the dimension of C

issl—ag—a; — - —aj—1.

3 Structure and rank of a 2D cyclic code over a finite
chain ring

In this section, we obtain the generators of a 2D cyclic code of length mn
over a finite chain ring R with residue field F,, where m is arbitrary and
q = 1(mod n). We also determine the rank of such 2D cyclic codes over fR.

Lemma 2. Let R be a finite chain ring. Then,

h

(1) There exists an element ¢ € R which is a primitive n'™ root of unity.

(2) The elements 0;(y) = 1 (1+C" 'y + (') +- -+ (" 'y)" ) for 0 <
i < n—1 are primitive idempotents of Rly]/(y"—1). Moreover, 0;(y)y’
(C)0i(y) for 0<i, j<mn—1.
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Proof. Consider the ring F,[y]/(y™ — 1); where F, is the residue field of 9t and
= 1(modn). Let w € F, be a primitive n*" root of unity. Then

Yy -1=(y -y —w)(y—w?)...(y—w"") in Fy(y)

Let ( = w for some ¢ € R. By Theorem 1 and Theorem 2, it is easy to see
that y" —1 = (y — 1)(y — Oy — ¢?)...(y — ¢"7 1) in Ry(y), so that ¢ is a
primitive n‘* root of unity in . This proves (1).

It can be easily proved that 0;(y) = LA+ iy + (¢ y) 2+ ()Y =

H];éz((cz )f0r0<z<n—land9() ():Oln%[y]/<yn_1>forl#

j Further [y — ¢7) divides 0;(y) and 6;(C*) = 1 which implies that
y — ¢ divides 6;(y) — 1. It follows that 6;(y)(6;(y) — 1) = 0 in Ry]/(y™ — 1),
. if ¢ j .
so that 62(y) = 0;(y). Also, 0;(¢7) = (1) 1fz 7&‘] implies that 6o(¢") +
ifi =

01(¢) + -+ 4+ 0,-1(¢") = 1 for 0 < i < n — 1, which further implies that
(y —¢Y) | 90( Y+ 01(y) + -+ 0p_1(y) —1for 0 <i<mn—1. Hence Oy(y) +
O1(y)+ - +0,_1(y) =11in %[y]/(y” —1). Therefore, 0;(y), 0 <i<n-—1,
are primitive idempotents in R[y]/(y™ — 1). Also, 0;(y)y = L(y + (" 'y? +
<2(n7i)y3+“ .+C(n71)(n7i)yn) _ l(Ci+y+<n7iy2+. . .+C(n72)(n7i)yn71) _
(¢ Y+ () 4 (T ) =) = '0:(y). It follows that 0;(y)y’ =
O:()y)y’ = (Oily ))yj b= = (¢)0i(y) for 0 < i, j < n—1. This
proves (2).

O

Remark 1. In the proof of the Lemma 2 above, we have used Theorem 1 and
Theorem 2 to establish the existence of a primitive n*™ root of unity ¢ in R.
However, it can be easily checked that if w is primitive nt" root of unity in the
residue field Fy of R, then ( = W s primitive nt* root of unity in R.

Let 0;(y) = 5 (14" y+(C"7y)? 4 +(("7y)" 1), 0 < j < n—1be the
primitive idempotents in the ring R[y]/(y™ —1). Define the sets C; = {g;(z) €
Rz]/(z™ —1) | g;(x)0,(y) € C}; 0 Sj <n —1. It can be easily verified that
each C; is an ideal of the ring R[z]/(z™ — 1) for 0 < j < n — 1 and therefore

a cychc code of length m over *R. By Theorem 3, there exist polynomials
(J) —
W @) = 4 a0 @) = 2 S0 T ) € Ral e — 1), where
pl(-j )(x) is the minimal degree polynomial among all the polynomials in Cj
whose leading coefficient is ’ysgj) for0<i¢<rjandv—-12> séj) > sgj) > >
SJ) such that C; = (p((f)(m), pgj)(x) e p%)( )); 0<ji<n-—1

Let f(z,y) € €, where € is a 2D cyclic code of length mn over a finite

chain ring . Clearly, f(z,y) can be written as Z?;Ol fi(z)y?, where f;(z) €
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Rlz]/(z™ — 1) for 0 < i < n— 1. Now, 0;(y)f(z.y) = 0;(y) iy filz)y =
(v)

J
Yo filz )y9 (y) = X120 fi@)(¢)0;(y) = 6;(y) f(,¢7) (by Lemma 2).
It follows by definition of C; that f(x ) e CJ, 0 <7 <n—1. There-
) S (@

fore, f(x,¢%) = p (@)t§ (x )+ PP @D () 1 - + p (@) (2) for some
tgf)(x) € Mz]/(z™ — 1). Also, we have f(:c y) = f(z, )zj 0 0;(y) =
S ;) ) =02 ;) ()t (2) + pP (@)t () + -+

p$J( )“)( )]. Thus, the set {6,;(y)p? (x) | 0 < i <r;, 0<j <n—1}

generates C.
‘We record these observations below in the form of a theorem.

Theorem 5. Let C be a 2D cyclic code of length mn over a finite chain ring
R with residue field F,, where m is arbitrary and ¢ = 1(mod n). Then the
set {Qj(y)pgj)(x) |0 <i<rj, 0<j < n—1} generates C where, 0;(y)
are primitive idempotents of Rly]/(y" — 1) and p(])(x), 0 <i<r; are the
generators of the cyclic code C; = {g;j(z) € Rz]/(c™ — 1) | g;(z)0;(y) €
€}, 0<j<n-—1.

The following result is an immediate consequence of Theorem 5 and Corol-
lary 1.

Corollary 2. The number of generators of a 2D cyclic code C over R is at
most kn where k = Z?:_Ol(rj + 1), where r; +1 < min(v, t,;) for each j,

0<j<n-1and t%) = deg(p%)( )-

Theorem 6. Let C be a 2D cyclic code of length mn over a finite chain ring
R generated by the set {Hj(y)pl(-j)(x) |0<i<r;, 0<j<n-—1} as given in
n—1 7j
Theorem 5. Then, the minimal spanning set of C is given by A= |J U 4i;,
j=0i=0
i i (J) _ 4@
where Ay = {p(@)0;(y),xp” (2)0;(y), ... 2"~ T pP (2)0,(y)}. Fur-

ther, Rank(C) = mn — Z?;(} téj), where tl(-]) =deg(p (])( )) and ty, 41 =m

Proof. Let f(z,y) € C be any element. Proceeding as in the proof of Theorem
5, we have f(x,y) = Z;;ol f(z,¢9)0;(y), where f(x,(?) € C;. By Theorem 4,

_ 1 G ,
the set, §; = {pf(x), 2p(@).... 2" 150 (@), p%”( ). ap! (@), ...
L~ t(J) 1) (g ),.--,pg)( ), xpgi)( ), am =t =1p0) (1)) is the minimal

spanning set of C;j. Therefore f(z,¢’) € Span(S-) and hence f(z,y) €
Span(A). Now, we will prove that no element of the set A can be written
as a linear combination of other elements of A . If possible, let there exists

. m— (j‘),l : n— ri—
¢} € % such that ™" ' pP (@)0;(y) = X070 (20 (e pl (2)6;(y) +
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G) 4
B apl? (@)0;(y)+- - +cV) =10 ()0, () +eP o) ()6, () +

ifl_ti !
hal) @) o+ D T @0 )

= Y050 Yoo (@)l (2)8;(y), where o) (2) = cig + ez -+
i@, 4@ 17 -1 < < r; —1 and cf{,)(a:) = Cry0 F Crga® ke

)

A A Substituting y=¢’, 0<j<n—1and using 0;({/) =

cr' mft(jt)72
1, 6;(CY) =0 for ks # j, we get 2™ pﬁ«?( ) =g e (2)p? (x). Multi-

) G ) ()
plying by 751, we get 2™ 1" T 1 (@) = o) (@)y”
Which is not possible, as the degree of L.H.S of the last equation is m — 1

S0V (g
whereas the degree of R.H.S is at most m — 2. Therefore, " b lp%) () can

not be written as a linear combination of other elements of A. Using the simi-
—t9) 1 (J) (z)

_s@ ;
o) (a).

+9)
lar arguments x tiv , 0 <4 <rj—1 can not be written as a linear
combination of other elementb of A. Therefore, set A is minimal spanning set
of € and hence Rank(C) = mn — 27;01 £, O

Following are some examples of 2D cyclic codes over some finite chain rings.

Example 1. Consider the finite chain ring R = Zos with residue field F5 and
nilpotency index 2. Let C be 2D cyclic code of length mn over R, where m =
5 andn = 4. Then C can be viewed as an ideal of R = R[z,y]/(x° -1, y*—1).
It can be easily seen that 7 is primitive 4" root of unity in Zos. Therefore, by
Lemma 2, 0p(y) = 19(1+y +y? +¢3),01(y) = 19(1 + 18y — y* + Ty3), O2(y) =
19(1 —y+y? —9°),03(y) = 19(1 + Ty — y? + 18y3) are primitive idempotents
of Rly]/(y* — 1). Consider the following cyclic codes of length 5 over R

Co=Co = (p(x), P (x)) = (5,0 +2° + 2> + & +1)
Cr=Cs = (py () = (&~ 1)

By Theorem 5, the set {8o(y)p (), 6o()pt” (), 0:1(y)pS" (x), b2(y)pd (x),

92(y)p§0) (2), Qg(y)pél)(x)} generates a 2D cyclic code of length mn over R,
where m =5 and n =4 and by Theorem 6, Rank(C) = 18.

Example 2. Consider the finite chain ring R = Z1g9 with residue field Fy3
and nilpotency index 2. Let C be 2D cyclic code of length mn over R, where
m = 169 and n = 12. Then C can be viewed as an ideal of R = R[z,y]/ (x5 —
1, y*2 —1). It can be easily seen that 2'3 = 80(mod 169) is primitive 12" root
of unity in M. Therefore, by Lemma 2, 0;(y) = 15 (1480129 y+(8012-7)y)2 4

+ (8012=Dy) 1Y are primitive idempotents of Ry]/(y'? —1); 0 < j < 11.
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Consider the following cyclic codes of length 169 over R

Co=C1 = (py (2)) = (z — 1)

Co = (o (@) = ("* = 1)

Cs = (o) ()
:<x12+a:11+x10+x9+xs+x7+xﬁ+z5+x4+x3+x2+x+1)

Ci= (o () = (13(z — 1))

Cs = Co = (py(x), pi”(x)) = (13(x — 1),2"% - 1)

Cr = Cs = (p§ (2)) = (=" + 1)

Co = Cro = (p (w)) = (13(" — 1))

Cri = (! (@), () = (13, (z — 1))

By Theorem 5, the set {HO(y)péo)(x),Hl (y)p(()o)(a:),eg(y)p(()z) (x),03(y)
P (@), 02(y)pS? (x), B5(y)pS” (), O5(y)pt> (), O6(y)pY (), b6(y)pl” (),
0:(y)ps" (), Os(y)py” (@), O9(y)py (), O10(y)pS” (x), O (y)ps™ (2),

Hll(y)pgll)(m)} generates a 2D cyclic code of length mn over R, where m =
169 and n = 12 and by Theorem 6, Rank(C) = 1946.

4 MHDR 2D cyclic codes over a finite chain ring

In this section, we obtain a necessary and sufficient condition for a 2D cyclic
code to be MHDR over a finite chain ring $8. We also provide some examples
of 2D cyclic codes which are MHDR over fR.

Theorem 7. Let C be a 2D cyclic code of length mn over a finite chain ring
R generated by the set {Qj(y)pgj)(x) |0<i<r;, 0<j<n-—1} as given in
Theorem 5. Then, the set C,—1 = {f(x,y) € Fylz,y]/(x™—1,y" —1) such that
v f(z,y) € €} is a 2D cyclic code of length mn over F, generated by the

set {g5(2)0;(y) | 0<j<n—1}.

Proof. Clearly, €, _1 is an ideal of the ring Fy[x, y]/(z™—1,3"™ —1) and hence a
2D cyclic code of length mn over Fy. Let f(z,y) € €,_1 be any element. Then,

Fa,9)0;(y) = i file)()05(y) = f(@,¢)05(y) € €y, 0<j < m— L.
By definition of C,_1, v/~ f(x,¢7)0;(y) = v~ f(z,¢7)0;(y) € €. Therefore,
v~ f(z,¢?) € C; which implies that deg(f(z,¢7)) > t(()J) for0<j<n-1,

since fy’“q(()j )(x) is the minimal degree polynomial in C}, where k > sgj )

. Now,
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deg(q (J)( )) = deg(q (J)( )) as q(J)( ) is a monic polynomial. By division algo-
rithm, there exists unique polynomials m(()j)(x), 7“(()])(3:) € Fy[z]/(z™ — 1) such
that r(j)( ) = f(z,¢%) — qéj)(x)mé])(x), where r(()j)( ) = 0 or deg(r (J)( ) <
deg(af) (). As v~'5§ (@) € C; and deg(y" g (1)) = deg(r*af (@)
is minimal in C;, 7§ (z) = 0. Therefore, f(z,y) = f(x, Y) D 0 0;(y) =

Sy flw, ¢N0;(y) = Y00 a (@)my ()8, (y). Hence the set {q’ ( )6,(y) |

0 <j<n-—1} generates C,_1.

O

Theorem 8. Let C be a 2D cyclic code of length mn over R. Then wy(C) =
’LUH(GV_l).

Proof. Let f(x,y) € C,_1 be such that wy(Co_1) = wu(f(x,y)). Now,
wir(F@y) = 0L F(e.1) since F(z.y) € Balr.y). As 17 f(@.9) € €
we have wy (C,_1) = wy(f(z,y)) = wg (v~ f(z,y)) > wy(C). Conversely,
let c(z,y) = co(x,y) + yer(z,y) + - +4*"tey,—1 € € be such that wy (C) =
wy (c(z,y)). Since v ~te(z,y) € €, then co(x,y) € C,_1. Therefore, wy (C) =
wy (e(z,y)) > wy(co(z,y)) > wy(Cp_1). Hence, wy(C) = wy(Cph_1). O

Corollary 3. The 2D cyclic code C over R is MHDR if and only if the 2D
cyclic code C,_1 over F, is MHDR.

Proof. Since the set {q(j)( )0;(y) | 0 < j < n— 1} generates C,_1, By
Lemma 1, Dim(C,_1) = mn — Z" ! t(]) and by Theorem 6 Rank(C) = mn —

Z;l,(]l t(J) Therefore, Dim(C,_1) = Rank(C). Also, by Theorem 8, dp(C) =
dg(C,_1). Therefore, € is MHDR if and only if C,_; is MHDR. O

We give below some examples of 2D cyclic codes, which are MHDR over
R, where the minimum hamming distance of the codes is calculated with the
help of the MAGMA software.

Example 3. Consider the finite chain ring R = Zgoy with residue field Fs
and nilpotency index 3. Let C be 2D cyclic code of length mn = 18 owver
R, where m = 9 and n = 2. Then C can be viewed as an ideal of R =
Rz, y]/(x? =1, y*>—1). It can be easily seen that 2° = 26(mod 27) is primitive
27 root of unity in Zar. Therefore, 0y(y) = 14 + 14y, 0, (y) = 14 + 13y are
primitive idempotents of Rly]/(y? —1). Consider the following cyclic codes of
length 9 over R

Co = (3,(x — 1)%)
Cr = (3 — 1))
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By Theorem 5, the set {3(14 + 14y), (z — 1)?(14 + 14y),3(z — 1)(14 + 13y)}
generates C. Therefore, Rank(C) = 17. Also, by Theorem 7 , the set {(2 +
2y), (x—1)(2+y)} generates a 2D cyclic code over F3 whose generator matrix
s given by,

@Q
|
OO OO DODODOHODODODODOO O OoONN
OO OO OO DODIODINDODDODODDODODODO OO NN
OO OO OO HNOODOOOOoOONO
OO OO OO N OOOOOOoOONO
O OO OO HHINIODODODODODODODDODONNOO
OO DD OO N HODODDODODDODDONOO
OO OO NODODODODODODONNO OO
OO OO INHH OODODODOOONO OO
O OO HF NODODDODDODODODODONOO OO
O OO N OO ODODODODONOOOO
OO HNODODODODODODONNOO O OO
OO NN H OODODODODODODONODOOOO
OFRF NODODODODIDODDODIODNDODO OO OO
O NN R OO ODODOODODONNOOO O OO
HNOOOODODOONOOOOoO o oo
N~ OOODOODODODIONODOOOoOOoO oo
NOODODODDODODIODNIDODDODODODODODODODO OO
H O OOOOOONNOOOOoOOo o oo

The minimum hamming distance of this code is 2. Therefore, C is a 2D cyclic
code of length 18, which is MHDR over Zo7.

Example 4. Consider the finite chain ring R = Z49 with residue field F7 and
nilpotency index 2. Let C be 2D cyclic code of length mn = 6 over R, where
m =2 andn = 3. Then C can be viewed as an ideal of R = R|x,y]/(x?—1, y>—
1). It can be easily seen that 27 = 30(mod 49) is primitive 3" root of unity in
Zag. Therefore, 0o(y) = 33 + 33y + 33y2, 01 (y) = 33 + 6y + 109>, 02(y) = 33 +
10y + 6y? are primitive idempotents of R[y]/(y> — 1). Consider the following
cyclic codes of length 2 over R

By Theorem 5, the set {7(x+1)(33+ 33y +33y?), (z —1)(33+ 6y + 10y?), 7(z —
1)(33 + 10y + 6y2)} generates C. Therefore, Rank(C) = 3. Also, by Theorem
7, the set {(x+1)(5+5y + 5y?), (x — 1)(5+ 6y + 3y2), (x — 1)(35+ 3y + 63°)}
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generates a 2D cyclic code over F7y whose generator matriz is given by,

(W2 B B <

5 5 5 5 5
G=|2 1 4 6 3

2 4 1 3 6
The minimum hamming distance of this code is 4. Therefore, C is a 2D cyclic
code of length 6, which is MHDR over Z,q9.

Example 5. Consider the finite chain ring R = Z1o1 with residue field Fiq
and nilpotency index 2. Let C be 2D cyclic code of length mn = 10 over
R, where m = 5 and n = 2. Then C can be viewed as an ideal of R =
Rlz,y]/(x® — 1, y?> —1). It can be easily seen that 10 = 120(mod 121) is
primitive 2" root of unity in M. Therefore, Oy(y) = 61+61y, 0, (y) = 61460y
are primitive idempotents of R[y]/(y> —1). Consider the following cyclic codes
of length 5 over ‘R

Co = (11, (x + 1))
Cl = <$ — 1>

By Theorem 5, the set {11(61 + 61y), (x + 1)(61 + 61y), (x — 1)(61 + 60y)}
generates C. Therefore, Rank(C) = 9. Also, by Theorem 7 , the set {(6 +
6y), (xr — 1)(6 + by)} generates a 2D cyclic code over F11 whose generator
matriz is given by,

@

I
OO O UTTO O OO
SO OO DO O™
OO U OO O OO
OO O UTO OO OO
S UL OO OO O
OO MO OO oo O
TUOY OO O OO OO
DT O OO OO OO
DO OO O O OO
TGO OO o OO oo

The minimum hamming distance of this code is 2. Therefore, C is a 2D cyclic
code of length 10, which is MHDR over fR.

Example 6. Consider the finite chain ring R = Zos with residue field Fs and
nilpotency index 2. Let C be 2D cyclic code of length mn = 6 over R, where
m = 3 and n = 2. Then € can be viewed as an ideal of R = R[z,y]/ (x> —
1, y?2 —1). It can be easily seen that 24 is primitive 2" root of unity in Zos.
Therefore, 0p(y) = 13 + 13y,01(y) = 13 + 12y are primitive idempotents of
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R[y]/(y? — 1). Consider the following cyclic codes of length 3 over R

Co = (5(x® +z+1))
Oy = {( = 1))

By Theorem 5, the set {5(z% + 2 + 1)(13 + 13y), (z — 1)(13 + 12y)} generates

C. Therefore, Rank(C) = 3. Also, by Theorem 7, the set {(x®> +z +1)(3 +

3y), (x—1)(34+2y)} generates a 2D cyclic code over Fy whose generator matrix
s given by,

3

0

00 2 3 3 2

The minimum hamming distance of this code is 4. Therefore, C is a 2D cyclic
code of length 6, which is MHDR over Zss.

5 Conclusion

In this paper, the generators and rank of a 2D cyclic code of length mn over
a finite chain ring R with residue field F;, have been determined, where m is
arbitrary and ¢ = 1(mod n). Further, a condition for a 2D cyclic code to be
MHDR has been obtained, and a few examples of 2D cyclic codes over some
finite chain rings which are MHDR, have been provided.
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