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Existence results for a nonlocal ¢-integro
multipoint boundary value problem involving a
fractional ¢-difference equation with dual
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Abstract

This paper is devoted to the study of a fractional g-difference equa-
tion involving dual hybrid terms and equipped with nonlocal multipoint
and Riemann-Liouville fractional g-integral boundary conditions. Ap-
plying a fixed point approach, we investigate the existence criteria for
solutions to the given problem. Examples are constructed for illustrat-
ing the obtained results. We emphasize that our results are new in the
given configuration, and some new results follow as special cases of the
present ones.

1 Introduction

The topic of fractional calculus has evolved an interesting and attractive area
of investigation during the last few decades. It has been mainly due to the
extensive use of its tools in the mathematical modeling of natural and sci-
entific phenomena such as chaotic synchronization [1], immune systems [2],
neural networks [3], fractional diffusion [4], ecology [5], etc. For theoretical
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concepts of fractional calculus, we refer the reader to the text [6]. Keeping in
mind the occurrence of initial and boundary value problems in the physical
problems, many investigators turned to the investigation of fractional counter-
part of these problems. For some recent works on fractional order differential
equations, for instance, see the text [7] and articles [8]-[12]. Afterward, the con-
cept of fractional differential equations was extended to fractional ¢-difference
equations. One can find some interesting results on nonlinear boundary value
problems involving fractional g-difference and g¢-integral operators in the re-
search papers [13]-[22] and the references cited therein. Recently, in [23], a
coupled system of nonlinear fractional g-integro-difference equations equipped
with coupled g-integral boundary conditions was studied, while a Langevin-
type g-variant system of nonlinear fractional integro-difference equations with
nonlocal boundary conditions was investigated in [24]. More recently, in [26],
the authors discussed the existence of solutions for a hybrid Riemann-Liouville
fractional g-integro-difference equation with nonlocal g-integral boundary con-
ditions.

Motivated by the foregoing works on fractional boundary value problems
of g-difference equations, we consider a fractional g-difference equation involv-
ing dual hybrid terms and complemented with nonlocal multipoint Riemann-
Liouville fractional g-integral boundary conditions. In precise terms, we in-
vestigate the existence and uniqueness of solutions to the problem:

Dy [u(x)— fi(w, u(2))]+(1—€) Dy? [u(z)— fo(w, u(2))] = g(z, u(x)), 0 < <(11)7

_ _ s [ Q=
w(0) =0, u(l) = 5/0 T, (s)dq
By — gg)(62—1) "
Jr(lfg)/o (MFZ()Q)u(s)dqurZaiu(fi)a (2)

where Dgl and Dg2 denote the Riemann-Liouville fractional g-derivative op-
erators of order 1 and v respectively, 1 < 9,99 < 2 with ¢; — ¥ > 0,
0<g<1,0<e<1,0<6<1,¢G,6>00< A& <1,a; €Rand
f1, f2,9 :[0,1] x R — R are given continuous functions.

The objective of the present work is investigate the criteria ensuring the
existence and uniqueness of solutions to the problem (1)-(2). The existence
results for the problem at hand are obtained by means of Krasnoselskii’s fixed
point theorem [27] and Leray-Schauder’s nonlinear alternative [28], while the
uniqueness of solutions is established by Banach’s fixed point theorem [29].

We arrange the remainder of the paper as follows. In Section 2, we re-
call some basic concepts related to our present study. Section 3 contains the
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main results, while examples illustrating the obtained results are presented in
Section 4.

2 Auxiliary material

Let us begin this section with some basic concepts g-fractional calculus.
For an arbitrary real number ¢ € (0, 1), the g—number [a], is defined by

_1_a

[a]q 1 _qq , for every o € R. We define the g-shifted factorial of real number

n—1

aas (a;q)o =1 and (o;q), = H(l —ag’) for n € NU {co}. The g-analogue
3=0

of the power function (o — 8)"™ with n € Ny :={0,1,2,...} is defined by

n—1

(@=BP =1, (a=p™ =][(a-8¢), a,8eR.
j=0
T — B¢
i B = Bl () =
In case ¢ is real number, we have (« — 8)!¢) = a¢ H g and a'¢) = a*

§=0

when 8 =0. If¢ >0 and 0 < a < B <t, then (t — 3)©) < (t — a)).
The ¢g-Gamma function I'y(o) is defined as

(1-¢q) P

(1—q) 1"

which satisfies the relation I';(s + 1) = [¢]4I'¢(s) [30].

T,(s) = ceR\{0,-1,-2,...},

Definition 2.1 ([30]) The Riemann-Liouville fractional g-integral for a con-
tinuous function u : (0,00) — R of order ¢ > 0 is defined by (IJu)(t) = u(t)
and

1

T = g =09 Dute)ys

i <.
51— S gy 50, te (0,00)
= (Gk

Also, the Riemann-Liouville fractional g-integral for a continuous function
u: (0,00) = R of order ¢ > 0 can be defined as

t
= t —qs) Vu(s)dys, <> 0,
o | e,
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for ¢ € (0,00), provided that the right-hand side is point-wise defined on (0, o)
(14, 30].
Recall that I§' I$2u(t) = I5'T2u(t) for ¢1, ¢ € R [14, 30] and

Ly(s2+1)
92 = —— T2 T yate 50, ¢ e (—1,00), t> 0.
4 Ty(s1+s2+1) ! 2 € ( )
1
If f=1, then I51(t) = o————t° for all £ > 0.

Ly(c+1)
Definition 2.2 ([30]) The fractional g-derivative of the Riemann-Liouville
type of order ¢ > 0 is defined by (DJu)(t) = u(t) and

(Dgu)(t) = (Dy 1y~ u)(t), < >0,

where n is the smallest integer greater than or equal to ¢, Lg') is the Riemann-
Liouville fractional g-integral of order (.) and Dy is the g-derivative of integer
order n.

We can also define the Riemann-Liouville fractional g-derivative of order
¢ > 0 for a function u : (0,00) — R as

1 ! u(s)
Diu(t) = d -1
qu(t) T,n—9) /0 = gs)—rtl a5 n < ¢ <n,

provided that the right-hand side is point-wise defined on (0, 00) [14, 30].

Now we prove an auxiliary lemma for the linear variant of the problem

(D-(2)-
Lemma 2.3 Let p1, p2,0 € C([0,1],R) and

A=l T (01 +6) Lq(91 + ¢2) ’ #0- ()

ST, (91) Ata=1 (1 — §)Ty () plrte—t _ Zai g1
i=1
The function u is a solution for the fractional g-difference boundary value
problem

D u(a) ~ ()] + (1 = D) — ()] = 0(a), 0 < <1,
s)le=t

A _—
u(0) =0, u(1):5/0 (AFZ(Q)

H — gg)(62—1) n
#10) [T o + 3 e,

u(s)dqs 0
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if and only if u is a solution for the fractional g-integral equation

u(z) = pi(z)+ (m /Om(x — qs)(ﬁl—ﬂz—l)[u(s) — p2(8)] dgs
1 r _1
xﬂl

A
_ (¢1—1)
LTy <1 / qs) p1(s)) dgs

EFQ(gl(g—’l?i)-i- &) /OA(’\ —qs) " TP D u(s) — po(s)] dys
+€Fq(ﬁf+@) /OA(A — qs) TGN o (s) dys
* (qu<_<f)) /OM(“ — )@V p(s) dgs

sr(;(;lé—)(;;f)@) /ou“‘ =) TE D uls) = pa(s))] dgs
+5rq((11,;?@) /OM(M — 5)"12 Vg (s) dys

_ 1
‘ar(@i)w /0 (1 g5) P =727 Du(s) — pa(s)] dys

o ] 0o dgs = ()

J— 51
R 6 )] e

1

57, n
+m IZZI a; /0 (El - qS)(191—1)0‘(S> qu + 1:21 aip1 (fl):| . (5)

Proof. Letting u to be a solution of the g-fractional boundary value problem
(4), we rewrite the fractional g-difference equation as

)DL lu(a) ~ pa(@)] + Zo(e). (6)

e—1

Dy fu(@) — pr(@)] = (

€

Applying the Riemann-Liouville fractional g-integral operator of order ¥; to
both sides of (6), we get

e—1

1
u(x) —pi(z) = ( )If;ngZ [u(z) — pa(z)] + glgla(m‘) bz T by 2
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where b1,bs € R are arbitrary constants. In view of the fact that 1 < ¥, < 2,
by the first boundary condition, we have by = 0. Thus,

u(@) = (o) + (S20) (@) — pa(a)] + 10 + b (1)
Let © € {¢1, (2}, then we have
[Ju(z) = %) / (2= q5)© Vpi(s) dygs
0

Ly(

e—1 ® _ o

+€F (01 — 92 + O) /0 (&= qs)(ﬂl e 1)[u(s) = p2(s)] dgs
q

1 x B
| / (& — g5)"1+O Vo (s) dys

T, 16
Ly(01) 940
by =t gV tOL 8
T, 10)" ®)
Now, using the second boundary condition together with (3) and (8), we get
I
by = — A — gs)@—D d
V= sl [0 dys

de—1) A e
+8Fq(191—192+gl)/0 ()\—qs)(ﬂ P2+¢ 1)[U(8)—p2(5)] qu

§ A
- - _ (91+¢1—-1) d
+5rq(z91+<1)/0 (A=as) o(s) dgs

(1 — 5) a a—1
+ Fq(<2) /0 (/”' - qs)(c )Pl(s) dqs

6F(q1(19—15)(1592_+122) /Ou(p, _ qs)(ﬂl—ﬁz-l-@—l)[u(s) _ p2(s)] qu

& : _ (P1+4¢2—-1)
o, +C2)/o (1= as) o(s) dys

s [ ) - ()] ds

ey
1 1

o [ 0= a0l dys )
q

n

_ &i
Col S [ 6= a9 luls) gl dys

Jri
elg(V1 — ¥2) =

n

1 i (81-1) n
RN ;ai/o (& — qs) " Vo(s) qu"r;ai/}l(fi)]
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Inserting the value of by in (7) leads to the solution (5). One can obtain the
converse of the lemma by direct computation. O

By Lemma 2, we can transform the problem (1)-(2) into an equivalent fixed
point problem: Wu = u, where W : € — £ is an operator defined by

(Wu)(z)

= filwu(@) +

Ly(d1 )192) /x(w —q5)"1 72 VMu(s) — fa(s,u(s))] dys

(191 D g(s,u(s)) dgs
Ty (V1) Jo

1911 5

A LT,(G) / (A —q5) 7Y f1(s,u(s)) dgs

5(6 — 1) * 1—V2 1—1
T, 02 1 G) 0= a9 ) — oo u(a)) dys

5 A N
q

(=0 —q8)©7V £y (s,u(s s
o) | = a9 s () d

=91 ' — qs) 01702+ =D (6) — fo (s, u(s s
Fq(191—192+C2)/0(u q)ﬂ vate [u(s) — fa(s,u(s))] dg

(1-9) a a1
+M/o (b —gs) T Vg(s,u(s)) dgs

,& ' _ (91—92—1) . s uls <
ely (1 —192)/0 (1—gs) [u(s) — fa(s,u(s))] dq

1 . 13 B
$ 2 / — g5) "D g(s,uls)) dys
Ty 2=

+Y ahilEn(E)]. ue e e ©)

i=1

Here € is the Banach space of all continuous real valued functions defined on
[0,1] endowed with the norm [[ul| = sup,¢joq) [u(@)], u € €.
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In the forthcoming analysis, we set the notation:

5\t (1—6) ps
v = 1+ + =t Y ai
' AL (G + 1) [AT (G + 1) IAI |A[ & Z
1 1 N § N1+ (1-96) MﬁH—Cz
v = -
2 T,(01+1)  [AT,(01+G+1) AL, + G+ 1)
+ ! Z e,
|AIL (91 + 1) |A|T 4 ( 191 +1
|€ — 1‘ 1 b )\191—192-1‘(1
V3 = +
€ Fq(ﬂl —192+1) |A|Fq(191 —192—|—C1 -‘1-1)

(1 _ 5) Mﬁl—ﬂz-‘rCz
[ATq(¥1 — 92+ (2 + 1)

1 1 B1—0
. N a; €177 (10
AL =2 +1)  [ATg(0h —J2+1) 7,2:; ¢ ‘| o

3 Main Results

We begin this section with an existence result for the problem (1)-(2), which
is proved with the aid of Krasnoselskii’s fixed point theorem [27].
Theorem 3.1. Assume that

(A1) there exist ¢; € C([0,1],RT),7 = 1,2, 3, such that
|f1(x,u)| < 901(33)’ |f2(x,u)| < 902('73)’ |g($c,u)| < (pg(.%'), V(m,u) € [0’ 1]XR’

and [|@il| = sup,¢(o,1) i (2)]-

If vg < 1, where vs is given in (10), then the fractional hybrid g-difference
equation (1) with g-integral nonlocal boundary conditions (2) has at least one
solution on [0, 1].

Proof. In order to verify the hypotheses of Krasnoselskii’s fixed point theorem
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[27], we introduce two operators Wi, Wy : B, — € as

W) = g [ ) dys
ﬁﬁ: [grq(gl(g—_ﬁit &) /OA(A = a9) T ule) dos
—((’;: Do [ a0 dys
5‘1% Zaz/ (6~ 9) "% Vu(s) dgs]|, (1)
(Wan)a) = leule) = o [ = a9 s ) dos
% [ = a0 gt uts) s
o

{Fq (1) /A A= qs) 7V fi(s,u(s)) dgs
o(e -

A
T,V — )+ G) / (A —gs) =72 £ (s, u(s)) dys

§ A _
+5Fq(1’ﬁ+<1)/o (A —gs) TN g(s,u(s)) dys

) /M(M — )@Y fi(s, u(s)) dgs

I0(@) Jo
+m/:(u_qs)wl+@1>g(8,u(s)) dys
+r(<1939> /01“ = a5) " fo(s, u(s)) dys

1
g 0 el u(s) dys = (1 u()
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(5 — 1) - _ &i - (Or—ta)
mga /0 (& — gs) Fals, u(s)) dys
1 n &i

oy 22 [ 6 = )" Vgls uls) das
201 -

i=1 0

+Zaif1(fiau(§i))]’ (12)

=1

where B, := {u € € : ||lu]| < p} is a closed, bounded, convex and nonempty
subset of Banach space £ with

> ]l vi + llp2ll vz + |lesll va

<1, 13
1 — U3 v ( )

v1, vz and vs are given in (10). Observe that the operator W = Wy + Wy,
where W is given by (9).
For any u,v € B,, by the assumption (A;), we have

(Wiu(z) + Wav(z)]

|5 - 1| /x 0 0a)
S Sup f va T + —_— €T _qS 1 2 u(s d s
16[0,1]{| 1( ( ))| Erq(ﬁl_'l%) 0 ( ) | ( )| q
le — 1] /x (91 —05—1)
t T T —gs)tT? s,v(8))| dgs
ely (W1 —92) Jo (= gs) | f2(s,0(s))| dq

1 z .
o [ e 9O lale )] ds

1.19171

— 0 ' —qs) Y| f1(s,v(s s
[ [ a9 A ) 4,

dle — 1]
ely(V =92+ G
dle — 1|
€Fq(191 — o+
d A (914C1—1)
T / (A~ gs) 195, 0(5))] dgs

(1=96) * e S
Fq(Cz) /0 (1= as) | f1(s,v(s))] dg

(1=29)e—1]
ely(V1 — P2+ G2

A
) / (A — g8) P90y ()] dys

A
) /o (A —gs)"1 =02V fo (s, 0(s)) | dys

_|_

"
| / (1 — q3) 0+ D ()] dys
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(1=29)e—1] w IIRTTR—.
€Fq(191—192+<2)/0 (n—qs) + [ f2(s,v(s))| dgs

(1-9) /" (W14+¢—1)
S s —qs)"1 N g(s,0(s))] dgs

Tt ) (1 —qs) lg(s,v(s))| dq

le —1| /1 (91—02-1)

e 1— 1 2 d
+€Fq(191 5 (1 gs) lu(s)| dgs
s [ O s, o) s

5Fq(191 _192) 0

1

+m/0 (1 —gs) = Y|g(s,v(s))| dgs + | f1(1,v(1))]
— &i

6 1|’l92 Zaz/ §—qs(191 Y2 — l‘u( )\ds

— &i

q|<€ 1|192 Zaz/ (791 —1¥2—1) ‘f( ( ))‘ dqs

srqtﬁl Z“/ —g5) @D |g(s, v(s))| dq8+zai|f1(fiav(§i))|}}

i=1
(1= 0 A
< |le1]| sup 1—1—77/ )\—qs(gfl)ds
lenl] sur ]{ A (mE f, O
(1-9) /” (Ga-1) -
+ —qs)"*"V dgs+ 1+ a;
i Jy 0 s+ Bl

e —1] /I (91—02—1)
+lp2|| sup § —————— T —qs)\vt? dys
|| 2” re[0.1] {Erq('ﬁl o ,192) 0 ( ) q

ACEAY Sle — 1] A
+ A — (01 =92+C1—1) d
I B ey f e o

(1-9)e—1] /# (91 —0a+Ca—1)
+ — gs)\V1 V2T dgs
ely (V1 — V2 + (2) (h =) !

e — 1 /1 (91—02—1)
—1—7 1—gs)""t7"27" dys
T,(91 — 02) (1=as) e

-1 n &
|€ | Zal/ — gs)(®1=02=1) dqs}}
1=1 0

+|lps] sup { / z —qs)" 7Y dys
0

z€[0,1]

x(ﬂrl) by
+ —gs)
Al gr 191+41 /0 4

191+C1*1) qu
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_i_& /M(M _ qs)(ﬁl-l-@—l) d. s
E].—‘q(’lgl +<2) a
1 ' (91-1)
1-— =
+€Fq(191) / (1—gqs) dgs

1 & (91-1)
+€Fq(191)iz_;ai~/0 (fi_qs)ﬁ ! dqs]}

le — 1] /z (91—195—1)
+p sup { ——Mm— x—qs)\"tY? dgs
z€[0,1] {5Fq(191 —2) Jo ( ) !

z(?1=1) Sle — 1 /A
+ A\ — gs)P1=P24G-1) g o
Al L‘Pq(ﬁl — 2 +C1) Jo (A=as) I

(1 —9)le —1] /u (D1—02+Ca—1)
— qs)\VrTV2Te2 dgs
]-—‘q(’lgl _192 +<2) 0 (/’[’ q ) q

e—1 ! 9.
e |(01 —|ﬁ2>/ (1 - gs) 27D dys

|£~:—1|Q92 Zal/& (191 g — 1)ds]}

5 AG L-6)pue 1 1
TG D AT G AT Z]

IN

lleall 1

ol | 1E= 1 6 AT
wzlll (qulﬁz“) AL, -t Gt D)
(1-9) M(ﬁlfﬁﬁ@) N 1
N (191—192+C2+1) AT (91 — b2 +1)

91 —"92
+ AT S E T Z € )

1 5)\(191+C1)
Higsl| - F0 1 1) AT, G D)

(1 —6) pl0r+é) 1 1 n
- + - > ai
AT, (0 + G+ 1) AT, +1) | AT, +1) 2
n le — 1] 1
p 3 Fq(’l91 — 192 + 1)
§ NW1—92+¢1) (]_ _ 5) ,u(1917192+(2)

+ +
AL (91 =2+ G+ 1) [AL (91 — P2+ G+ 1)

1 1 91 —19
+ + a; 2-1 2
[ATg (01 — 92 +1) " AT (W1 — 92 +1) ; ¢ )]
< leall vr + Mgzl vs + llesll v2 + p s,

91
7

)
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which implies that |[Wiu+Wsv|| < p by the condition (13) and so Wyu+Wsyv €
B, for all u,v € B,. Using the continuity of fi, f> and g, it can easily be shown
that the operator Wy is continuous on B,,.

Now we establish that the operator W5 is compact. Firstly, we show that
W, is uniformly bounded. For each u € B, and z € [0, 1], we have

[Waul < sup {Ifl(%U(x))l

z€[0,1]
+((€791_1)192)/ (SL'—qs)(ﬁ1—192—1)‘f2(8’u(s))| dqs
1

T [ = a9 Dlgts,uto))] dos

)

-1

e [ty [0 a9 1w dos
5(5 -1

€I‘q(ﬁl — Y2+

5 A N
+m /0 = a9)™ B lgls, u(s)) | das
q

A
) /o (A= gs) 7724 fo (s, u(s))] dys

g [ e e
F(;(ﬁ_lé—)(;;)@) /ou(“ —qs) " e fo(s, u(s))] dys
+6Fq((1191?<2) /ou(“ —as) "7 Dlg(s, u(s))] dys
+r(wi)w /01<1 — 8) P72 fo (s, u(s))| dys
% /1(1 —q5)" Vg, u(s))] dgs + [ f1(1,u(1))]
q(€_1192 Z“l/& $) 27| fo (s, u(s))| dys
qul(ﬁl Z / 8)"Dlg(s, u(s))| dys

—|—Za¢fl(§i7u(fi))|:|}

i=1
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J A (1—6) use
< 14
loil '+ e Tt AT A AT Z
Hlgsll le — 1| 1 N § \W1=92+C1)
2 Ty(0r — U2+ 1) ATy — b + 1 + 1)

(1 —6) plPr=v24¢) 1
+
|A[Cg(U1 = P2+ G +1) ANV —d2+1)

1 n ’(9 719
+ a; il 2
INEREE PILE )

1 1 § N@1+¢1) (1 _ 5) ’u(ﬁl-ﬁ-ﬁz)
+llesll [( (

+
Le(014+1) AL+ +1)  [ATg(01+ G +1)

1 1 ,
+ + ai Z'l
B, D) T TAT,0 1) 2 5)]
= llpillvr + [lwzll vs + llesllva.

To establish the equicontinuity of the operator Wa, let x1,22 € [0,1] with
xo > x1. It will be verified that W5 maps bounded sets into equicontinuous
sets. For each u € B,, we have

‘WQU(.TQ) — W2u(:c1)|

< sup {|f1($2au(m2))_f1<331’u($1))|

z€[0,1]
g | e e ) (o) s
q|(€19:|192) / (22— 45) =D o (5, u(s))| dys
+grq1(191) / i [(r2 = 5) 771 = (a1 = g)" 7 g, u(@)] dys
srqt — / " @2 - 49)O Y g(s,u(s))] dys

xéﬁl 1) ‘rgﬁlfl) 5

A [Tq(c

O — 1] /A(A — qs) T2 TG £ (s, u(s))| dgs
eT(01 — 92+ C1) Jo 2 a

A
—qs (G1-1) s, u(s S
+ 1)/0 (A — a9) S £y (s, u(s))] d,
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J A -
ey Jy O 9 gt u) des
q

A=8) [ N@DIf (s ul(s) dos
Fq<<2>/0 (1 — qs) @7V fi(s,u(s))| dg
(1—0)e—1]
€Fq(q91 — 99 + C2
(1-9) n s
*M/O (1= q5)" 7= g(s,u(s))| dys

e — 1] /1 (91 —92—1)
+ 1—gs)\"r7"2 s,u(s))] dgs
Ty ), 0 o, u(s)] dg

+

m
) /0 (1= gs) 772 fo (s, u(s))| dys

1 ! _

i [ (a0 gl )] dys
e—1 Si .
I( |z92 Zaz / 870 fo(s, ()| dys
q
1 1)

e Z = q9) " Vlgls,u(s)] dys

< |f1(x2, e Ju(21))]
le — 1
|H<p2|| / §)" ) — (ay — qts)wl*ﬂz*l)} dys

|s - 1|H<p2|| / e g
®3 o — -

d‘! (19”1) /0 [(xQ B qs)w Y- (1 = qs)(ﬁ 1)} dgs
q
@ o -
q T

g a7 sl X5 lpall e 1 A€ ~22%)
A Fo(G+1) ey —d2+G+1)
lpall 6 XD ]| (1= )
elg(th + G +1) (G +1)
L el 0= 9)le 1) p 7o)

8Fq(l91 — Uy + CQ + 1)
lpsll (1 = 8) prte) . [[p2llle — 1 b sl
sfq(ﬂl + CQ + 1) (191 — ¥y + 1) (191 + 1)

llpallle — 1 91—z || 91
o, (0, — 0 + 1) Z S N q9+1Z &) o,

+
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independently of u € B,, when 1 — x2. Therefore, W, is equicontinuous.
Thus, the operator Wj is relatively compact on B, and hence we deduce by the
Arzela-Ascoli theorem that Wy is completely continuous. So Ws is a compact
operator on B,,.

In the last step, it will be shown that the operator W; is a contraction.
For any u,v € B, and z € [0,1], we have

[W1u — W1
< sup e /x(m —¢s)"1 7727 Djy(s) — v(s)| dys
xE[O,l] €Fq(191—192) 0
gVt dle — 1| /A
+ \—aqgs (91 —Y2+C¢1—1) wl(s) — v(s)| d.s
|A LFq(ﬁlfﬂerCl) o (A —gs) lu(s) —v(s)| dy
(1 —0)e -1 /H (91 —03+Ca—1)
_ 1—92+C2 _ d
ely(V1 — V2 + (2) Jo (e = as) u(s) = v(s)] dgs
1]

T, (01 — U2) / (1~ gs) 1772 Dlu(s) — v(s)| dgs

=1 NS [ gy @eD
oy 2 [, (6 ) lute) o) ]

< wgflu—wl,

which shows that W; is a contraction as vs < 1. Thus all the hypotheses of
Krasnoselskii’s fixed point theorem [27] are verified. Therefore, there exists at
least one solution to the problem (1)-(2) on [0, 1]. O

Theorem 3.2. Assume that

(A2) there exist continuous nondecreasing functions wi, ws, w3 : [0,00) —
(0,00) and functions ¢1,12,1¢3 € C([0,1],R") such that |fi(z,u)] <
b1 (@) (ul), 1o, w)] < o) wa(Jul) and |g(z, w)] < o(w)ms (ul) for
each (z,u) € [0,1] x R;

(As) there exists a constant G > 0 such that

(]. — Ug)G

>1, vy <1,
1¥1]lw1(G) v1 + [[2llw2(G) v + (|33 (G) va °

where v1, vo and vs are defined by (10).

Then the fractional hybrid g¢-difference equation (1) with ¢-integral nonlocal
boundary conditions (2) has at least one solution on [0, 1].
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Proof. We verify the hypothesis of Leray-Schauder’s nonlinear alternative [28]
in several steps. Let us first show that the operator W, defined by (9), maps
bounded sets (balls) into bounded sets in E. For a positive number w, let
B, = {u € & : ||u| < w} be a bounded ball in €. Then, arguing as in the
proof of the last result for = € [0, 1], we have

£(01-1) s A
Wall < [allwa() sup {1+[Fl/<x—q@“r”dw

z€[0,1] A (1) Jo
(1 — 5) ! _ (¢2-1) - )
e J, oo 4143

z€[0,1] EFQ(

1 x
+||3]|wws(w) sup 7/ (@ — gs)® D d,s
Y1) Jo

FACE ) 5 A
_ (91+¢1—1)
A[d4m+aJA(A 4) das

(1-9) /“ (914Ca—1)
- _ 1 2 d
el'y (V1 + C2) Jo (k= gs) “*

1 1
- 1— ags)@1—1 ¢4
+€Fq(/l91) /0 ( qs) qS

+

le — 1| /9” (91—92-1)
+w + [[¢2f|mwe(w)) sup § =~ T )T e
(W + [[92]w( ))16[0’1]{&(1(191—192) 0 ( ) '
2@1=1) dle — 1 /A
. N — gs)@1=P24C-1) 4 o
A [grq(ﬁl 02+ G) Jo Ao q
(1—d)e -1 /“ (1=02+G-1)
— gs)W17 P2t g o
elg(01 =2+ ¢2) Jo e q

Erq(ﬁl—ﬂg) 0 1

IR ST
elg(h =) = " Jo 7
< il (w) vr + [[¥s]|ws(w) v + [|[P2lwz(w) vs + w vs.

Next, it will be shown that W maps bounded sets into equicontinuous sets
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of &. Taking x1, x5 € [0,1] with 21 < 29 and u € B,,, we obtain
[ Wau(za) — Wu(xy)|

< fi(ze, u(w2)) — fi(zr, u(zr))| + (w192 flwa())le ~ 1

Fq(ﬂ1*ﬂ2)
0
(w+\\¢2||w2 5—1|/ 5)(@1=02=1)
1—Vv2— d
+ I r
||1/J3||w3( )/ (91-1) (91-1)
— 1 _ _ 1 d
el AN (R (o1 = 5) "] dys
||1/13||W3( )/xz (9 —1)
+ L0 o (z2 — gs) dgs
91— Vg —
Ll ) £
|A| Fq((l+1)

1) (w + H@ZJQHWQ(QJ)) ‘5 _ 1| A191*192+(1
ely(Vh — P2+ G +1)
3 [¢sllws(w) A1H) [l (w) (1 - 6) p
elg(91 + ¢+ 1) Ty (Co+ 1)
(w+ WzIIwQ(w)) (1—6) |e — 1| p(Pr—v2+¢2)

_|_

_|_

* Lg(W =2+ +1)
||1/13||W3( ) ( —§) plir+e) + (w + [[1ha]|a(w)) | — 1] N l|3]|zos(w)
el (191—|—<2+1) el (191—’[92—1— ) el (19 —|—1)
(w =+ [[P2]lwa(w)) |e — 1] & 0o | lsllms(w) <
R Ty Z S 191+1Z -

independently of u € B,, as xo — x1. Therefore, it follows by the Arzela-
Ascoli theorem that W : € — € is completely continuous.

The conclusion of the Leray-Schauder nonlinear alternative [28] will be
applicable once it is shown that the set of all solutions to the equation u =
©Wu is bounded for © € [0, 1]. For that, let u be a solution of the equation
u=0Wu for © € [0,1] and € [0, 1]. Then, as in the first step, we obtain

[ull < vrllrll@r(lull) + v2llsli@s(ull) + vsllvall@a(lul) + vsllull,

which can be expressed as

(1 — vg)|ull
[l ((lull) o1 + [Ysllws(l[ull) va + lv2ll@e(lul]) vs —
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By the condition (A3), there exists a positive number G such that |lu]| # G.
Define a set
V={uel:u| <G}, (14)

such that the operator W : V — € is continuous and completely continuous
(V is closure of V). By the given choice of V, it is not possible to find u € 9V
(0V is boundary of V) satisfying u = ©Wu. Therefore, we deduce by the
nonlinear alternative of Leray-Schauder type [28] that the operator W has a
fixed point in V, which corresponds to a solution of the problem (1)-(2) on
[0, 1].

Finally, we establish the existence of a unique solution to the problem (1)-
(2) by applying Banach’s fixed point theorem [29].

Theorem 3.3. Assume that

(A4) there exists positive constants M;, My such that, for each pair of ele-
ments u,v € R,

|fl(x7u) 7f1(1’,1))‘ < M1|U7”U|, T e [07 ”;
|f2(x,u) - fz(l',’())‘ S M2|U’_U|v S [07 1]1

(A5) there exists a positive constant Mz such that, for each pair of elements
u,v € R,
|g(x,u)—g(a:,v)|§M3|u—v\, xE[O,l}

Then there exists a unique solution to the problem (1)-(2) on [0, 1], provided
that

UZ:M2U3+M11)1+M3U2+U3<1, (15)

where v1, v2 and vs are given in (10).

Proof. In the first step, we show that the operator W : & — & (defined in (9))
satisfies WB,. C B,., where B, = {u € F : |[u]| < r} with

r > (Kyv1 + Ksvg + Kaus) /(1 —v), sup |fi1(z,0)] = K1 < 400,
z€[0,1]

SUPge(0,1] |f2(x,0)| = K3 < 400 and SUPge(o,1] lg(x,0)] = K3 < +00. Let u be
an arbitrary element in B, and x € [0, 1]. Then, by the conditions (A4) and
(45), we have

[fi(e, u(@))] < [fr(z,u(@) = filz,0)] + [fi(z,0)] < My r + Ky,
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oz, u(@))] < [folz,u(x)) = fa(2,0)] + [ fo(z,0)] < My 7 + K3,

and
l9(@, u(@))] < [g(z,u(z)) — g(z,0)| +[g(z,0)| < M5 r + Ks.

Consequently, for any u € B,., x € [0, 1], we have

x(ﬂl_l) 6 A
[Wul| < (Mir+ Kip) sup 1—1—7[7/ ()\_qs)(Cl—l) dys

2€[0.1] Al LT(¢1) Jo
(1 — 5) g _ (¢2—1) - .
+I‘q(§2) /0 (1 —gs) dqs+1+;al}

1 T
+(Msr + K3) sup 7/ z—qs) Y d s
( 3 3) ve[0.1] {Erq(ﬁl) 0 ( ) q

x(’ﬁlfl) 5 A
2\ — (91+¢1—1) d
A [gI‘q(ﬁl—i—Q)/o (A—as) a®
(1-9) /“ (914+Ca—1)
- _ 1 2 d
T,(01 + C2) Jo (1 =as) a®

1 1
- 1— (®1-1) 4
+€Fq(191) /0 ( qs) qS

n

1 &i B

1 @
+((1+ M3)r + K3) sup _ ez / (x —qs)P1 77271 s
we0.1] | €lq ) Jo

+

x(@1=1) ole — 1] A
A — (91—092+¢1—1) d
A [grq(ﬁl — 0y + () /0 (A =as) a?

(1—20)e—1] /“ (91 —P2+C2—1)
_ 1 2 2 d
Ty 051 G) Jo W79 e

P Gl /1(1(15)(1911921) ds
Erq(ﬁl—ﬂg) 0 1

" le — 1] ia- /51' € - qs)(ﬂl_ﬁz—l) d s}
€Fq(’t91 —192) im1 ‘ 0 ! 1
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5 A\ (1—6) use 1 Ly
< (Mir+Ky)|1 [A] 14| i
< (Myr+Kp) |1+ AT, (G + 1) * |A[Cg(C2 +1) " A " Al ;a
1 1 5 )\(191+Cl)
M K3)| -
+(Msr+ Ks) | - <rq(191 1) A0+ G+ )

(1 —6) plirte) N 1 N 1 Z": 6191
a; G;
AT (01 + G +1)  [ALg(F1 +1) AT (91 +1)

i=1

+((1 + MQ)?“ + KQ)

le — 1] ( 1
€ Ly(91 — 92+ 1)
§ ANW01—92+C1) (1 —0) plor—724G)
TTAT,0r — 02+ G+ 1) | AT, — 05 + G + 1)

1 1 - 91—0
+ + a; il 2 )
AL (91 = V2 +1)  |A[Ty(I1 — V2 + 1) ; ¢ )]

which, by (15) and definition of r, yields ||Wul| < r. Therefore, WB,. C B,.
Next we establish that the operator W : € — & is a contraction. For any
x €]0,1] and u,v € R, we get

[Wu — Wo|

P (1 —9) pe 1 1
< M1+ + + —— + a;
< [md AT, (G +1) AN (G +1) A \Aé j
M {1( 1 N K} )\(191-"-(1) (1_5) u(ﬁﬁ-Cz)
Le\L (01 +1) AL, 0r+ G +1) | AL, + G +1)

n

. L et
+‘A\Fq(191 +1) * AT, (91 + 1) Zazfi )}

=1
+{ le —1] ( 1 N § AN(P1=792+G1)
e \Ty(th —d2+1)  [AL (V1 =2+ (G +1)
(1 _ 5) M(191*192+C2) 1

+
AL (91 =2+ G+ 1) AL (91 — D2 + 1)

1 n A
A, 1) 2 )}

|€ — ].| ( 1 n ) )\(191*192+C1)
e \[yW —d24+1)  [AL(U1 =P+ G +1)

+M2{
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(1 — 6) ﬂ(ﬁ1*ﬁ2+C2)
+
[AT (01 — P2+ (2 +1)
1 1 - V1 —V2
+|A|Fq(191 — g+ 1) + AT, (01 — U5 + 1) ;azfi )}] lu— v

< wllu—2.

where v is given in (15). From the foregoing inequality together with the
condition (15), we deduce that W is a contraction. Therefore, by the conclusion
of Banach’s fixed point theorem [29], the operator W has a unique fixed point,
which is indeed a unique solution to the problem (1)-(2). O

4 Examples

Here, we present the illustrative examples for the results obtained in the last
section.

Example 4.1. Consider the fractional hybrid ¢-difference equation

SO [u(x) - filw)

+ 5 Difd [u@c) - f2<x,u>] = gla.u), (16)

subject to ¢-integral nonlocal boundary conditions

1 Y4 (1/4—gs)s—D
0)=0, u(l) = = LB (s)d
w0 =0, w) = g [T S s
Y RUETLEL 3
+- u(s)dgs + )y  au(&;). (17)
5Jo Fq(é) ! ;
Hereﬁlzgl’q:%’lq%:%éA:ié#:%éE:gv75:%vC1 9’42_%7
n_37a1:Z>a2:57a3:1751:§7§2:§7§3:§7*/L’6[031]a‘nd
1/ 2%|u(z)] 1/ z|sinul 1
= — 4 = — —
iz, u) 9(1+|u(x)| + ) fa(w,u) 2(1+|Sinu| 4)’
L alu(@)|
) =z + )
9(z,u) 5(1+\u(x)|
244 4z +1
Observe that | f1(z,u)| < z ;— = p1(z) , |fo(z,u)] < x8—|— = pa(z) and
z+7
|f3(z,u)|] < = @3(x). Moreover, |1 = SUP,e(0,1] 1(z) ~ 0.5556,

5
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o2l = supyepo) p2(x) = 0.625 and ||| = sup,cpo,1) ps(z) ~ 1.6. Using
these values, it is found that v ~ 0.329511 < 1 ( w3 is given in (10)). Clearly
all the assumptions of Theorem 3.1 are satisfied. Therefore, the conclusion of
Theorem 3 applies and hence the fractional g-integro-difference equation (16)
with g-integral nonlocal boundary conditions (17) has at least one solution on
[0, 1].

Example 4.2. Consider the fractional hybrid g-difference equation
8
/3

| cosu(z)|

L3 i) — |u(z)] _ | sinu(z)|
o [() (5+x)2(1+|u(x)l)] (x+4)2(1+|sinu(a:)|’(18)

(z € [0,1]) subject to g-integral nonlocal boundary conditions (17). With the
given data, we find that vy ~ 2.63041, vy ~ 2.78009, v3 ~ 0.329511 and

A0 S G T e = b)),
201 < Gty = V@l
900,01 < A = (o)),

with 11(s) = G ala) = oy 90) = g @) =

wa(||u]]) = ws(||u]]) = ||u||- By the condition (Hs), we find that G > 5.22778.
Thus the hypotheses of Theorem 3.2 are satisfied. Therefore, the conclusion of
Theorem 3.2 implies that the hybrid g¢-difference equation (18) with nonlocal
g-integral boundary conditions (17) has at least one solution on [0, 1].

Example 4.3 Let us consider the fractional hybrid g¢-difference equation

S D2 uta) — i u(e))] + 5032 [u(e) — fale,ui@)] = gl ue)), (19)

(x €[0,1]) equipped with g-integral nonlocal boundary conditions (17). Here

8lu(z)]

fi(z,u(x)) = 0.09(1 + sin(u(z))), fo(z,u(z)) = 100 (1 + [u(z)])’

g(x,u(x)) = 0.07tan " u(x).
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Clearly fi(z,u(x) and fo(z,u(z) satisfy the condition (A4) with M; = 0.09
and My = 0.08 respectively, while (Ay) is satisfied by g(z,u(x)) with M3 =
0.07. With the given data, it is found that v; ~ 2.63041, vy ~ 2.78009, v3 ~
0.329511 and v ~ 0.787215 < 1, that is, the condition (15) is satisfied. As all
the assumptions of Theorem 3.3 are satisfied, therefore the equation (19) with
g-integral nonlocal boundary conditions (17) has a unique solution on [0, 1] by
the conclusion of Theorem 3.3.

5 Conclusions

We have discussed the existence and uniqueness of solutions to a fractional
g-difference equation involving dual hybrid terms and equipped with nonlocal
multipoint and Riemann-Liouville fractional g-integral boundary conditions.
The desired results are derived with the aid of standard fixed point theorems.
Our results are novel in the given configuration and enhance the literature
on boundary value problems of fractional g-difference equations. As a special
case, for e = § = 1, our results correspond to the following problem:

D [u(w) — fi(z,u(@))] = glz,u(@), 0<w<1,

Loy = [ A=) S e
w0 =0, u)= [T O + D a(e). G0

which are indeed new. By taking a; = 0 for all? = 1,... n, our results become
the ones for the problem:

eDy [u(@)—fi(z, u(2))]+(1—e) D2 (@)~ fo(z, u(z))] = g(z,u(z)), 0<z <1,

_ 5 (C1 1) H — gs)(€2—1)
w(0) = =5 / q w(s)dys-+(1—5) /0 %u(s)dqs.

Conflict of Interest

All authors declare no conflicts of interest in this paper.

References

[1] Y. Xu, W. Li, Finite-time synchronization of fractional-order complex-
valued coupled systems, Phys. A 549 (2020), 123903.

[2] Y. Ding, Z. Wang, H. Ye, Optimal control of a fractional-order HIV-
immune system with memory, IEEE Trans. Contr. Sys. Techn. 20 (2012),
763-769.



EXISTENCE RESULTS FOR A NONLOCAL ¢-INTEGRO MULTIPOINT BVP 29

[3]

[10]

[11]

[12]

[13]

M.S. Ali, G. Narayanan, V. Shekher, A. Alsaedi, B. Ahmad, Global
Mittag-Leffler stability analysis of impulsive fractional-order complex-
valued BAM neural networks with time varying delays, Commun. Non-
linear Sci. Numer. Simul. 83 (2020), 105088, 22 pp.

X. Zheng, H. Wang, An error estimate of a numerical approximation to
a hidden-memory variable-order space-time fractional diffusion equation,
SIAM J. Numer. Anal. 58 (2020), 2492-2514.

M. Javidi, B. Ahmad, Dynamic analysis of time fractional order
phytoplankton-toxic phytoplankton—zooplankton system, Ecological Mod-
elling, 318 (2015), 8-18.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of
Fractional Differential Equations; North-Holland Mathematics Studies,
204; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006.

B. Ahmad, S.K. Ntouyas, Nonlocal Nonlinear Fractional-Order Boundary
Value Problems; World Scientific: Singapore, 2021.

H. Alsulami, M. Kirane, S. Alhodily, T. Saeed, Nyamoradi, N. Exis-
tence and multiplicity of solutions to fractional p-Laplacian systems with
concave-convex nonlinearities, Bull. Math. Sci. 10 (2020), no.1, 2050007,

20 pp.

C. Kiataramkul, S.K. Ntouyas, J. Tariboon, Existence results for v-Hilfer
fractional integro-differential hybrid boundary value problems for differ-
ential equations and inclusions. Adv. Math. Phys. 2021, 2021, 1-12.

J.J. Nieto, Fractional Euler numbers and generalized proportional frac-
tional logistic differential equation. Fract. Calc. Appl. Anal. 2022, 25,
876-886.

Z. Laadjal, F. Jarad, Existence, uniqueness and stability of solutions for
generalized proportional fractional hybrid integro-differential equations
with Dirichlet boundary conditions. AIMS Math. 2023, 8, 1172-1194.

R. P. Agarwal, A. Assolami, A. Alsaedi, B. Ahmad, Existence results and
Ulam-Hyers stability for a fully coupled system of nonlinear sequential
Hilfer fractional differential equations and integro-multistrip-multipoint
boundary conditions, Qual. Theory Dyn. Syst. 21 (2022), Paper No. 125,

33 pp.
J.R. Graef, L. Kong, Positive solutions for a class of higher order boundary

value problems with fractional g-derivatives, Appl. Math. Comput. 218
(2012) 9682-9689.



EXISTENCE RESULTS FOR A NONLOCAL ¢-INTEGRO MULTIPOINT BVP 30

[14]

[15]

[16]

[17]

[18]

[19]

[21]

[22]

[23]

B. Ahmad, S.K. Ntouyas, J. Tariboon, Quantum calculus. New concepts,
impulsive IVPs and BVPs, inequalities, Trends in Abstract and Applied
Analysis, 4. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ,
2016.

K. Ma, X. Li, S. Sun, Boundary value problems of fractional g-difference
equations on the half-line, Bound. Value Probl. (2019), Paper No. 46, 16

pp-

J. Wang, C. Bai, Finite-time stability of g-fractional damped difference
systems with time delay, AIMS Math. 6 (2021) 12011-12027.

M. Jiang, R. Huang, Existence of solutions for g-fractional differential
equations with nonlocal Erdélyi-Kober g-fractional integral condition,
AIMS Mathematics, 5 (2020), 6537-6551.

S. Liang, M.E. Samei, New approach to solutions of a class of singular
fractional g-differential problem via quantum calculus, Adv. Difference
FEqu. 2020, Paper No. 14, 22 pp.

C. Bai, D. Yang, The iterative positive solution for a system of fractional
g-difference equations with four-point boundary conditions, Discrete Dyn.
Nat. Soc. (2020), Art. ID 3970903, 8 pp.

A. Wongcharoen, A. Thatsatian, S.K. Ntouyas, J. Tariboon, Nonlinear
fractional ¢-difference equation with fractional Hadamard and quantum
integral nonlocal conditions. J. Funct. Spaces 2020, Art. ID 9831752, 10

bp-

Z. Qin, S. Sun, Z. Han, Multiple positive solutions for nonlinear fractional
g-difference equation with p-Laplacian operator, Turkish J. Math. 46
(2022), 638-661.

N. Allouch, J.R. Graef, S. Hamani, Boundary value problem for fractional
g-difference equations with integral conditions in Banach spaces, Fractal
and Fractional, (2022), 6(5):237.

A. Alsaedi, H. Al-Hutami, B. Ahmad, R.P. Agarwal, Existence results
for a coupled system of nonlinear fractional g-integro-difference equations
with g-integral coupled boundary conditions. Fractals 2022, 30, 2240042.

R. P. Agarwal, H. Al-Hutami, B. Ahmad, A Langevin-type g¢-variant
system of nonlinear fractional integro-difference equations with nonlocal
boundary conditions, Fractal Fract. 2022, 6 (1), 45.



EXISTENCE RESULTS FOR A NONLOCAL ¢-INTEGRO MULTIPOINT BVP 31

[25] , R. P. Agarwal, B. Ahmad, H. Al-Hutami, A. Alsaedi, Existence results
for nonlinear multi-term impulsive fractional g-integro-difference equa-
tions with nonlocal boundary conditions, AIMS Math. 8 (2023), 19313—
19333.

[26] A. Alsaedi, B. Ahmad, H. Al-Hutami, B. Alharbi, Investigation of hybrid
fractional g-integro-difference equations supplemented with nonlocal g¢-
integral boundary conditions, Demonstr. Math. 56 (2023), dema—2022—
0222.

[27] M.A. Krasnoselskii, Two remarks on the method of successive approxi-
mations, Usp. Mat. Nauk. 10 (1955) 123-127.

[28] A. Granas, J. Dugundji, Fized Point Theory, Springer-Verlag, New York,
2003.

[29] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, New York,
1985.

[30] M.H. Annaby, Z.S. Mansour, g-Fractional Calculus and Fquations, Lec-
ture Notes in Mathematics 2056, Springer-Verlag, Berlin, 2012.

Boshra ALHARBI

Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group,
Department of Mathematics, Faculty of Science,

King Abdulaziz University,

P.O. Box 80203, Jeddah 21589, Saudi Arabia.

Email: balharbi0383@stu.kau.edu.sa

Ahmed ALSAEDI

Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group,
Department of Mathematics, Faculty of Science,

King Abdulaziz University,

P.O. Box 80203, Jeddah 21589, Saudi Arabia.

Email: aalsaedi@hotmail.com

Ravi P. AGARWAL
Department of Mathematics,
Texas A&M University,

700 University Blvd., Kingsville,
Texas 78363-8202, USA

Email: ravi.agarwal@tamuk.edu

Bashir AHMAD

Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group,
Department of Mathematics, Faculty of Science,

King Abdulaziz University,

P.O. Box 80203, Jeddah 21589, Saudi Arabia.

Email: bashirahmad_qau@yahoo.com



EXISTENCE RESULTS FOR A NONLOCAL ¢-INTEGRO MULTIPOINT BVP

32




