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On Boyd-Wong type multivalued contractions
and solvability of (k — x)-Hilfer fractional
differential inclusions

Marija Paunovic, Babak Mohammadi and Vahid Parvaneh

Abstract

In this article, we introduce the Boyd-Wong type multivalued con-
tractions and demonstrate that such mappings have a fixed point. Ad-
ditionally, we look at the solvability of a few (k — x)-Hilfer initial value
fractional differential inclusions of order n — 1 < o < n (n > 2). To
demonstrate the usability of our result, an example is provided.

1 Introduction

Numerous technological sectors have used fractional integro-differential oper-
ators to investigate the mathematical description of physical processes. The
reader is directed to [13], [14], [15], [23], [24], [25] and [30] to view a num-
ber of published articles in this respect. The most useful fractional operators
among these efforts are the Riemann-Liouville and Caputo integro-differential
operators. The y-Caputo fractional derivative (c.f.d.), which is the fractional
derivative with regard to another strictly rising differentiable function, was
recently introduced in [10] and used in [12] and [16].

Then, various scholars applied this operator to a variety of topics (see,
for instance, the citations for [10], [18], [19], [20], [21], and [22]).There is no
doubt that the Riemann-Liouville, Caputo, Hadamarad, and Erdélyi-Kober
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integro-differential operators are particular instances of the x-c.f.d.. On the
other hand, Hilfer introduced the Hilfer type fractional derivative in reference
[9]. Many of the well-known fractional derivative operators are generalized by
the (k — x)-Hilfer operator, which was presented in [3]. Recently, Tariboon
et al. employed this operator for multi-point initial value (k — y)-Hilfer frac-
tional differential equations and inclusions utilizing the Nadler’s contraction
and Banach contraction principle.

Distinctly, they study the following multi-point initial value fractional dif-
ferential inclusion of order 1 < p < 2:

{ FRPEXG(t) € F(t,s(t)), t € [a, D], (1)
s(a) =0, ¢(b) = E%; Ais(e4),

where *D”¢X is the (k — x)-Hilfer fractional derivative (h.f.c.) operator intro-
duced in [3], § : [a,b] x R = P(R) is a multi-valued compact valued function,
1 < p < 2, the increasing function x € C'([a,b]) is such that x/(t) # 0 for all
te€fa,b,a<e <bi=1,2,3,---,mand A\ €R.

In this research, we pursue two objectives: First, we introduce the multi-
valued contraction mappings of Boyd-Wong (B.-W.) type and demonstrate
that they have a fixed point. Second, we demonstrate the solvability of a few
(k — x)-Hilfer fractional differential inclusions of any order n—1 < p < n using
our novel contraction with the following single-point initial value conditions:

FDRENR(L) € §(t, k(t)); t € [a, ],
kJanJr—ck;xH(t‘)]t:a =0,

Ly ; .
(X']?t)%) P X ()i = djyj = 1,2, ;0 — 1, g = p + o(nk — p),

(2)
when the right hand side function § : [a,b] X R — P(R) appraises the multi-
valued mappings, it does not necessarily appraise the Nadler’s contraction, but
rather the B.-W. type contraction. We provide an illustration to demonstrate
how our new findings are usable.

2 Preliminaries and auxiliary notions

Let (V,d) be a metric space. Following [17], let P,(V) be the class of all
nonempty closed bounded subsets of V and H be the Hausdorff-Pompieu met-
ric on P (V) which is induced by the metric d, that is,

H(Y1,Ys) :max{ sup d(s1,Y2), sup d(cg,Tl)},

s1€T G2€T 2
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for every T1, T € P (V).

A fixed point of a multi-valued mapping L. : V — P(V) is an element ¢ € V
such that ¢ € L¢. Also, L possesses the approximate valued property whenever
for any x € V there exists y € Lx such that d(z,y) = d(z, Lx).

Let’s review the basic definitions of fractional differential equations (see
[26] and [27] for references).

For a continuous function f : [a,b] — R, the Riemann-Liouville integral
(r.li.) of fractional order p > 0 is defined by

¢
YO = 575 [ (=0 wdus >0 3)

and J2f(¢) = f(¢) for p = 0 (for agreement). The c.f.d. of order p is defined
by

DL =30 F () (n—1<p<nn=]p)), (4)
where [.] : R — Z denotes the ceiling function. The Riemann-Liouville frac-
tional derivative (r.1.f.d.) of order p is defined by

d

DL () = (5) IO (=1 < p<nn=[p]). (5)

Definition 1. Let x be an increasing map so that x'(s) > 0 for any s € [a, b].
Then, the x-r.l.i. of order p of an integrable function f : [a,b] — R with
respect to x is defined as

Loty _ p—1

s = T LXONO 3wy p>0
f(f), p= 0,

if the right-hand side of the aforementioned equality has finite values.

It should be noted that, if x(u) = u, then clearly the x-r.l.i. (6) reduces
to the standard r.l.i. (3).

Definition 2. ([12]) Let n = [p]. For a real mapping f € C([a,b],R), the
x-r.Lf.d. of order p is formulated as

" 1) = () ) ¢

provided that the right hand side of the above equality is finite-valued.

Similar to this, it is clear that the x-r.1.f.d. (7) reduces to the traditional
rl.f.d. (5) if x(u) = u. Almeida presented a novel y-version of the c.f.d. in
the following formulation, which was motivated by these operators:
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Definition 3. ([10]) Let n = [p] and x € AC™([a, b], R) be an increasing map
with x'(u) > 0 for any u € [a,b]. The x-c.f.d. of order p of f with respect to
X is
. . 1 d\~»
C P;C g — ~’I’L7p,< _ g 8
D0 =3 () 1O ®)

assuming that the right-hand side of this equality has finite values.

It should be understood that, if x(u) = wu, then it is obvious that the x-
c.f.d. of order p, in the formula (8) reduces to the standard c.f.d. of order
p in (4). In the following, some useful specifications of the y-Caputo and x-
Riemann-Liouville integro-derivative operators can be seen. Let AC([a, b], R)
stand for the set of absolutely continuous functions from [a, b] into R. Define
AC([a,b], R) by

AC?([a,b],R) = {z : [a,b] = R|5? € AC([a, b], R), 5, =

Lemma 1. ([12]) Let n = [p] + 1. For a real mapping f € AC™([a,b],R),

(6%F)(a)

PRDENS() = [(1) = T (F(0) = f(a)", (9)

k_
where 5X = 030y =+ Oy -
N———
k times

Lemma 2. ([11]) Let n = [p]+ 1 and p,0 > 0. For a real mapping [ €
C([a,b],R) we have:

(i) JEXIEXS(H) = 3T f (),
(i) DI () = f(D),
(iii) “DEX(x(t) = x(0)¢" = e (x(#) — x(a))2~P 1,
(i) I (1) = x(@)) ™! = ;s (x(t) — x(a)) 771,
(v) DX (x(t) — x(a)* =0, k=0,1,2,...,n — 1.

Mubeen and Habibullah [6] extended the r.l.f.i. operator to k-r.l.fi. of
order p as

B

¥/
000 = i [ (€0 s o> 0, (10)
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and *J0f(¢) = f(¢) for p = 0 (for agreement), where h € L'([a,b],R),k > 0
and I'y, is the k-Gamma function which is defined in [5] by

o0 tk
Th(u) = / thle~ ® dt
0

where 1 € C with Re(u) > 0, k € R and k > 0.
The following equalities are met, as is widely known:

(i) Tr(p) = kE71T(%),
(i) Tr(p+ k) = pl'k(p),
(iii) limp_1 Tx (1) = T(n).

Dorrego in [4] introduced the k-r.1.f.d. for a mapping h € C([a, ], R) of order
n—1<p<nas

d\n
k,RL\p (1. O\ kank—p _rP
D2.(0) = (k7 ) *E (0,0 = [21. (11)
Kucche and Mali in [3] introduced the k-c.f.d. as
d\mn
k,C P :,Iq,»nkfp -~ _ B
D7.6(0) = *3pE 0 (k) b(O).n =21, (12)

Sousa and Oliveira [22] defined the x-h.f.c. of the function h € C([a, b, R)
of order n — 1 < p < n and of type g € [0,1] for a x € C"([a,b],R) such that

X'(€) # 0 (£ € [a,b]) as

Hyp,0iX _ ~oln—p)ix(_1 AN~ (1-0)(n—p)ix _rP 1
L0 =30 (G ag) bO.n =171 (13)
In [2], the (k — ¢)-r.L.fi. of order p > 0 for a function h € L!([a, ], R) and
for a k > 0 is defined as

ko — ) iy Ja X (OO = x(w) £ (u)du
37 <e>—{ P ieled (14)

Kucche and Mali in [3] defined the (k — x)-h.f.c. for a function h € C([a,d], R)
of order p > 0 and for a k > 0 and of type g € [0,1] w.r.t. a x € C"([a,b],R)
for which x'(¢) # 0 (£ € [a,b]) as

lc,H@Zf;xh(g) _ k:js(:zk—p);x

A\ x(1-0)(nk=p); _ P
(va) e o0.n =121 (5)
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Remark 1. (i) Taking ¢ = 0, (15) reduces to the (k — x)-r.1.f.d.

, ; _( k d ky(nh—);
i - (i) e

Also, taking x(¢) = £ in (16), it is reduced to the k-r.l.f.d. (11).
(ii) Taking o = 1, (15) reduces to the (k — x)-c.f.d.

k,C’@Z;ﬁ( (0) = S(Hk P)iX ( /Izg) %)nh(ﬁ) (17)

and taking x(¢) = £ in (17), it reduced to the k-c.f.d. (12).

(iii) Taking x(¢) = ¢P, (15) reduces to the k-Hilfer-Katugampola fractional
derivative in [1]:
(a) If x(¢) = ¢P and p = 0, then (15) reduces to the k-Katugampola
fractional derivative in [1],
(b) If x(¢) = ¢7 and p = 1,then (15) reduces to the

k-Caputo-Katugampola fractional derivative in [1];

(iv) Taking x(¢) = log¥, (15) reduces to the k-Hilfer-Hadamarad fractional
derivative in [3]:
(a) If x(¢) =logl and ¢ = 0, then (15) reduces to the k-Hadamarad
fractional derivative in [3],
(b) If x(¢) = log¢ and p = 1, then (15) reduces to the k-Caputo-
Hadamarad fractional derivative in [3].
Remark 2. If ¢, = p+ o(nk —p), then p(nk—p) = g —p and (1—p)(nk—p) =

nk —¢,. Therefore, the (k — x)-Hilfer fractional derivative will get the (k — x)-
r.l.f.d. form as

k,H@Zf;xb(g) _ k:j;k;p;x X’sz) dd[) k~nk KX ()

— kﬁCk;r*P%X k’RLQZI:Xb)( )’

a

(18)

Note that forn —1 < £ <n, wehaven —1 < % <n

Lemma 3. ([8]) Let p,k € RT = (0,00) and n = [{]. Assume that b €
C"([a,b],R) and *3"~ "Xy € C™([a,b],R). Then

L3 (D) ()

_ n1 O -x(@)k 7 | (k)" pgnh-
=b(0) =20 s {(X’(f)d@) + )
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Lemma 4. (/8]) Let p,k € Rt = (0,00) with p < k and o € [0,1]. Assume
that s, = p + o(k — p) and h € C™([a,b],R). Then

SN (HDLENG) (€)= Ry (DD ) (1), (20)

For some relations on k-r.1.f.d.s we refer the reader to [28, 29, 30, 31, 32, 33]
and references therein. Some properties of (k—yx)-h.f.c.s are investigated in [3].
Moreover, by applying the famous Banach contraction principle, they studied
the solvability of the following initial value problem involving (k — x)-h.f.c.

k’HDZf;XK’(t) = f(t7 K’(t))7 t € [CL, b] (21)
F3ETkiXk(a) = 20 € R, g = p+ o(k — p)

where #D7¢X is the (k — x)-h.f.c. operator of order 0 < p < 1 and of type
o € [0,1], f : [a,b] x R — R is a continuous function and the increasing
function x € C'([a, b]) is such that x'(t) # 0 (¢ € [a, b]).

Recently, Tariboon et al. [8] used this operators to multi-point initial value
(k — x)-Hilfer fractional differential equations and inclusions at form (1) using
the Banach contraction principle and the Nadler contraction principle.

This paper is currently in the following state: In Section 3, we provide
the B.-W. type contraction for multivalued mappings and demonstrate that
such mappings have a fixed point. In Section 4, we use our new contraction
to demonstrate that the (k — x)-Hilfer fractional differential inclusion of any
order n — 1 < p << n with the single-point initial value condition (2) is
solvable. However, the right-hand side function § : [a,b] X R — P(R) does not
always teach the Nadler contraction for multi-valued mappings. We provide
an illustration to demonstrate how our new findings are usable.

3 Main results

The set of all functions 7 : [0,00) — [0, 00) so that
(61) nm is continuous,
(02) limpoon(tn) =0 < limy ooty =0, forall (¢,) C[0,00),

is denoted by V.
Some examples of elements of ¥ are the following functions defined on
[0, 00):

(i) m@) =ait +ast> +---+a,t", n €Nya; >0,i=1,2,---n,

(i) n2(t) =In(t + 1)
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(iii) ns(t) = 77
(iv) na(t) = sint + ¢,
(v) ns(t) = ¥/t", m,n € N.
The collection of all functions ¢ : [0,00) — [0, 00) such that
(61) ¢ is nondecreasing and upper semi continuous,
(62) C(t) <t forall t >0,

is denoted by ®.
Some examples of elements of ® are the following functions defined on

(ifi) Ca(t) = 747,
(iv) ¢alt) = i

Definition 4. Let (V, d) be a metric space and L : V — P,(V) be a multival-
ued mapping. We say that L is a (n — ¢)-B.-W. type multi-valued contraction
if there exist n € ¥ and ¢ € ¢ such that

n(H(Lz, Ly)) < ((n(d(z,y))), (22)
for all z,y € V.

Theorem 1. Let (V,d) be a complete metric space and L:V — Pyp(V) is a
(n—¢)-B.-W. type multi-valued contraction satisfying comparable approzimate
valued property. Moreover, let lim, oo H({z,}, £x,) = 0, for any sequence
(zy) with ;41 € Lx,,. Then L has at least one fized point.

Proof. Choose a fixed element ¢y € V. If ¢y € Lgy, then we have nothing to
prove. Suppose that ¢y ¢ Lgy. Since L has comparable approximative valued
property, there exists ¢; € Lgy such that d(sp, Lsg) = d(co, 1) It is clear that
61 # <o- If ¢ € L¢y, then ¢ is a fixed point of L. Suppose that ¢; ¢ L.
Then, there exists ¢ € L¢ such that d(s1,L¢1) = d(s1,52). It is clear that
G2 # ¢1. By continuing this process, we obtain a sequence {¢,} in V such that
Sn € Ln—1, 6n # sn—1 and d(Sn—1,$n) = d(Sn—1,Lsn—1) for all n € N.
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In view of (22), we obtain that

= n(d(sn+1,Lsny1))
< n(H(Esn, Lsnr1))) (23)
< C(n(d(§n7§n+1)))

for each n > 0. Put t,, := n(d(<n, $n+1)). From (23), we have

N(d(Sn+1,Sn+2))

tnt1 < ((tn) <tn, foreachn>0. (24)

So, () is a nonincreasing sequence in [0, 00) and so there is r > 0 so that
t, —rt.

We now demonstrate that » = 0. On the contrary, suppose that r >
0. Taking the limit through (24), » < ((r), which is a contradiction. So,
lim 7(d(sn,Sn+1)) = lim ¢, = r = 0. Therefore, lim d(<,,sp+1)) = 0. We
n—oo n—oo n—r oo

claim that {¢,} is a Cauchy sequence. If {s,} is not Cauchy, then there are
€ > 0 and subsequences {¢,,,} and {c,,} of {¢,} so that n, > m; > i,

d(Sm;sSn;) > € (25)

and
d(gmng‘ni*l) <E. (26)

Using (25), we get
€< d(gmmgm’,) < d(gmm ’;ni—l) + d(gni—17 gﬂq‘,) <e+ d(gm,—l’ qu) (27)

As i — oo, we find

lim d(Gm;,5n;) = €. (28)

1—> 00

Also, we have

d(gmi ) <ni) - d(cmw §mi+1) - d(<ni ) §m+1)
< d(@m-&-la gm--i-l)
S d(gmia gmi—i-l) + d(gnu ) gnqy) + d(gnl ) g’ni+1)~

As i — 0o, we find

lim d(Gm,41,Sn,41) = €. (29)
1—> 00
Also,

d(Smit+15Sni+1) < H(Sm+1, bom,) + H(bom, , Ben,) + H(Sn, 41, L6, )
< d(gmi s gmiJrl) + H(gmi y Lgmi) + j{(Lgmi ’ Lgnz) (30)
+H(§n1 y Lgnl) + d(gnm §ni+1)'
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By (22) and (30), we find

(31)
71— 00
C(n(e)

a contradiction.

Thus, {¢,} is a Cauchy sequence in the complete metric space (V,d) and
hence there exists z € V so that

lim ¢, ==z. (32)

n—00

We claim that d(z,Lz) = 0. On the contrary, suppose that d(z,Lz) # 0.
We have

1(d(sn+1,12)) < n(H(ken, L2)) < ¢(n(d(n, 2)))- (33)

Taking the limit through (33), we obtain n(d(z,Lz)) < ((n(d(z,Lz))),
which is a contradiction. Thus, d(z,Lz) = 0. Now since L has compara-
ble approximate valued property, there exists u € V such that v € Lz and
d(z,u) = d(z,Lz). Consequently, d(z,u) =0 and so z = u € Lz. The proof is
completed. O

Let P.,(V) be the family of all nonempty compact subsets of V.

Corollary 1. Let (V,d) be a complete metric space and £ :V — P, (V) be a
(n—C)-B.-W. type multi-valued contraction satisfying comparable approximate
valued property. Moreover, let lim, oo H({zn}, Lxn) = 0, for any sequence
(zn) with 41 € Lx,. Then L possesses at least one fized point.

Using the identity function 7, we get the following outcome:

Corollary 2. Let (V,d) be a complete metric space and L : V — P, (V) be
a B.-W. type multi-valued contraction, i.e., there exists ( € ® such that

H(Lz, Ly)) < ¢(d(z,y)), (34)

for all x,y € V. Moreover, let lim, oo H({xn}, Lx,) = 0, for any sequence
(xn,) such that x,1 € Lxy,. Then there exists at least one fized point for L.
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4 Application to fractional differential equations

From now on, assume that V = C([a, b], [0, 00)) is the Banach space of con-
tinuous nonnegative real valued functions z : [a, b] — [0, c0) endowed with the
norm

|2l = sup [=(¢)].
t€la,b]

Define d(z1, z2) = ||z1 — #2]| for all z1, 2z € V. Then (V,d) is a complete metric
space.

Lemma 5. For a function g € L([a,b],[0,00)), function r € C([a,b],[0,00))
s a solution of the equation

BN () = g(0); L € [a,1],
k"];ﬂi—gk&( (@]é 0=0,
J

migrema = ¢ | (35)
(h &) M O = g = 1,2, 1,

if and only if

X(0) = x(a))* 7 .
Z 7 Fk(%—jk—‘rk‘ k;Fk / . X(8) 5 g(t)dt,

j=1
for all £ € [a,b].

Proof. Asssume that x € V is a solution of the equation (35). Then, from
Remark 2,

k,H@Zf;XK(g) _ kﬁgfp;x<k’RL©Z$X“> (&) = g(e), (36)

a

Appling 37X on both sides of the above equality, we get

hyonix ( k,RL@ZIiXH) (0) =F30Xg(0). (37)

a

From Lemma 3, we get

z_: (a))F ( k i) kﬁnk KX pe(4) =k30Xg(0)
= Tilo— jk: +k) [\X(0) de " T



ON BoYyD-WONG TYPE MULTIVALUED CONTRACTIONS AND SOLVABILITY OF
(k — x)-HILFER FRACTIONAL DIFFERENTIAL INCLUSIONS 138

Ny O —xE 1t
w0 = 3 TP e [0 — 2 a0

k d n—j k—cp.:
d. = (77) k~ank—crix ¢
= | Gan)
An inverse direct calculation can be used to quickly find the proof’s opposite.
O

l=a

Definition 5. A function ¢ € € := C([a,b],[0,00)) is a solution of the
system (2) if and only if it satisfies the initial conditions and there is 3 €
L([a,b],[0,00)) such that 3(¢) € F(£, z(¢)) for almost all £ € [a, b] and

n—1 Sk __ 4 Y
_ (x(0) —x(a))* 7 1 , B £
0= X 4 g | coen -

for all ¢ € [a, b].

For each k € C, we define the set of selections of the operator § as follows
S50 = {5 € L1([a,8],[0,00)) : 3(¢) € F(, w(0)), ¥ € [a,0]}.
Define the operator { : € — P(C) by

U(z) = {p € C: there exists 3 € &5 , such that p(¢) = Y(¢),V/ € [a, b]},
(38)

where

SO RN ) A S A
HORDILE ey e RS 1T | YO0 = x@Fse

Theorem 2. Let § : [a,b] X R = P, (R) be a multi-valued mapping. Suppose
that the following conditions are satisfied:

(i) The multi-valued mapping § is integrable, and F(.,u) : [a,b] — P,p(R)
is measurable for all u € R,

(i) There exist ¢ € ® such that

Ly(p+k)

%(%(67 ’U,), g(& U)) < m

(Jo =), (39)

for all £ € [a,b] and u,v € [0,00).
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Moreover, let limy,_yoo H({vn ()}, T, va(£)) = 0, for any sequence (vy,) with
Unt1(€) € F(l,v,(€)). Thus, there is at least one answer to the inclusion
problem (2).

Proof. We shall show that the multi-valued mapping 4, defined in (38), has a
fixed point. Let 21,22 € C and A} € #(z1) and choose 31 € S5 ., such that

ES]

n—1 Sk _g 14
wipn (x(0) = x(a))F 1 , B 1
CCRDILE v s el 1) | ¥ o6 - xo)fsiwar

for all £ € [a,b]. From (39), we have
K 2(0).5(0.2(0) <

Thus, there exists T € (¢, 2(¢)) such that

BRAR)_ c(la(0) - 2 (0)).

(x(0) = x(a))

Now, define a multi-valued mapping N : [a,b] — P(C) as

51(6) = Y(O)] <

=

_ , _ Lelp+ k) o omy—
) = { T € €1 lu(0) = 10 < KB (a0 - 200D ).
for all £ € [a,b]. As 31 and

Lr(p+k)
(x(b) = x(a))*

are measurable, so is DN(.)NF(., 2/(.)). Now, let 32(¢) € F(¢, 22(£)) be such that

C(I21(6) — 22(0)])

Li(p + k)

31(6) = 32(0)] < m

C(Iz1(6) = 22(O)])-

E 1)

Now, we define hj € H(z2) as

iy — a %_j ¢ ]
1500 = 3 2 g X OWO - x0) sl

for all £ € [a,b]. Then
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Iﬁ*( ) = 50 < 77 Ja X @00 = x(#) 1 (51.(6) = 32(0) )t
1

)
= krk(ﬂ) f X' () (x(€) — x(t ))% %C(Lﬁ(ﬁ) — 2z9(0)|)dt
< oSz =22 (x(0) — x(a NE <C(ller = 22)-

Therefore

A

77 = 5|l < C(llz1 — 22]))
Thus
FH(U(2),4(=")) < C(llz1 — 22]))-

All of the requirements of Corollary (2) have now been met. Thus, there is a
fixed point for i : € — P.,(€) and so the problem (2) possesses a solution. [

Ezample 1. Consider the fractional differential inclusion

4 10 4.2 47 k(L
BHD,E k() € [0,ef + O] re2,3)
~2 02
53 K(0)] =2 = 0,
4 d\ aaEil? (40)
(Wﬂ) 33,8 K(O)]e=2 =5,
2g~%,£2
() 433" K(O)ema = 7
Note that,
47
liu) = {O,ez + .
86 u) 15v15u+1
Obviously, § is continuous and compact valued. Here,
4 10 4
k= gaP: §7Q: gaa: 27b:37d1 = 77d2 = 57X(£) :52
and ¢ = p+olnk —p) = G, n=[3] =[Gl =3 nk-—a=4- 5 =
465 1 . Thus
(p+k)  _KEL(RR) _ (5)T(G) _ 4vr
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and
I . A
(36, 5(6.0) = v u+l v+l
47w v 47 U —v

= | | < |

1515 u+1 v+1' = 1515 (u+1)(v+1)
4w Ju—v] Tplp+k)

R EE A U A

where ((t) = 5.
As a result, the condition (#¢) in the Theorem 2 is met. The additional
prerequisites for the theorem 2 are clear. Therefore, the problem (40) has a

solution according to this theorem.

5 Conclusion

In this article, we introduce a multi-valued contraction of the B.-W. type
and demonstrate that such mappings have a fixed point. We examine various
(k — x)-Hilfer initial value fractional differential inclusions of arbitrary order
n—1<p<n(n>2) for solvability. Our conclusion is based on certain find-
ings concerning the presence of (k — x)-Hilfer fractional differential inclusions
(h.f.d.i.s). To demonstrate the usability of our primary result, an example is
provided. We suggest developing such fixed point theorems for multivalued
mappings of two variables that fulfill a multivalued contraction of the B.-W.
type in the future. Next, we suggest looking into whether the (k — x)-Hilfer
fractional differential systems of inclusions are solvable when the right hand
functions reveal a multi-valued contraction of the B.-W. type.

Acknowledgement

This research was supported by the Science Fund of the Republic of Ser-
bia, # 7632, Mathematical Methods in Image Processing under Uncertainty —
MaMIPU.

References

[1] S. Naz, M.N. Naeem, On the generalization of k-fractional Hilfer-
Katugampola derivative with Cauchy problem, Turk. J. Math., 45, (2021),
110-124.

[2] Y.C. Kwun, G. Farid, W. Nazeer; S. Ullah, S.M. Kang, Generalized
Riemann-Liouville k-fractional integrals associated with Ostrowski type



ON BoYyD-WONG TYPE MULTIVALUED CONTRACTIONS AND SOLVABILITY OF
(k — x)-HILFER FRACTIONAL DIFFERENTIAL INCLUSIONS 142

inequalities and error bounds of Hadamard inequalities, IEEE Access, 6,
(2018), 64946-64953.

K.D. Kucche, A.D. Mali, On the nonlinear (k,)-Hilfer fractional differ-
ential equations, Chaos Solitons Fractals, 152, (2021), 111335.

G.A. Dorrego, An alternative definition for the k-Riemann-Liouville frac-
tional derivative, Appl. Math. Sci., 9, (2015), 481-491.

R. Diaz, E. Pariguan, On hypergeometric functions and Pochhammer
k-symbol, Divulg. Mat., 2, (2007), 179-192.

S. Mubeen, G.M. Habibullah, kfractional integrals and applications, Int.
J. Contemp. Math. Sci., 7, (2012), 89-94.

D. W. Boyd , J. S. W. Wong, On nonlinear contractions, Proc. Amer.
Math. Soc., 20, (1969), 458-464.

Tariboon, J., Samadi, A., Ntouyas, S.K. Multi-point boundary value
problems for (k, ¢)-Hilfer fractional differential equations and inclusions,
Azioms, 11, (2022), 110.

R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific,
Singapore, (2000).

R. Almeida, A Caputo fractional derivative of a function with respect
to another function, Commun. Nonlinear Sci.Numer. Simul., 44, (2017),
460-481.

R. Almeida, A.B. Malinowska, M. Teresa, T. Monteiro, Fractional differ-
ential equations with a Caputo derivative with respect to a kernel function
and their applications, Math. Methods Appl. Sci., 41(1), (2018), 336-352.

F. Jarad, T. Abdeljawad, Generalized fractional derivatives and Laplace
transform, Discrete Contin. Dyn. Syst., 13(3), (2020), 709-722.

S. Hamani, M. Benchohra, John R. Graef, Existence results for boundary
value problems with nonlinear fractional inclusions and integral condi-
tions, Flectron. J. Diff. Fqu., 2010(20), (2010), 1-16.

M. Benchohra, J. R. Graef, S. Hamani, Existence results for bound-
ary value problems with nonlinear fractional differential equations, Appl.
Anal., 87, (2008), 851-863.

S. Belmor, C. Ravichandran, F. Jarad, Nonlinear generalized fractional
differential equations with generalized fractional integral conditions, J.
Taibah Univ. Sci., 14(1), (2020), 114-123.



ON BoYyD-WONG TYPE MULTIVALUED CONTRACTIONS AND SOLVABILITY OF
(k — x)-HILFER FRACTIONAL DIFFERENTIAL INCLUSIONS 143

[16]

[19]

[20]

S. Belmor, F. Jarad, T. Abdeljawad, M.A. Alqudah, On fractional differ-
ential inclusion problems involving fractional order derivative with respect
to another function. Fractals, 20(8),(2020), 2040002.

S. B. Nadler, Multivalued contraction mappings, Pacific J. Math., 30,
(1969) 475-88.

T. Abdeljawad, F. Madjidi, F. Jarad, N. Sene, On dynamic systems
in the frame of singular function dependent kernel fractional deriva-
tives, Mathematics, 7(10), (2019), 946.

R. Ameen, F. Jarad, T. Abdeljawad, Ulam stability for delay frac-
tional differential equations with a generalized Caputo derivative, Filo-
mat, 32(15), (2018), 5265-5274.

F. Jarad, S. Harikrishnan, K. Shah, K. Kanagarajan, Existence and sta-
bility results to a class of fractional random implicit differential equations
involving a generalized Hilfer fractional derivative, Discrete Contin. Dyn.
Syst., 13(3), (2020) 723-739.

B. Samet, H. Aydi, Lyapunov-type inequalities for an anti-periodic frac-
tional boundary value problem involving ¥-Caputo fractional derivative,
J.Inequal. Appl., 2018(286), (2018), 9.

J. Sousa, C. Vanterler da, K. D. Kucche, E. C. De Oliveira, Stability of
y-Hilfer impulsive fractional differential equations, Appl. Math. Lett., 88,
(2019), 73-80.

J. Vanterler da C. Sousa, E. Capelas de Oliveira, Leibniz type rule: -
Hilfer fractional operator, Communications in Nonlinear Science and Nu-
merical Simulation, 77, (2019), 305-311.

D.S. Oliveira, E. Capelas de Oliveira, On a Caputo-type fractional deriva-
tive, Advances in Pure and Applied Mathematics, 10(2), (2019), 81-91

J.V.C. Sousa, E.C. De Oliveira, On the t-Hilfer fractional derivative,
Communications in Nonlinear Science and Numerical Simulation, 60,
(2018), 72-91.

I. Podlubny, Fractional differential equations, Academic Press, (1999).

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of
Fractional Differential Equations, North-Holland Mathematics Studies,
204. Elsevier Science B.V., Amsterdam, (2006).



ON BOYD-WONG TYPE MULTIVALUED CONTRACTIONS AND SOLVABILITY OF

(k — x)-HILFER FRACTIONAL DIFFERENTIAL INCLUSIONS 144

[28] E. Mittal, S. Joshi, Note on k-generalized fractional derivative, Discret.
Contin. Dyn. Syst., 13, (2020), 797-804.

[29] S.K. Magar, P.V. Dole, K.P. Ghadle, Pranhakar and Hilfer-Prabhakar
fractional derivatives in the setting of y-fractional calculus and its appli-
cations, Krak. J. Math., 48 ,2024, 515-533.

[30] P. Agarwal, J. Tariboon, S.K. Ntouyas, Some generalized Riemann-
Liouville k-fractional integral inequalities, J. Ineq. Appl., 2016, (2016),
122.

[31] G. Farid, A. Javed, A.U. Rehman, On Hadamard inequalities for n-times
differentiable functions which are relative convex via Caputo k-fractional
derivatives, Nonlinear Anal. Forum, 22, (2017), 17-28.

[32] M.K. Azam, G. Farid, M.A. Rehman, Study of generalized type k-
fractional derivatives, Adv. Differ. Equ., 2017, (2017), 249.

[33] L.G. Romero, L.L. Luque, G.A. Dorrego, R.A. Cerutti, On the k-

Riemann-Liouville fractional derivative, Int. J. Contemp. Math. Sci., 8,
(2013), 41-51.

Marija PAUNOVIC,

Department of Natural Science,

University of Kragujevac, Faculty of Hotel Management and Tourism,
Vojvodjanska bb, 36210 Vrnjacka Banja, Serbia.

Email: majap@rcub.bg.ac.rs

Department of Computer Science,

University MB, Faculty of Business and Law,

11000 Belgrade, Serbia.

Babak MOHAMMADI,

Department of Mathematics,

Marand Branch, Islamic Azad University,
Marand, Iran.

Corresponding author

Email: bmohammadi@marandiau.ac.ir

Vahid PARVANEH,

Department of Mathematics,

Gilan-E-Gharb Branch, Islamic Azad University,
Gilan-E-Gharb, Iran.

Email: zam.dalahoo@gmail.com



