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Quasifinite fields of prescribed characteristic
and Diophantine dimension

Ivan D. Chipchakov and Boyan B. Paunov

Abstract

Let P be the set of prime numbers, P the union P U {0}, and for
any field E, let char(E) be its characteristic, ddim(F) the Diophantine
dimension of E, G the absolute Galois group of F, and cd(Gg) the Ga-
lois cohomological dimension Gg. The research presented in this paper
is motivated by the open problem of whether cd(Sg) < ddim(E). It
proves the existence of quasifinite fields ®4: ¢ € P, with ddim(®4) infin-
ity and char(®,) = ¢, for each g. It shows that for any integer m > 0
and g € P, there is a quasifinite field ®,, 4 such that char(®.,,4) = ¢
and ddim(®,,,,) = m. This is used for proving that for any ¢ € P and
each pair k, £ € (NU {0, co}) satisfying k < £, there exists a field Ey ¢4
with char(Ey,¢,q) = g, ddim(Ey,¢;¢) = £ and c¢d(Sg, ,,,) = k. Finally, we
show that the field Ej ¢4 can be chosen to be perfect unless k = 0 # ¢.

1 Introduction

Let F be a field, Fyp, its separable closure, Fe(F') the set of finite extensions
of F'in Fyp, and G the absolute Galois group of F, i.e. the Galois group
G(Fsep/F). By definition, the Brauer dimension Brd(F') of F, introduced in
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[4], is equal to the least integer n > 0, for which the degree deg(D) of any finite-
dimensional associative central division F-algebra D divides exp(D)™, where
exp(D) is the exponent of D, i.e. the order of the equivalence class [D] of D as
an element of the Brauer group Br(F); if no such n exists, Brd(F') is defined to
be infinity. The Brauer p-dimension Brd,(F') is defined analogously, for each
prime number p, by letting D run across the class of central division E-algebras
of p-primary degrees. In view of the primary tensor product decomposition
theorem for central division algebras over fields (cf. [27], Sect. 14.4), Brd(F')
equals the supremum of Brd,(F): p € P, where P is the set of prime numbers.
As in [7], the supremum sup{Brd,(Y): Y € Fe(F)}, denoted by abrd,(F),
is called an absolute Brauer p-dimension of F. We say that F' is a field of
dimension < 1, in the sense of Serre (see [28], Ch. II, 3.1), if Br(Y’) = {0}, i.e.
Brd(Y') = 0, for every algebraic field extension Y'/F; in view of the Albert-
Hochschild theorem [28, Ch. II, 2.2] (and well-known general properties of
maximal separable subextensions of algebraic extensions, see [22, Ch. V| Sects.
4 and 6]), this holds if and only if abrd,(F) = 0, for every p € P.

The cohomological dimension c¢d(Gr) of G (viewed as a profinite group,
whence, a compact totally disconnected group with respect to the Krull topol-
ogy) is defined to be the supremum of the cohomological p-dimensions cd,(Sr),
p € P. By Galois cohomology (cf. [28], Ch. I, Proposition 21), c¢d,(Sr) < n,
for a given p € P and an integer n > 0, if and only if the cohomology
group H""1(Gp,Z/pZ) is trivial, where the field Z/pZ (of residue classes of
integers modulo p) is viewed as a discrete Gp-module with the trivial ac-
tion of Gp; also, cd,(Gr) = n if and only if n is minimal with this prop-
erty. We set ¢d,(9p) = oo if H"(Gp,Z/pZ) # {0}, for all n € N. When
p # char(F), it follows that cd,(9r) < n < oo if and only if the cohomology
group H™ (S (), u(p)) is trivial, F(u(p)) being the extension of F' gen-
erated by the set (in fact, a multiplicative group) u(p) of p-th roots of unity
lying in Fiep (cf. [28, Ch. I, Proposition 14], and [22, Ch. VI, Sect. 3]). Thus
the computation of cd,(Gr) reduces to the special case in which F' contains a
primitive p-th root of unity unless p = char(F).

It is well-known (cf. [28, Ch. II, 3.1]) that dim(F) < 1 if and only if
Br(F’) = {0}, where F’ runs across Fe(F'). For example, dim(Fyep) < 1; this
follows from the Albert-Hochschild theorem if char(F) # 0. When F is perfect,
we have dim(F) < 1 if and only if cd(§r) < 1. For example, dim(F) < 1 if
F' is a quasifinite field, i.e. a perfect field which admits a unique extension in
Fiyep of degree n, for each n € N. It is known that then GF is isomorphic to G,
for any finite field F. The inequality cd(Gr) < 1 holds, since G is isomorphic
to the topological group product HpeP Z,, where Z,, is the additive group of
p-adic integers, for each p (see [14, Examples 4.1.2]).

We say that the Diophantine dimension ddim(F') of F' is finite and equal
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to m, if m is the least integer > 0, for which F is a field of type Cy,; if no such
m exists, we set ddim(F') = co. By type C,, (or a C,,-field), for an integer
m > 0, we mean that every F-form (a homogeneous nonzero polynomial with
coefficients in F') f of degree deg(f) in more than deg(f)™ variables has a
nontrivial zero over F. For example, F' is a Cy-field, i.e. ddim(F) = 0 if and
only if it is algebraically closed. The class of C),-fields is closed under taking
algebraic extensions, and it contains every extension of transcendence degree
m over any algebraically closed field (cf. [21]). The question of whether this
class consists of fields of Brauer dimensions less than m is presently open; it is
known, however, that these fields have absolute Brauer p-dimensions less than
p™~ L for all p € P (see [23]). When F is a Cy,-field and char(F) = ¢ > 0,
it is easily verified that [F': F'9) < ¢™, where F'9 = {a?: a € F'} (the F-form

Z?:l a; X7 does not possess a nontrivial zero over F, provided [F: F1] = ¢"
and the system a; € F: i =1,.. .,qm/7 is a basis of F over F'Y9). Since, by
Galois cohomology (cf. [28, Ch. I, 3.3]), cd(Sr) = 0 if and only if F = Fyp,
these observations prove the following;:

(1.1) In order that cd(9r) = 0 and ddim(F) = m < oo, it is sufficient that
F = Fyep, char(F) = ¢ > 0, [F: F9 = ¢™, and F is an extension of an
algebraically closed field Fy of transcendence degree m. We have ¢d(Gr) =0
and ddim(F') = oo if F' = Fyp, char(F) = ¢ > 0 and [F': F9] = co.

The research presented in this paper is motivated by the following open
question (arising from an observation made by Serre in [28, Ch. II, 4.5]):

Question 1. Find whether ¢cd(Sr) < m whenever F is a field of type Cp,,
for some m € N. Equivalently, find whether c¢d(Gr) < ddim(F).

Finite fields have type C1, by the classical Chevalley-Warning theorem, and
(;-fields have dimension < 1 (see [14, Theorem 2.6], and [28, Ch. II, 3.1 and
3.2], respectively). Nontrivially, it follows from Merkur’ev-Suslin’s theorem
(cf. [29, Corollary 24.9]) that cd(Sg) < 2, for every Ca-field E. Question 1 is
open if m > 3. It has been proved that c¢d,(Sg,,) < oo, p € P, for every C,,-
field E,,,; however, in case m > 3, the sequence ¢,(m), p € P, of best presently
known explicit upper bounds on c¢d,($Gg,, ), found in [20], is unbounded, which
does not rule out the possibility that ¢d(Sg,,) = oo.

Note that if char(F) = ¢ > 0 and F is a Cp,-field, then the ¢-dimension
dimg(F’) introduced, for example, in [19], is at most equal to m. This theorem,
established by Arason and Baeza [3], implies the answer to Question 1 will be
affirmative if and only if ddim(F) > CD(F'), for every field F', where CD(F')
is the cohomological dimension of F (in the sense of [17]), defined as follows:

Definition 1. (i) CD(F) = ¢d(GF) if char(F) = 0.
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(ii) When char(F) = ¢ > 0, CD(F') equals the supremum of dimy(F') and
cdp(Gr): p € P\ {q}; dimy(F') is defined to be the minimal integer u for which
[F: F9] < ¢* and the Kato-Milne cohomology group HYt'(L) is trivial, for
every finite extension L of F' (or to be infinity if such no u exists).

For the definition of the groups H(’;‘H(F), n > 0, in characteristic ¢, and
for more information about them, we refer the reader to [19] and [17]. An
interpretation of these groups as the g-part of the Galois cohomology of F' has
been made in [16], and results on the minimal index n for which H}!(F) =
{0} can be found, e.g., in [2]. Here we note that HZ(F) is isomorphic to
the maximal subgroup of Br(F) of order dividing ¢ (cf. [14, Sect. 9.2] or
[18, pages 219-220]). This implies dim,(F) < 1 if and only if Br(L) does not
contain an element of order ¢, for any finite extension L/F; in addition, it
follows that CD(F') < 1 if and only if dim(F) < 1 and [F: F'7] < g (see also
[14, Theorem 6.1.8]). Using the Arason-Baeza theorem and the former part of
(1.1), one computes dimy(F') and CD(F') in the following situation:

(1.2) If F is a field with char(F) = ¢ > 0 and F' = Fyp, such that [F': F7] =
q™, for some m € N, and F' is an extension of an algebraically closed field Fj
of transcendence degree m, then CD(F') = dim,(F) = m.

Here it should be pointed out that there exist fields F;,, m € N, of zero
characteristic with cd(§r) = m < oo and ddim(F;,) = oo, for each index m;
as shown by Ax, F} can be chosen to be quasifinite (see [6]). When m = 2,
one may take as Fy any finite extension of the field Q, of p’-adic numbers
(cf. [1], see also Remark 2.3). These results attract interest in the problem
of describing all pairs (k,¢) which are equal to (cd(Sg, ,),ddim(E}y,)), for
some field Ej ;. Note that one may take as F » any purely transcendental
extension ® of infinite transcendence degree over another field ®,. Since ®
has a subfield ®f such that (/P is a field extension, ®f is ®o-isomorphic to
®, and ®/P|, is purely transcendental of transcendence degree 1, the equalities
ddim(®) = oo and ¢d(Sg) = oo can be deduced, by assuming the opposite,
from the Lang-Nagata-Tsen theorem and Galois cohomology, respectively (see
[26] and [28, Ch. II, Proposition 11]). Moreover, it follows from [28, Ch.
II, Proposition 11], and the ®p-isomorphism ® = &f that Gg has infinite
cohomological p-dimensions c¢d,(SGs), for all p € P different from char(®).
Hence, by [20, Theorem 1.15], and the (topological) group isomorphism G =
Ga/, where @' is a perfect closure of ® (cf. [22, Ch. V, Proposition 6.11, and
Ch. VII, Theorem 1.12]), ddim(®’) = cd(Gg/) = oo. This allows us to restrict
ourselves to the case of (k,?) # (00,00), i.e. k # co. Also, statements (1.1)
(and the equalities cd(Gg) = ddim(E) = 0, for every algebraically closed field
E) imply we may assume further that k& > 0.

The present research solves the stated problem affirmatively, for each nonzero
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pair (k,¢) admissible by Question 1, i.e. satisfying 1 < k < ¢. It proves that
Ey, ¢ can be chosen to be a perfect field of any prescribed characteristic. In or-
der to facilitate our considerations, we denote by N, and P the unions NU{occo}
and P U {0}, respectively, and by P, the set P\ {g}, for each ¢ € P.

2 The main results

The main purpose of this paper is to prove the following;:

Theorem 2.1. For each q € P, there exist quasifinite fields Frg:m € Ny,
of characteristic q, such that ddim(F,, ;) = m, for each m.

Theorem 2.1 and our next result complement Theorem 1 of [6] as follows:

Theorem 2.2. Let ¢ € P and (k,¢) € N x Ny, be a nonzero pair admissible
by Question 1. Then there exists a perfect field Ey ¢.q with char(Ey r.q) = ¢,
ddim(FEy ¢,q) = ¢ and cd(Sg, ,.,) = k-

It is worth mentioning that CD(E) = c¢d(Sg), for every perfect field E; in
particular, one may write CD(Ey ¢,q) instead of cd(9g, ,,) in the statement
of Theorem 2.2. In characteristic zero, the considered equality holds by defi-
nition, and for its proof in case char(E) = ¢ > 0, it is sufficient to show that
dimy(E) = cdy(9g) < 1. The inequality cdy(Gr) < 1 is a well-known result of
Galois cohomology; the same applies to the fact that cdq(Sg) = 0 if and only
if ¢ does not divide the degree [E’: E], for any E’ € Fe(E) (cf. [28, Ch. I, 3.3,
and Ch. II, 2.2]). Observing further that, for any finite extension E’ of E, the
group H, ql (E') = HY(Sgr,Z/qZ) is isomorphic to the group of continuous ho-
momorphisms of the compact group Gg into the multiplicative discrete group
of complex ¢-th roots of unity, and using Galois theory and Sylow’s theorem
(see [22, Ch. I, Sect. 6, and Ch. VIJ), one concludes that dim,(E) = 0 if and
only if c¢d,(Gg) = 0. Thus the equality cd,(Gg) = dim,(E) reduces to a con-
sequence of the assertion that dim,(FE) < 1. The assertion itself is true, since
E’ is a perfect field, which implies Br(E’) does not contain elements of order ¢
(see [14, Lemma 9.1.7]) and so proves that HZ(E') = {0}. One also sees that
cd(Gg) = CD(E), where CD(F) is a modification of CD(F), defined for any
field F with char(F) = ¢ > 0, as follows: take as dim,(F') in Definition 1 (ii)
the minimal index u for which HY*!'(L) = {0}, for all finite extensions L/F
(cf. [2, page 715]); put dimy(F) = oo if such u does not exist. In addition, it is
easily verified that: CD(F) < CD(F); CD(F) < 1 if and only if dim(F) < 1.
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Remark 2.3. Note that cd(Gg) = 2 and ddim(E) = oo in the following two
cases: (1) E is a finite extension of the field Q, of p-adic numbers, for some
p € P; (ii) F is a totally imaginary number field, i.e. a finite extension of
the field Q of rational numbers, which does not embed in the field R of real
numbers. The equality cd(Gg) = 2 is a well-known result of Galois cohomology
(cf. [28, Ch. II, Sects. 4.3, 4.4]), and the equality ddim(E) = oo has been
proved in [1], for any finite extension E/Q, (see also [5], for a proof of the fact
that ddim(Q,) = oo, p € P). The validity of the equality ddim(E) = oo in case
(ii) can be deduced from its validity in case (1), by assuming the opposite and
applying [21, page 379, lemma] (to suitably chosen forms without nontrivial
zeroes over the completion E, of E with respect to some discrete valuation
v). Algebraic extensions Ey/Q and E,/Qp, p € P, such that dim(Ey) <1<
ddim(E, ), for eachp’ € P, can be found in [8]. At the same time, the question
of whether there exist algebraic extensions Eg¢/Q and E,/Q,, p € P, with
ddim(E, o) = {, for each p’ € P, seems to be open, for any integer £ > 2.

Theorems 2.1 and 2.2 are proved in Section 4 and 5, respectively. Our
proofs rely on general properties of fields with Henselian valuations, partic-
ularly, of algebraic extensions of complete discrete valued fields. Preliminar-
ies on Henselian (valued) fields and other related information used in the
sequel are presented in Section 3. To prove Theorem 2.1, we show that ev-
ery algebraically closed field F possesses extensions F,, and F,, m € N,
which are quasifinite fields such that ddim(F,) = oo, and for each index
m, ddim(F,,) = m and F,, is a subfield of F. The existence of F., has
been established constructively by Ax in the case where char(F) = 0. When
char(F) = ¢ > 0, F is defined by modifying Ax’s construction. For this pur-
pose, we use implicitly the Mel'nikov-Tavgen’ theorem [24] (via Lemma 3.4),
and the bridge between Galois theory and the study of tensor products of field
extensions, provided by Cohn’s theorem (stated below as Lemma 3.3). For
the proof of Theorem 2.2, we also need at crucial points Greenberg’s theorem
[15] (as well as Lemma 3.2). The arithmetic ingredient of our proofs, bor-
rowed from [6], is based on a version of Vinogradov’s theorem on the ternary
Goldbach problem, for certain prime numbers defined as follows:

Definition 2. Let ¢ € P, m be an integer > 0, and o be a real number
such that 0 < a < 1. A number p € P is said to be (m,«;q)-representable
ifm =0 orm >0 and p = p1 + p2 + p3, for some p1,p2,ps € P with
q < p* < p1 < p2 < ps, which are (m — 1, a; q)-representable.

For a proof of the following lemma, we refer the reader to [6, Lemma 2].

Lemma 2.4. For each triple g € P, m € N, a € R with 0 < a < 1, there is
c=c(m,a;q) €N, such that every p € P, p > ¢, is (m, «; q)-representable.
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The basic notation, terminology and conventions kept in this paper are
standard and virtually the same as in [30], [22] and [28]. Throughout, Z
is the additive group of integers, value groups are written additively, Galois
groups are viewed as profinite with respect to the Krull topology, and by a
profinite group homomorphism, we mean a continuous one. For any field F,
E* is its multiplicative group, E*" = {a™: a € E*}, for each n € N, and
w(E) is the multiplicative group of all roots of unity lying in E. As usual,
for any p € P, E(p) denotes the maximal p-extension of E (in Eep), that is,
the compositum of those finite Galois extensions of E in Ey.,, whose Galois
groups are p-groups. Given a field extension E’/E, we write I(E’'/E) for the
set of intermediate fields of E'/E. When E’/FE is a Galois extension, its Galois
group is denoted by G(E’/E); we say that E'/E is cyclic if §(E'/FE) is a cyclic
group. By a Z,-extension, we mean a Galois extension ¥'/¥ with G(¥'/T)
isomorphic to Z,. The value group of any discrete valued field is assumed
to be an ordered subgroup of the additive group of the field Q; this is done
without loss of generality, in view of [13, Theorem 15.3.5], and the fact that
Q is a divisible hull of any of its infinite subgroups (see page 26).

3 Preliminaries on Henselian valuations

For any field K with a (nontrivial) Krull valuation v, O,(K) = {a € K: v(a) >
0} denotes the valuation ring of (K,v), M,(K) = {u € K: v(u) > 0} the
maximal ideal of O,(K), O,(K)* = {u € K: v(u) = 0} the multiplicative
group of O, (K), v(K) the value group and K = O,(K)/M,(K) the residue
field of (K, v), respectively; v(K) is a divisible hull of v(K). The valuation v
is said to be Henselian if it extends uniquely, up-to equivalence, to a valua-
tion vz, on each algebraic extension L of K. When this holds, (K, v) is called
a Henselian field. The condition that v is Henselian has the following two
equivalent forms (cf. [13, Sect. 18.1], or [30, Theorem A.12]):

(3.1) (a) Given a polynomial f(X) € O,(K)[X] and an element a € O,(K),
such that 2v(f’(a)) < v(f(a)), where f’ is the formal derivative of f, there is
a zero ¢ € O, (K) of f satisfying the equality v(c — a) = v(f(a)/f'(a));

(b) For each normal extension Q/K, v'(7(u)) = v'(u) whenever p € Q, v
is a valuation of € extending v, and 7 is a K-automorphism of 2.

Next we recall some facts concerning the case where (K, v) is a real-valued
field, i.e. v(K) is embeddable as an ordered subgroup in the additive group R
of real numbers. Fix a completion K, of K with respect to the topology of v,
and denote by v the valuation of K, continuously extending v. Then:



QUASIFINITE FIELDS OF PRESCRIBED CHARACTERISTIC AND
DIOPHANTINE DIMENSION 26

(3.2) (a) (K,v) is Henselian if and only if K has no proper separable (algebraic)
extension in K, (cf. [13, Corollary 18.3.3]); in particular, (K, ) is Henselian.

(b) The topology of K, as a completion of K is the same as the one induced
by @; also, 5(K,) = v(K) and K equals the residue field of (K,,v) (cf. [13,
Theorems 9.3.2 and 18.3.1]).

When v is Henselian, so is vy, for any algebraic field extension L/K. In
this case, we denote by L the residue field of (L,vy), and put
O,(L) = 0,,(L), M,(L) = M,, (L), v(L) = vp(L); also, we write v instead
of vy, when there is no danger of ambiguity. Clearly, Z/I? is an algebraic
extension and v(K) is an ordered subgroup of v(L), such that v(L)/v(K) is a
torsion group; hence, one may assume without loss of generality that v(L) is an
ordered subgroup of v(K). By Ostrowski’s theorem (cf. [13, Theorem 17.2.1]),
if [L: K] is finite, then it is divisible by [L: K]e(L/K), and in case [L: K] #
[L: Kle(L/K), the integer [L: K|[L: K] 'e(L/K)~! is a power of char(K)
(so char(K) | [L: K]); here e(L/K) is the ramification index of L/K, i.e. the
index of v(K) in v(L). The extension L/K is called defectless if [L: K| =
[E: I?]e(L/K). When the valuation v is discrete, i.e. v(K) is infinite cyclic,
L/K is defectless in the following two situations:

(3.3) (a) (K,v) is Henselian and L/K is separable (see [13, Sect. 17.4]).

(b) (K,v) is a complete valued field, i.e. (K,v) = (K,,v) (cf. [22, Ch.
XII, Proposition 6.1]). This holds if K is the Laurent (formal power) series
field Ko((X)) in a variable X over a field Ky, and v is the standard discrete
valuation of K inducing on Ky the trivial valuation; then v(K) = Z and K
is the residue field of (K, v) (see [13, Examples 4.2.2 and 9.2.2]).

Assume now that (K, v) is a Henselian field and let R be a finite extension
of K. We say that R/K is totally ramified if e(R/K) = [R: K]; R/K is called
tamely ramified if it is defectless, e(R/K) is not divisible by char(K), and R
is separable over K. The extension R/K is said to be inertial if [R: K] =
[E: K ] and ﬁ/ K is separable. Inertial extensions of K are clearly separable.
They have a number of useful properties, some of which are presented by the
following lemma (for its proof, see [30, Theorem A.23)):

Lemma 3.1. Let (K,v) be a Henselian field and K, the compositum of in-
ertial extensions of K in Kep. Then:

(a) An inertial extension R'/K is Galois if and only if so is R' /K. When
this holds, S(R'/K) and S(R'/K) are canonically isomorphic.

(b) v(Kuw) =v(K), Ku/K is a Galois extension and §(K../K) = Gp.

(¢c) Finite extensions of K in K, are inertial, and the natural mapping of
I(K,,/K) into I(I/(\’SCP/IA{), by the rule L — L, is bijective.
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(d) For each K; € Fe(K), the intersection Ko = K; N Ky, equals the
mazximal inertial extension of K in Ky, in addition, Ky = K;.

Greenberg’s theorem [15] and the next lemma ensure that if K = K((X))
and K is a field with ddim(Kj) < oo, then ddim(K) = ddim(Ky) + 1. They
provide some of the basic tools needed to prove Theorems 2.1 and 2.2.

Lemma 3.2. Let K = Ky((X)) be the Laurent series field in a variable X
over a field Ko, and let fo(Y1,...,Y:) be a Ko-form of degree d in t variables.
Fiz an algebraic closure K of K, denote by v the standard discrete valuation
of K trivial on Ky, suppose that fo is without a nontrivial zero over Ky, and
let f be the K-form Y00 fo(Xin, .., Xit) X, where X, j:6=0,...,d—1;
j=1,...,t, are algebraically independent variables over K. Then:

(a) fis a K-form of degree d without a nontrivial zero over K ; in addition,
f does not possess such a zero over the perfect closure K of K in K, provided
that Ky is perfect and d is not divisible by char(Kjy);

(b) fo does not possess a nontrivial zero over any totally ramified extension
L of K (with respect to v); hence, ddim(Ky) < ddim(L).

Proof. Let L be a totally ramified extension of K. We prove Lemma 3.2 (b),
by assuming that fp has a nontrivial zero over L. Then fo(Y7,...,Y;) must
have a zero o = (a1,...,aq), such that o; € O,(L), for i = 1,... ¢, and
vr () = 0, for some index . Since L = K, and fo equals its reduction
modulo M, (L), this means that the ¢-tuple & = (&1,...,4;) is a nontrivial
zero of fo over L. The obtained contradiction proves Lemma 3.2 (b).

The proof of Lemma 3.2 (a) relies on the fact that the quotient group
v(K)/dv(K) is cyclic of order d, whose elements are the cosets v(X?) + dv(K),
i=0,...,d—1. Also, Lemma 3.2 (b) implies that v(fo(A1,...,A)) € dv(K)
whenever A1,...,\ € K and \j; € K*, for at least one index j’. This ensures
that Y70 fo(Aits- -+, Xig) = 0, where A 1,..., \i; € K, for each index i, if
and only if all A;; are equal to zero. Thus the former part of Lemma 3.2
(a) is proved. For the proof of the latter one, we may assume that K is
perfect, char(Kp) = ¢ > 0 and ¢ t d. Then it follows from (3.2) and (3.3)
(b) that finite extensions of K in K are totally ramified of ¢-primary degrees.
Therefore, the natural embedding of K into K induces canonically a group
isomorphism v(K)/dv(K) = v(K)/dv(K); hence, v(K)/dv(K) equals the set
{v(X?) + dv(K): i = 0,...,d — 1}. Since, by Lemma 3.2 (b), fo does not
possess a nontrivial zero over K , this allows to prove the latter part of Lemma

3.2 (a) in the same way as the former one. O
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The following lemma (for a proof, see [9, Theorem 2.2]) gives a sufficient
condition that the tensor product E1 ®p, E» is a field, where E;/Ey, i = 1,2,
are field extensions. This lemma considerably simplifies the presentation of
the proof of Theorem 2.1, and its valuation-theoretic preparation.

Lemma 3.3. Assume that Ey is a field and Ey, Ey are extensions of Ey at
least one of which is Galois. Then the tensor product E1 ®g, Es is a field if
and only if no proper extension of Eqy is embeddable as an Ey-subalgebra in
E;, i = 1,2. Moreover, if Ey has an extension F such that E; € I(F/Ey),
i =1,2, then B4 ®g, B2 is a field if and only if B4 N Ey = Ey; when this holds,
By ®g, B2 and the compositum E1 Ly are isomorphic as Eg-algebras.

Assuming again that (K,v) is a Henselian field, denote by K, the com-
positum of tamely ramified extensions of K in Kgep,. It is well-known (see [30,
Theorem A.24]) that Ki,/K is a Galois extension, and finite extensions of K
in K, are tamely ramified. Our next lemma presents additional information
concerning K, /K. The stated results are known but we prove them here
for convenience of the reader. The description of some of them relies on the
fact that the quotient v(K)/v(K) is an abelian torsion group, whence it is
isomorphic to the direct sum of its p-components (v(K)/v(K))p, p € P.

Lemma 3.4. Let (K, v) be a Henselian field with char(K) = q and
w(K) = ,u(f(sep). Then there is © € I(Ky,/K) with the following properties:

(a) KuNO® = K, K;;,©0 = K, and ©/K is a Galois extension with
S(©/K) isomorphic to the topological group product Hpe]P’q Iy, Ty being the
(continuous) character group of the discrete group (v(Ky)/v(K))p, for each
index p; in particular, §(©/K) is abelian.

(b) Finite extensions of K in © are totally ramified, and © equals the
compositum of the fields T, = © N K(p), p € Py; specifically, if v is discrete,
then T,/ K, p € P, are Z,-extensions.

(¢) K/ K is a Galois extension with §(K/K) = §(Kuw/K) x §(0/K).
Moreover, if ¢ > 0, then there exists W € I(Keep/K), such that WN Ky, = K
and W. Ky, = Kgop = Wiy also, finite extensions of K in W are of g-primary
degrees, WO N Ky, = K, WO.K, = (WO)y, = Kgep and I/I//@/IA{ is a purely
inseparable field extension.

Proof. The existence of a field © € I(Ky,/K) with K,, N1 © = K and

K,© = K, and in case ¢ > 0, the existence of W € I(Kgep/K), such
that W N K, = K and W.K;, = Kep, follow from the Mel'nikov-Tavgen’
theorem [24] and Galos theory. This, combined with Lemma 3.1 (d), proves
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that Ky, = Oy, v(0©) = v(Ky,), and finite extensions of K in O are totally
ramified. Note further that these extensions are normal with abelian Galois
groups. Indeed, p(K) = pu(Ksep), which means that K contains a primitive
v-th root of unity, for each v € N not divisible by ¢. This enables one to
obtain the claimed property of the considered extensions as a consequence of
[30, Proposition A.22]. Moreover, it follows that ©/K is Galois, §(©/K) is
abelian, and because of the equality K, N A = K, there are isomorphisms
5(O/K) =2 §(Kip/Ky) and §(Ky/K) & §(Kuw/K) x §(0/K) as profinite
groups. Hence, by Galois theory, the decomposability of v(Ky,)/v(K) into
the direct sum @pep, (v(Kir/v(K))p, and [30, Theorem A.24 (v)], §(O/K) is
isomorphic to the product Hpe]P’q I', defined in Lemma 3.4 (a). Observe that
v(Kyy)/v(K) is divisible. Clearly, v(Kt,)/v(K) is an abelian torsion group
without an element of order g, so it suffices to prove that v(Ky) = pv(Ky,),
for each p € P,. Assuming the opposite and taking an element m € K}, of value
out of pv(Ky,), for some p € P,, one obtains that the extension K, of Ky,
generated by some p-th root 1, € Ksep of m must be totally ramified of degree
p. This requires that v(K{.)/v(K) is an abelian torsion group without an
element of order divisible by g, which leads to the contradiction that K|, = Ki,.
Thus it turns out that v(Ky,) = pv(Ky,), p € P, so v(Ky,)/v(K) is divisible,
as claimed. In addition, it is easily verified that the p-group (v(Ky)/v(K)),
is nontrivial, for some p € Py, if and only if v(K) # pv(K). Suppose now that
v(K) = Z. Then v(Ksep) = Q, so it follows from the equality v(0) = v(Ky)
and the cyclicity of finitely-generated subgroups of Q that (v(K)/v(K))p is
a quasi-cyclic p-group, for every p € P,. This implies the character group of
(v(Ky)/v(K))p is isomorphic to Z,, which allows to deduce Lemma 3.4 (b)
from Galois theory and Lemma 3.4 (a).

It remains for us to complete the proof of the concluding assertion of
Lemma 3.4, so we assume that ¢ > 0. It follows from Lemma 3.3 and the
equalities WN Ky = K, WK, = Kgep = Wiy and ONKy = K, 0.Kyr = Ky,
that there exist isomorphisms Kgp = W ®x Kir, Kir = © @ Ky, and
WO =W @k © as K-algebras. Observing also that K, is K-isomorphic
to Wk (08 Ky) and (W @k ©) ®k Ky, one obtains that
Keep 2 WO @K Ky, ie. WONK,,, = K and WO.Ky, = Kep = (WO)ur.
Hence, by Lemma 3.1 (d), %/ Kisa purely inseparable extension.

Let now Wy be a finite extension of K in W. Since W. K, £ W ®k K.,
it follows that [Wy: K] = [Wy.Ki,: K| (apply [27, Sect. 2, Proposition c]).
This, combined with the fact that K, = K (¢) (cf. [24]), implies [Wy: K] =
[Wo Ky, : Kiy] is a g-primary number, so Lemma 3.4 is proved. O
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4 Proof of Theorem 2.1

The proof of the first main result of this paper relies on the following sufficient
condition for a field F' to be quasifinite with ddim(F') = oo:

Proposition 4.1. Let F be an algebraically closed field, ¢ = char(F), and P,
the ordered set {p, € P,n € N: p,, # q,pn < Pnt1, for each n}. Assume that
Fy and F,,: m € N, are perfect fields satisfying the following conditions:

(a) Fo = F, provided that ¢ = 0; if ¢ > 0, then Gp, = Zq and Fy/F is a
field extension of transcendence degree 1;

(b) For eachm € N, F,, is an algebraic extension of the Laurent series field
Fr—1((Xm)), such that Fp,_1sep ®F,, , Fm 15 a field and S, is isomorphic
to the topological group product Sp,,_, X Zy,, .

Then the union Fy, of F,,, n € N, is a quasifinite field with ddim(F) = co.

Proof. The fields F,,, m > 0, form an ordered set with respect to inclusion
which implies F, is a field including F,, as a subfield, for each m. Note
that F,, is perfect. The assertion is obvious if ¢ = 0, and in case ¢ > 0,
it is easily verified that FZ equals the union Up,enF. Since the fields F,
are perfect, i.e. FJ = F,,, for all integers m > 0, this yields FL = F,
proving that F, is perfect. We show that F, is quasifinite. Identifying as
we can Fj, ¢p, m > 0 with their isomorphic copies in Fi sep, and taking into
account that the polynomial ring Fi,,[X] in an indeterminate X over Fi, equals
UmenFm[X], one obtains that Fioo sep = UmenEFm sep- Moreover, it follows
from conditions (a) and (b) of Proposition 4.1 that Fy,_1sep N Fpy = Frpe1
and Fp,_1 sep ®F,,_; Fm i Fy—1-isomorphic to the compositum Fy,—1 sep-Fim,
for each m € N. Arguing by induction on k£ and observing that F,_1 sep.-Fim
is an Fj,-subalgebra of Fj, scp, and in case k > 2, Fiy,_1 sep ®F,,_; Fmn—14% and
(Frn—1,sep @F,,_, Fm) ®F,, Fjn—14+% are isomorphic F,,_11;-algebras (see [27,
Sect. 9.4, Corollary al), one concludes that Fy,—1 sep ®@p,, ; Fm—14%, £ € N,
and Fr,_1sep ®F,, , Foo are fields. Hence, by Galois theory (cf. [22, Ch. VI,
Theorem 1.12]), for each p € N, every irreducible polynomial f,[X] € F,[X]
over F), remains irreducible over the fields F),/, p < p/ < oo; in addition, the
Galois groups of f,,(X) over F,/, u <y, are isomorphic. It is now clear from
the conditions on G, , 0 < pu < oo, that finite extensions of F,, are cyclic, and
for each v € N, there exists a unique degree v extension of Fi, in Fiu sep; in
other words, the perfect field Fi, is quasifinite, as claimed.

Our next objective is to prove that ddim(F,,) = co. As a first step towards
this goal, we fix an index v € N and show that if g, is an F,-form without
a nontrivial zero over F, then so is g, over F,. This amounts to proving
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that g, does not possess a nontrivial zero over F,., for any integer v/ > v.
Proceeding by induction on v’/ —v, one reduces our proof to the case where v/ =
v+ 1. Denote by &, the standard valuation of the field K, 1 = F,((X,41))
trivial on F,,, and by v,4; the Q-valued valuation of F,;; extending x,41.
Observing that Fy sep-Kyr1 = Kpq1,u and Fysep. K1 QK Foy1 is a field,
one obtains that F, sep.Kyy1 N Fy11 = K,41. This, combined with (3.3) (b)
and Lemma 3.1, implies finite extensions of K, ;1 in F, 11 are totally ramified,
so it follows from Lemma 3.2 (b) that g, has no nontrivial zero over F, 1.
Now our assertion about g, is obvious, which yields ddim(Fy) > ddim(F,),
for every v € N.

It remains to be seen that, for any m € N, there exists p(m) € N, such
that ddim(F),(,)) > m, i.e. F, () is not of type Cp,. Evidently, there is a
sequence 3, € R, n € N, satisfying 0 < 5, < 1 and ijo B3 > n, for each
index n. Therefore, our assertion can be deduced from the following lemma
which applies, by Lemma 2.4, to any pair (s, 3) € N x (0,1).

Lemma 4.2. Assume that Fu, /F is a field extension, where F is algebraically
closed, char(F) = ¢, and Fw is quasifinite; also, let Fy and F,, n € N, be
intermediate fields of Foo/F satisfying the conditions of Proposition 4.1, and
such that UpenF,, = Foo. Take a pair (k,) € Z x R with 0 < f < 1 and
k>0, put A = Z;:Oﬁj, and fix some p € N so that p, € Py be (B,kK;q)-
representable. Then there exists an F),-form f, of degree p,, which depends
on at least p* variables and does not possess a nontrivial zero over F,.

Lemma 4.2 has been proved inductively by Ax in the case of ¢ = 0 (see
[6, Lemma 1]). Here we show that Ax’s proof remains valid for any ¢ € P.
Note first that the field F, satisfies condition (b) of Proposition 4.1, for each
v € N, so it follows from Galois theory that F, has an extension E, of f degree
p,. Hence, the norm form of F, v/ F, with respect to any F,-basis of F, is an
F,-form of degree p, in p, variables without a nontrivial zero over F},, which
proves the assertion of Lemma 4.2 in case kK = 0. We assume further that k > 1,
Py = Py + Pus + Pus> Where pu,, Py, pug € Py are (B, 5 — 1; g)-representable
with ¢ < pﬁ < Puy < Pus < Pug, and the statement of Lemma 4.2 holds for the
(B, k—1; q)-representable numbers p,,, , p,, and p,,. This means that there are
F,,-forms f,, of degree p,, (i =1,2,3), depending on d > p#1 > pﬁ/\ variables
Xl, ..y Xg, where N = Zﬁ_(} B4. The product fu fur-fus-fus is clearly an
F,,_;-form of degree p, in varlables Xi,...,X4. Using Galois theory, Lemma
3.4, and condition (b) of Proposition 4.1, one proves that v, (F},) # p,v,.(F,),
v, being the Q-valued valuation of F), extending the standard valuation of
F,-1((X,)). Fix an element m € F; Wlth v () € puvn(F, ), and let f, be

the F,-form Y P* f#( Wl Xu,d) * (in dp, >p1+ﬁ)‘ = p;, variables). It
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follows from the above-noted properties of F,-forms, for v € N, that f# does
not possess a nontrivial zero over F,,_;. Since the fulfillment of condition (b)
guarantees that finite extensions of F,_;((X,,)) in F), are totally ramified, this
allows to deduce from Lemma 3.2 (b) that fu is without a nontrivial zero over
F,,. Therefore, one obtains as in the proof of Lemma 3.2 (a) that f, has the

properties claimed by Lemma 4.2, so Proposition 4.1 is proved. O

Next we show that every algebraically closed field F has extensions subject
to the restrictions of Proposition 4.1. We begin with the following lemma.

Lemma 4.3. Let F be an algebraically closed field of characteristic ¢ > 0, II
a nonempty subset of P, and F; = F(X) be the rational function field over F
in a variable X. Then there exists an algebraic extension Fy/Fq, such that Fy
is a perfect field and G, = Hpen Ly,.

Proof. Let F; be an algebraic closure of F1,sep, and for each p € P, let L, be
an extension of Fy in F; obtained by adjunction of a root of the polynomial
Y? —6,Y — X!, where §, = 1 if p = ¢, and J, = 0, otherwise. The field
F; has a valuation v with v(F;) = Z and v(X) = 1 (see [13, Example 4.1.3]);
this implies v is trivial on F and L,/Fq, p € P, are cyclic field extensions of
degree p. As F; contains a primitive h-th root of unity, for each h € N not
divisible by ¢, it follows from Kummer theory and Witt’s lemma (cf. [12,
Sect. 15, Lemma 2]) that F; has Z,-extensions I', in Fy, p € P, such that
L, € I(T',/F,), for each p. Note also that the compositum I' of the fields
Iy, p € 11, is a Galois extension of F; with §(T'/F;) = HpEH Z,. Hence,
G(T'/Fy) is a projective profinite group, in the sense of [28, Ch. I, 5.9], which
allows to obtain from Galois theory that there exists Fy € I (F1 sep/F1) satis-
fying ' N ﬁo = F; and I‘.ﬁo = F1 sep. It is proved similarly that if Fp is the
perfect closure of Fy in F;, then I' N Fy = F; and T'Fy = F;; in particular, Fy
is a perfect field with §g, = G(I'/F1) = [[ oy Zp. O
Let now F be an algebraically closed field, F/F a field extension satisfying
condition (a) of Proposition 4.1, and let F,,, n € N, be perfect fields with
Henselian Q-valued valuations v,,, defined inductively as follows:

(4.1) For each n € N, F,, is an extension of the Laurent series field
F.—1((X,)): = K, in an algebraic closure K,, of Fj,_1 sep.Ky, such that:

(a) (Fnyvn)/(Kp,ky) is a valued field extension, where x,, is the stan-
dard Z-valued valuation of K, trivial on F,,_q, and v,, is the valuation of F,
extending k., ; hence, (F},, v,) is Henselian with Z C v, (F,) C Q;
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(b) F, contains as a subfield a separable extension W, of K, in K, such
that W,, N Ky, t» = K, and W, . K,, 1, = Wy, 1+ equals the separable closure
K, sep of Ky, in K ,; in particular, if ¢ = 0, then W,, = K,,;

(c) F, is the extension of W,, generated by the h,-th roots of X,, in K,,
where h,, runs across the set of positive integers not divisible by p,,.

We show that the fields F;,, n € N, satisfy condition (b) of Proposition 4.1.
Proceeding by induction on n, one obtains that it is sufficient to prove our
assertion, for a fixed index n, under the hypothesis that F,,_; is perfect and
satisfies condition (a) or (b) of Proposition 4.1 depending on whether or not
n = 1. Let T, , be the extension of K, in K, generated by all roots of X,
of p-primary degrees, for each p € P,, and let T, be the compositum of the
fields T, », p € Py. Clearly, X,, ¢ K}P, for any p € P, so it follows from
Kummer theory and (3.3) that, in case p # ¢, T, is a Zp-extension of K,
in K, +r, and finite extensions of K,, in T, ;, are totally ramified of p-primary
degrees. As K, uv = Fj—1 sep-Kn, these facts and Lemma 3.4 (a) show that
Frn i sep-KnNTy, = Ky, and Fy_1 spTyn = Ky tr- On the other hand, if ¢ > 0,
then K¢ = F,,_1((X2)), which implies [K,: K| = q and T, 4 is the perfect
closure of K, in K,. Put Wn = W,1, 4 if ¢ > 0, and WN/n =K, ifg=0.
It is easily verified that Wn,ur = n_l,sean. Using (4.1), one obtains that
F, = W,.®,, ®, being the compositum of the fields Ty p, for p e P\ {q,pn}.
Therefore, F,, is perfect, F, ¢y = K,, and in case ¢ = 0, we have F,, = &,
FroisepInp, N Fn = Ky, F_1sepTnp,-Fn = Fnsep- When g > 0, it follows
that Wy, N Ky 4 = Ky, WKyt = K, and W, ®,, = F,. Putting

Onp = ’V\[;nTn’p, for each p € P4, one obtains that F}, equals the compositum
of the fields ©,, ,, p € P\ {¢,pn}. Since, by (3.3), (4.1) (b) and Lemma 3.4,
finite extensions of K, in Wn are totally ramified of g-primary degrees, this
allows to deduce from Galois theory and the definition of T, ,, p € Pg, that
Onp/ W, is a Z,-extension whose finite subextensions are totally ramified, for
each p # ¢. One also sees that finite extensions of Wn in F,, are tamely and
totally ramified of degrees not divisible by p,,. Similarly, it is proved that, for
any finite extension W), of Wy, in Fy,_1 sepTn p,, - Wi, e(W), /W,,) is a p,-primary
number. These observations show that Fy,_1 ¢ep©On.p, is a Galois extension of
Wn, such that Fj,_1 sepOnp, N Fy = Wn, so it follows from Galois theory
that Gp, = S(Fu_1.40pOnpn/Wn) = G5, _, X Z,.. In view of our hypothesis
on F,_1, this completes the proof of the assertion that the fields F,,, n € N,
defined by (4.1) satisfy condition (b) of Proposition 4.1. Hence, the union
Fyo = UnenFy is a quasifinite field with ddim(F) = co. As F is an arbitrary
algebraically closed field, the existence of quasifinite fields Fie 4, ¢ € P, such
that char(F,q) = ¢ and ddim(F, 4) = 00, for each ¢, is now obvious.
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We turn to the proof of Theorem 2.1 in the case where m < oo. Fix an
algebraically closed field F of characteristic ¢ as well as an extension Fy of F
satisfying condition (a) of Proposition 4.1, and a sequence of fields K,,, K.,
W, and F,, n € N, defined in agreement with (4.1). If m = 1 and ¢ = 0,
then one may put F,, , = Ki, and in case m = 1 and ¢ > 0, F},, ;, may be
defined by applying Lemma 4.3 to the set II = P. Henceforth, we assume
that m > 2. It follows from Greenberg’s theorem (and Tsen’s theorem, for
n = 0), that ddim(F,) < n+ 1, for every n € N. Let char(Fy) = ¢ and p
be the minimal integer for which ddim(F),) > m. Using Greenberg’s theorem
and the closeness of the class of C),-fields under the formation of algebraic
extensions, for each n € N, one obtains that ddim(¥,) = m whenever
U, € I(F,/K,). Note that ¥, can be chosen to be a quasifinite field. If p =1
(which requires that ¢ > 0), then one may take as ¥, the perfect closure of
W, in F,,. Suppose further that p > 2. It can be deduced from Galois theory
and Lemma 3.4 that SWM is isomorphic to the profinite groups S(Ku,tr/Ku)

and §p, , X HpeIP’q Zy. This implies the existence of a Galois extension W/,

of Wy, in F), with G(W¥}, /W) = H;;ll Zyp,;. Since Fy is algebraically closed if
q = 0, and there are isomorphisms §p, = Z, and §p,_, = Z; X HJM;I Ly,
in case ¢ > 0, it is easy to see that Gy, = [],cpZp. Let finally ¥, be the
perfect closure of \II’H in F, sep = Fu- Then it follows from Galois theory and
[22, Ch. V, Proposition 6.11], that Gy, = 9\%, which means that ¥, is a
quasifinite field. Taking into account that F}, is perfect, one concludes that
v, € I(F,/W,), so Theorem 2.1 is proved.

Corollary 4.4. Let F, be a quasifinite field defined in accordance with Propo-
sition 4.1. Then ddim(F)) = oo, for every finite extension F! /F.

Proof. By definition, F,, possesses subfields F, Fy and F,,, n € N, such that
F is algebraically closed, Fy and F,, n € N, satisfy conditions (a) and (b)
of Proposition 4.1, respectively, and F,, = UpenFy,. We first show that the
fields K, = F,—1((Xy)), n € N, given in condition (b), can be chosen so
that p, 1 [An: K], for any finite extension A,, of K, in F;, (and any n € N).
Proceeding by induction on n, one obtains that there exist elements Y,, € F,,
n € N, such that Y, is a root of X,, of p,-primary degree and the degrees
of finite extensions of K, (Y,) in F, are not divisible by p,, for any n. Since
K, (Y,) = Fr—1((Ys)), n € N, this yields the desired reduction.

Take a finite extension F  of Foo in Fog gep, put 8 = [F : Fx], and for
each n € N, let 6,, be the greatest p,-primary divisor of 8; put 6y =1 if ¢ = 0,
and let 0y be the greatest g-primary divisor of 6 in case ¢ > 0. Fix a primitive
element A of F/_ /F., and denote by f(X) the minimal polynomial of A over
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F. Clearly, the coefficients of f(X) lie in F,,, for some m < co. Consider the
fields F), n > 0, defined as follows: F), = F,(\) if n > m; F), = F sep N F),
if n < m. It follows from condition (b) that [F): F,] < 0, for all n > 0, and
equality holds if n > m. Since Z,, is isomorphic to its open subgroups, for each
p € P, this means that F{ satisfies condition (a) of Proposition 4.1. Similarly,
it follows that G Fr = SF,, for every n € N.

Note further that, by Lemma 3.3 and condition (b), Fj,—1,sep N Fp = Friq
and Iy, 1 sep ®F, , Fn = Fp—1 sep-Frn as an I,_j-algebra. These observations
and our choice of the fields K,, n € N, enable one to deduce from Galois
theory that [F,: F,] = []j_, 0;, for each n < m, and when n > 0,

F| =F! | F,(Z,) and F}_,.K,,(Z,) = F),_,((Z,)), where Z,, € F) is a
0,-th root of X,,. This ensures that F, = F,,.F,,_;((Z,)) and finite extensions
of F!_,((Z,)) in F), are totally ramified. It is therefore clear from (3.3) (b)
and the equality Fy,_1 sep-Fy_1((Zn)) = F),_1((Zp))ur that
Fo1sep-Fl_1((Z,))NE, =F)_,((Z,)), which in turn implies

Fotsep N Ey = Fo1sep N F 1 ((Z0)) = F

v _1- Applying now Lemma 3.3,

one concludes that Fi,_1 sep.F), = Fp_1sep QF | F! as F|_,-algebras, for
every n > 0. Thus the extensions F,/F!_,((Z,)), n € N (where Z, = X,
if n > m), satisfy condition (b) of Proposition 4.1, so ddim(F. ) = oo, as

required. O

Remark 4.5. Let F,, 4, (m,q) € No x P, be quasifinite fields such that
char(Fpq) = q and ddim(F,, 4) = m, for each pair (m,q). Then, by Witt’s
theorem (cf. [13, Theorem 12.4.1]), there are complete discrete valued fields
(Km.qs Um.q) with char(Kp ) = 0 and Ky, g = Fp.q, for all (m,q) € No x P.
Also, it follows from Lemma 3.4 that, for each (m,q), there exists an ex-

tension Ty g of Kmg i Kmgsep, such that KpguwTmg = Kmgsep and
Ko gurNT g = Ky g This ensures that Thy, g.ur = K g,sep 014 Ty g = Fin g,

so Lemma 3.1 (b) implies T, 4 is a quasifinite field, ddim(T,, ) > m (and
equality holds if m = o). Note that T, 4, (M, q) € Noo X P, are pairwise non-
isomorphic fields. Since the valuation of Tp, 4 extending vy, 4 is Henselian with
Um,q(Tm,q) = Q, for every (m,q), this can be proved by assuming the oppo-
site, and using the non-existence of a field with a pair of Henselian real-valued
valuations whose residue fields are quasifinite and non-isomorphic. The noted
fact follows from the wvalidity of Schmidt’s Uniqueness Theorem in the case
of Henselian real-valued valuations on a field (see [13, Corollary 21.1.2]). It
would be of interest to know whether ddim(T,, 4) = m, for every (m,q) € NxP.



QUASIFINITE FIELDS OF PRESCRIBED CHARACTERISTIC AND
DIOPHANTINE DIMENSION 36

5 Perfect fields of characteristic ¢ € P and prescribed
Galois cohomological and Diophantine dimensions

In this Section we present a proof of Theorem 2.2. Our starting point is the
following lemma which proves Theorem 2.2 in case ¢ = 0:

Lemma 5.1. Let £ € Ny, and k be an integer satisfying 1 < k < £. Then
there exists a field Ey ¢ with ddim(Ey ¢) = ¢ and cd(Ey ) = k. Furthermore,
for each g € P, Ey ¢ can be chosen so that char(Ey ) = q.

Proof. Our assertion is contained in Theorem 2.1 in case k = 1, so we as-
sume that & > 2. If £ € N, then it follows from Galois cohomology (see [6,
pages 1219-1220], and [28, Ch. II, 2.2 and 4.3]), Greenberg’s theorem and
Lemma 3.2 that one may take as Ej, ; the iterated Laurent formal power series
field Fy_p41,4((X1)) ... ((Xk=1)), where Fy_j41 4 has the properties required
by Theorem 2.1, for m = £ — k + 1 and any ¢ € P. Similarly, if £ = co and
F ¢ is a quasifinite field with char(F 4) = ¢ and ddim(F 4) = oo, then one

may put By oo = Fio q((X1)) ... (Xk—1)). O

Theorem 2.1 and Lemma 5.1 allow to assume in the rest of the proof of
Theorem 2.2 that ¢ > 0 and k > 2. Retaining notation as in the proof of
Lemma 5.1, denote by El/c,ﬁ the perfect closure of Fj, ¢ in its algebraic closure
Eye. It follows from Galois theory and [22, Ch. V, Proposition 6.11], that
SE,.. = 9py ,, so it suffices to prove that the quasifinite constant field of Ej ,
can be chosen so that ddim(Ej ,) = ¢. Suppose first that ¢ = co and Fi 4
is a quasifinite field with char(F 4) = ¢ and ddim(Fu ) = 00, defined as
in Proposition 4.1. Then there exist ¢, € Py, n € N, such that for each n,
there is an F o-form t,, of degree g, in at least ¢, variables, which does not
possess a nontrivial zero over F ,. Proceeding by induction on & — 1 and
using Lemma 3.2, one obtains that ¢,, is without a nontrivial zero over E,’C)OO.
This yields ddim(E,’wo) = 00, which completes our proof in case £ = co.

To prove Theorem 2.2 in case £ < oo we need the following two lemmas.

Lemma 5.2. Let F be an algebraically closed field, ¢ = char(F), m an integer
>2 and Il;: ¢ = 0,...,m — 1, be nonempty subsets of P, such that q € Il
in case q¢ > 0, U;’;Blﬂi =P, and II;; NIL;» = 0, provided that 0 < i’ < " <
m — 1. Then there exist perfect fields F;: i =0,...,m — 1, with the following
properties:

(&) Spy = [ e, Zp and Fy/F is an extension of transcendence degree 1;
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(b) For each i > 0, F; is an algebraic extension of the Laurent series field
Fi1((X3)), such that Fi_1 sep ®@F, , Fy is a field and Sp; = G5, , X[, en, Zag: s
in particular, Fn,—1 is a quasifinite field with ddim(F,,—1) < m.

Proof. The existence of F{y follows from Lemma 4.3, and the equality

ddim(Fp) = 1 is implied by Tsen’s theorem and the fact that Fy # Fp sep-
Suppose that ¢ > 0 and F;_1 has been defined in accordance with Lemma 5.2
(a) or (b) depending on whether or not i = 1. Put K; = F;_1((X;)), fix an
algebraic closure K ; of K; sep, and denote by «; the standard discrete valuation
of K; trivial on F;_;. Considering the Henselian field (K, k;), let W; be an
extension of K; in K, such that W;.K; y = K; = W, sp and W; N K, ¢, = K.
Take as F; the extension of W; in K; generated by the h;-th roots of X;, when
h; runs across the set {v € N: v is not divisible by any ¢; € II;}. The assertion
that F; is perfect and has the properties claimed by Lemma 5.2 (b) is proved in
the same way as the fact that the fields defined by (4.1) satisfy the conditions
of Proposition 4.1. Since U"'T; = P and II; N Tl = 0, i # 4/, this implies
F,,_1 is quasifinite. Observing finally that ddim(F;) < ddim(K;) < i+ 1, for
i=1,...,m—1 (the latter inequality follows from Greenberg’s theorem), one
completes the proof. O

Lemma 5.3. Let m be an integer > 2, and B a real number such that
/1~ (m+1)"2< B < 1. Assume that g € P andIl;:i=0,...,m—1, are
nonempty subsets of P satisfying the following two conditions:

(c) q ¢ 11,1, Ui"!oll_li =P, and II; NIL;» = 0, for each pair of indices
i £ 1", in addition, 11; is finite unless i = m — 1;

(cc) If 0 < i < m — 1, then II; consists of (B,1;q)-representable numbers,
and for each g; € 11;, we have ¢; = q}_1 + ¢/ + ¢/, for some ¢}_1, ¢}_1,
¢ € Wiy withq < ¢ < g, < ¢y <d"y; also, W,y contains an
element qm—1 equal to ¢/, _o+ qll _o+ ¢l _,, where ql,,_o, q1f_o and g/ _, are

pairwise distinct elements of I, _o, and q < ¢°_; < min{q}, 9, ¢/ 9,4/ _5}.
Then any quasifinite field F,,—1 singled out by Lemma 5.2 admits a form
fm—1 of degree q,,_1 in more than qﬁj variables, which does not possess a

nontrivial zero over F,,_1; in particular, ddim(F,,_1) = m.

Proof. Since, by Lemma 5.1 and the choice of F,,_1, ddim(F},—1) < m, the
latter part of our assertion follows from the former one. Arguing by the method
of proving Lemma 4.2, one obtains from conditions (c) and (cc) the existence of
an F,,_;-form f,,_1 of degree ¢,,—1 in more than qf;l_l variables, and without
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a nontrivial zero over Fy,, 1, where = Z;’;Bl B*. The assumptions on 3 show
that A > m — 1, so Lemma 5.3 is proved. O

It is now easy to complete the proof of Theorem 2.2. Assume that ¢ < oo
and put m = ¢ — k + 1. Applying Lemma 4.3 (to the case where II = P) if
m = 1, and Lemma 5.3 when m > 2, one obtains that there is a quasifinite
field F,, , with char(F,, ;) = ¢ and ddim(F}, ;) = m, which admits an F,, .-
form f,,, of degree ¢,_1 € P, in at least 1 + ¢~ variables, possessing
no nontrivial zero over Fy,_;. Arguing by induction on k£ — 1, and using
Lemma 3.2, one can associate with f,, , an E,’c’e—form Ym,q Of degree ¢,,—1 in

more than qf;_ll variables, and without a nontrivial zero over E,Q ¢- Therefore,
ddim(Ej, ,) > ¢, and since ddim(£} ,) < ddim(Ejy) = ¢ (apply repeatedly
Greenberg'’s theorem), we have ddim(Ej, ,) = ¢, so Theorem 2.2 is proved.

As explained in Section 2, every perfect field E satisfies CD(E) = ¢d(Sg).
Generally, this does not apply to arbitrary fields (see (1.1) and (1.2)). However,
the equality holds for interesting classes of imperfect fields, such as the iterated
Laurent series fields in n variables, for any fixed n € N, over quasifinite fields of
type C1 and nonzero characteristic. To demonstrate it, consider a field E,, =
Eo((X1))...((Xy)) of this kind over a quasifinite C;-field Fy of characteristic
g > 0. Then char(E,) = q and [E,,: E4] = ¢", which allows, similarly to the
proof of Lemma 5.1, to deduce from Galois cohomology, combined with Kato-
Milne cohomology [18, Theorem 3 (3)], Greenberg’s theorem and the Arason-
Baeza theorem, that cdy(Sg,) = 1, and the dimensions cd(Sg, ), CD(E,),
ddim(E,,) and dimy(E,) (as well as CD(E,,), see page 23) are equal to n + 1.

Remark 5.4. Arguing as in the proof of Corollary 4.4, one obtains that the
class of quasifinite fields with the property described by Lemma 5.3 is closed
under taking finite extensions. This implies in conjunction with Corollary
4.4 that the fields Ey ¢4 singled out by Theorem 2.2 can be chosen so that
their finite extensions have Diophantine dimension £, for any ¢ € P and each
pair (k,¢) # (0,0) admissible by Question 1. It is well-known that the open
subgroups of §g, ,.,, namely, the absolute Galois groups of the considered fields
have cohomological dimension k (see [28, Ch. I, Proposition 14]).

To conclude with, we note that our proof of Theorem 2.1 strongly depends
on the fact that given a quasifinite field F', the Sylow pro-p-subgroup of Gp is
isomorphic to Z,, for every p € P. The existence of perfect fields E,, p € Py,
with dim(E,) < 1, ddim(E,) > 2 and Gg, a pro-p-group with infinitely many
open subgroups of index p, solving [19, Problem 2], has been established in [11]
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and [10], by a different method. Both results (as well as Merkur’ev’s counter-
example to the Kato-Kuzumaki C9 conjecture, see [19] and [25, Theorem 4
and Proposition 5]) leave open the following question.

Question 2. Find whether there exists a perfect field E such that dim(F) =
oo and some of the following two conditions holds:

(a) dim(E) < 1 and the Sylow pro-p-subgroups of Sg are not isomorphic
to Zy, for any p € P (with, possibly, finitely many exceptions);

(b) E is the fixed field of a Sylow pro-p-subgroup G, of Gg,, for some
p € P, where Q; is a totally imaginary number field.

As noted at the end of Remark 2.3, nothing seems to be known about the
Diophantine dimensions of the fixed fields of Sylow’s subgroups of Gq,, for any
totally imaginary number field Q;. Against this background, Question 2 (b)
makes interest in its own right. A negative answer to it, for some p € P, would
show that abrd,(Q’) < oo, for all finitely-generated extensions Q'/Q. This
follows from the Lang-Nagata-Tsen theorem, the main results of [23], and [14,
Corollary 4.5.11].
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