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Existence and attractivity results on
semi-infinite intervals for integrodifferential
equations with non-instantaneous impulsions in
Banach spaces
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Abstract

In this article, we study the existence of mild solutions of a non-
instantaneous integrodifferential equations on unbounded domain via
resolvent operators in Banach space. For our proofs, we employ the
semigroups theory and Schauder’s fixed point theorem. Moreover, we
show that solutions of our problem are attractive. Finally, an example
is given to validate the theory part.

1 Introduction

In domains such as population dynamics and optimal control, impulsive inte-
gral equations, impulsive integro-differential equations, and impulsive differ-
ential equations naturally occur (see the monographs [1, 10, 15, 36, 29, 31]). It
appears that the earliest discussion of impulsive systems dates back to Krylov
and Bogolyubov’s work [33].
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In 1982, Grimmer started by utilizing resolvent operators to demonstrate
the existence of integro-differential systems in [22, 27, 28]. The resolvent
operator with fixed point technique is the most convenient and appropriate
approach for solving integrodifferential equations. Readers may see [22, 28, 35]
and the sources given therein for more information on resolvent operators. The
existence of nonlocal analytic resolvent operator integro-differential equations
in [34, 35] has been demonstrated using facts about resolvent operators and the
regularity of evolution integro-differential systems. Because of its applicability
in describing numerous issues in physics, fluid dynamics, biological models, and
chemical kinetics, integral-differential equations over infinite intervals have
sparked a lot of interest see [8, 9, 13, 30]. Many authors have examined
qualitative properties such as existence, uniqueness, and stability for many
integral, differential and integro-differential equations, (see [1, 18, 32, 14, 17,
30, 39, 3, 4, 5, 6, 7]), and with nonlocal condition in [19, 20, 21, 23].

In [16], Benchohra and Rezoug investigated the existence and local at-
tractivity of the mild solution, defined on a semi-infinite positive real interval
J = [0, 00), for non-autonomous semilinear second order evolution equation of
mixed type in a real Banach space. They considered the following problem

Y (5) — AD)y(t) = f (t,y@), / K(t,s,y<s>>ds) tey
y(0) = yo, ¥'(0) =y,

where {A(t)}o<t<too is a family of linear closed operators from E into E,
f:Jx Ex E — FE is a Carathéodory function, K : A x F — FE is a contin-
uous function, A := {(¢,s) € J x J : s < t},yo,y1 € E and (E,]|-|) is a real
Banach space. The results are obtained by using the Monch fixed point and
the Kuratowski measure of noncompactness.

In [2], Abbas et al. discussed the existence of mild solutions for the follow-
ing nonlocal problem of impulsive integrodifferential equations:

u'(t) = Au(t) + /0 Y(t — s)u(s)ds
+f(t,u(t)); telyk=0,...,m,

u(tf) =u(ty)+Li(u(ty)); k=1,...,m,

u(0) + g(u) =up € E,

where Iy = [O,tﬂ,_[k = (tk,tk+1];]€ =1,....m,0 = g < t; < -+ <
tm <tmir=T,f: IxyxE—FE;k=1,... m,Lpy: E— E;k=1,...,m,g:
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PC — E are given functions, the set PC is given later, F is a real (or com-
plex) Banach space with the norm || - ||, u/(t) := du/dt,A: D(A) CE — E
generates a Cp-semigroup on the Banach space F, and Y (t) is a closed linear
operator on E with D(A) C D(Y).

Motivated by the above mentioned works, we investigate the existence
and attractivity of mild solutions to the following impulsive integrodifferential
equations using resolvent operators:

X' (0) = ‘Ifx(ﬁng f @0, x(0), (Hx)(¥9))
+/ O(9 — 0)x(0)do; if 9 € O;k=0,1,...,
0

i (1)
X(9) = gk (19,)((19,;));if19€®k;k:172,...7

x(0) = xo,

where O = [0, %1],O0k = (0k, Ix+1] and O = (Ok, ok] with 0 = gg < 1 <
01 <2< ... <om-1 <V < 0m <my1 < ... <400, U:D(P) CE—E
is the infinitesimal generator of a strongly continuous semigroup {7'(?)}s>0,
& (V) is a closed linear operator with domain D(W¥) C D(®(¥)), the operator
H is defined by

o) = [ " b9, 0, x(0))de,

fora >0, D, = {(¥,0) € R?; 0< 9 <9 <a},and h: Dj x= — Z. The non-
linear term f : Oy XxEXE - = k=0,1,..., g : OpxE = Z; k=1,2,..., are
a given functions, and (Z, || - ||) is a Banach space. They base their arguments
on the fixed point theory and the concept of measure of noncompactness with
the help of the resolvent operator.

We would like to point out that our work may be viewed as a continuation
of the papers [2, 16]. Indeed, unlike the problem in [16], we have added non-
instantaneous impulses to our problem, and we investigate our problem on an
unbounded domain, as opposed to the problem in [2]. Finally, we investigate
our problem’s attractivity in a Banach space. The utilization of the assumed
hypotheses and the fixed point theorem are novel in the framework of the in-
vestigated problem.

The following is how this work is organized. Section 2 presents preliminary
results on the resolvent operators in the sense of Grimmer, as well as the
noncompactness measure. Section 3 shows the existence and attractivity of
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system (1) in Banach space. We will also provide an example to demonstrate
the abstract consequence of our effort.

2 Preliminaries

In this section, we will go over some of the notations, definitions, and theorems
that will be used throughout the work. We refer to [37, 41] for more details
on the notions used in this section.

Let BC(©, E) be the Banach space of all bounded and continuous functions

X mapping © := [0, 400) into =, with the usual supremum norm

IXlloo = sup [[x(9)]|-
veO

Theorem 2.1 ([37, 41]). A strongly measurable function f : R — Z be
Bochner integrable if and only if | f| is measurable.

Let L'(©,E) be the Banach space of measurable functions f : © — =
which are Bochner integrable, with the norm

+oo
1£ls = / 1£(9)d,

We consider the following Cauchy problem

9
@) = (@) + [ 90— x(ees tor 0 >0, o)
x(0) = xo € E.

The existence and properties of a resolvent operator has been discussed in [27].
In what follows, we suppose the following assumptions:

(R1) ¥ is the infinitesimal generator of a uniformly continuous semigroup

{T(ﬁ)},§>0,

(R2) For all ¥ > 0, ®(¥) is closed linear operator from D(T) to E and ®(¥) €
®(D(V),Z). For any x € D(¥), the map ¥ — ®(9)x is bounded, differ-
entiable and the derivative ¥ — ®'(¢)x is bounded uniformly continuous
on RT.

Theorem 2.2 ([27]). Assume that (R1)—(R2) hold, then there exists a unique
resolvent operator for the Cauchy problem (2).
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Consider the space
PC(RY,Z) = {X:R+ SE e, =gk k=12 Xle s E=0,1,...,
are continuous, x (Q’;) , X (QZ_) ;X (19,;) and x (192')
exist with x (9;) = x (Vx) },
and
X = BPC(RT',%)
={x € PC(R",E) : x is bounded on R},
with respect to the norm

Ixllzrc = sup {lIx()|}-
JERT

Now, we define the Kuratowski measure of noncompactness.

Definition 2.3 ([11]). Let = be a Banach space and Qz the bounded subsets
of E. The Kuratowski measure of noncompactness is the map u : Qg — [0, 00]
defined by

w(®) =inf{e > 0: P C UL, P; and diam(P;) < €}; here € Qz,

where
diam(®;) = sup{|lu — v||g : u,v € ;}.

For more information about measure of noncompactness, see [40, 11, 12,
25].

Lemma 2.4 ([11]). If {D}2 is sequence of nonempty, bounded and closed
subsets of 2 such that Dy,+1 C Dyp; (n=1,2,3...) and if lim, o p (Dy) =0,
then the intersection

—+o0
Dy = ﬂ Dnv
n=0
s nonempty and compact.

Theorem 2.5 ([26]). Let X be a Banach space, Q compact convex subset of
X and N : Q — Q is a continuous map. Then N has at least one fized point
in Q.

3 The main result

In this section we discuss the existence of mild solution for the problem (1).
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3.1 Existence of mild solutions

Let us recollect the following particular measure of noncompactness that de-
rives from [12], and will be utilized in our main results in order to establish a

measure of noncompactness in the space BPC(0,Z). Let us fix a nonempty
bounded subset H in the space BPC(0,E), forv e H,T >0, ¢ > 0and k, T €
[0, T], such that |k — 7| < e. We denote wl (v, €) the modulus of continuity of

the function v on the interval [0, T], namely,

wlv,e) = sup{|jv(k) —v(7)| ; K, 7 €[0,T]},
wl'(H,e) = sup{w?(v,e); ve H},

wi(H) = limc,o{wT(H,e€)},

wo(H) = lim7_ 00wl (H).

If ¥ is fixed from O, let us denote H(9) = {v(9) € Z; v € H} and
d(H(9)) = diam (H(9)) = sup{||[u(?) = v(I)|| ; u, v € H}.

Finally, consider the function y g pc defined on the family of subset of BPC/(©, Z)
by the formula

xsrc(H) = wo(H) + lim sup d®(H(¥)).
19—)00196@

It can be shown similar to [12] that the function xppc is a sublinear measure

of noncompactness on the space BPC(0©,E).

Definition 3.1. A function x € BPC(0©,E) is called a mild solution of prob-
lem (1) if it satisfies

9
R(O)xo + / RO — 0)f (e x(0). (HX)(2))de: if 9 € O,

R(ﬁ; o) gk (o x(97))]
+ [ R —0)f(o,x(0), (Hx)(¢))do; ¥ € O,

Ok

where k =1,2,...

The hypotheses:
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(H1) f:© x = x E — = is a Carathéodory function and there exist a func-
tion C € L'(6,R*) and a continuous nondecreasing function ¢ : © —
(0, +00), such that :

1 (0w, a)|| < C@)p([[ull + |[al),  foru, ue =,

(H2) The function h : Dy, x £ — = is continuous and there exists ¢, > 0, such
that

|h(0, 0, u) —h(I, 0, 0)|| < cpllu—ul, for each (9,0) € Dy andu, u € Z,

with
h* = sup{||h(9, 0,0)|| , (¥,0) € Dp} < 0.

(H3) gk : ©) x E — E are continuous and there exists 8, € (0,1); k € N,
such that

gk (9, u) — g (V,0)|| < Bg,llu— v, forallu,veZ, k=1,2,...
and
max{fg, } = g,
(H4) Assume that there exist Mg > 1 and 8 > 0, such that

[R()|e=) < Mpe=??

and 9
i 322/ e =8¢ (0)dg = 0.
Theorem 3.2. Assume that the conditions (H1) — (H4) are satisfied. If
MgpB,, <1,

then the system (1) has at least one mild solution.

Proof. Transform the problem (1) into a fixed point problem. Consider the
operator X : BPC(0,2) — BPC(0,ZE) defined by:

9
R(0)yo + / R(W — 0)f(0, x(0), (Hx)(0))de; if 9 € O,

— or) [gr(0r, x(V%))]

() = / RO — 0) (0. x(0). (Hx)(0))de; ¥ € O,

gk(197X(19];))5 v e ék7
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where k£ = 1,2,.... Obviously, the fixed points of the operator N are mild

solutions of the problem (1). Let D, = {x € BPC(0,Z) : ||x|| < p}, with

Mr(go + sD(KZ)CLl)} -
= Mnf, <p,

max {MR<||><O| T oEDICl),
where
K; = ((Ch +1)p+ ah*)7

the set D, is bounded, closed and convex.
Step 1: X(D,) C D,.

e (Casel: for v € 0.
For each x € D, and by (H1), we have

IRx (D)l

IN

9
Melxoll + Mg / Sl + 1HXI)C (o) de

Mgl|xoll + Mrp((cn +1)p +ah™)|C]| L1,

IN

then

Rxllx < MR{Xoll +((en + Dp+ab)[Cllzr |-
e (Case?2 : for J € O.
For each x € D, by (H1),(H2) and (H3), we have
g (o ul DI < Bg, ()l + g0,
thus

Mg By, p + g0 + ¢((en + 1)p + ah™)|[Cllz1 ],

Rxllx <
< »

e Case3 : for ¥ € Oy.
For each x € D,, we have

Rx@)[ < Bg.p+ -
Hence,

Rxllx < p.

Step 2: N is continuous.
Let (xn)nen be a sequence such that x, — X« in 2, then
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o (Casel: for ¥ € ©g. We have
[[(Rxn) (9) — (R ) (D)

9
< M [ (0 (@) Hxa @) = (o - Hxe(e)) de
0
By the continuity of A and f, we have

h(9, 0, xn(0)) = h(9, 0, x:(0)) as n — +oo,

and
[A(3, 0, xn(0)) — R(9, 0, x+ ()| < cnllxn — xx-

By Lebesgue dominated convergence theorem

9 9
0 0
then by (H1), we get

f(o;xn(0), Hxn(0)) — f(0sxx(0), Hx«(0)), as n — +oo,

consequently
[RX7 —Nx|lx =0, as n— +oo.

e Case 2 : for ¥ € ©. We have

[(Rxn) (F) — (R ) (D) |
< Mg||gk(ok, xn (D} ) — gr (0, X+ (9))]]

9
+ My / 17 (0 xn(0): Hxn(@)) — F(2: x+(0): Hxx(0)l|de.

Similar to Case 1, by the continuity of h, f and gi, we get
IRxn — Rxs|lx =0, as n— 4oo.
e Case 3 : for ¥ € ©,. We have
1R ) (0) = R ) < Mlgw (9, xn (95)) = 9w (9, X (T)))]I-
By the continuity of gi, we obtain

IRxn — Rxs|lx =0, as n— +oo.



EXISTENCE AND ATTRACTIVITY RESULTS ON SEMI-INFINITE INTERVALS
FOR INTEGRODIFFERENTIAL EQUATIONS WITH NON-INSTANTANEOUS

IMPULSIONS IN BANACH SPACES 74
Thus, N is continuous.
Step 3: In the sequel, we consider the sequence of sets {Q,}.7°0 defined by

induction as follows :

Qo =Dy, Quyr = conv(R(Q)); forn=0,1,2..., Qoo =[],

this sequence is nondecreasing, i.e. Q0,41 C €, for each n € N.

Now we will prove that lim,— 1o x5pc(Q,) =0, so for T > 0 and kg € N,

with T' > 9, and x € II, we have
o Casel: for kK, 7 € Og.

() = R < [R() = Bl ol
/HRH* )= R(r — o)lc(ede
< plllpe + IHxlsre)
/HRT—QHQ()( Al
<186~ Bl ol

() / IR(s - o) - R(r — 0)[¢(e)do

+Mnpli) [ " o)

By the strong continuity of R(¥) and (H1), we get
IR (k) — Rx(T)|| = 0, as k — T.

o (Case?2 : for k,7 € O.

[Rx (k) = RX(T)[| < [[R(k — o) — R(T — o) [[llg(er, x (I,

K

DI

[R(k — o) = R(T — 0)[IC(0) (K7 de

n / IR — Il e(K2)do

<||R(k — ok) — R(T — o) [|(B5,.p + 90)

/ IR(s — o) - R(r — 0)[¢(e)do



EXISTENCE AND ATTRACTIVITY RESULTS ON SEMI-INFINITE INTERVALS
FOR INTEGRODIFFERENTIAL EQUATIONS WITH NON-INSTANTANEOUS
IMPULSIONS IN BANACH SPACES 75

Since R(¥) is norm continuous and by (H1), we obtain
IR (k) — Rx(7)|| = 0, as Kk — T.
e Case3 : for k,7 € ©). We have
IRx (k) =Rx ()| = [lgr(k, x () = g (7, X ()]
From (H3), the set {gi (¥, X(ﬁ;)}:; is equicontinuous, then
IRy (k) = Rx(7)|| = 0, as k — T.

Finally, the set X(,+1) is equicontinuous, then wg(R(Qp41)) = 0.
Now for u, x € Q, and ¢ € [0, T], we have three cases:

e (Casel: for ¥ € Oyg.
[(Rx)(9) — (Ru)(I)

9
< My / eP0=9) £, x(0), Hx(2)) — F(0, u(e), Hu(o))l|de

9
< 2Mpp(K) / P00 ¢(g)do.
0

Then

9
sup d®(R{Q,(9)}) < 2Mpp(K,) sup/ e‘ﬁw—g)g(g)dg,
YEO, 9€6J0

when ¢ — +oo and by (H4), we get

lim xppc(Q,) =0.

n—+oo
e (Case?2 : for ¥ € ©. We have

[(Rx) (9) — (Ru)(I) |
< Mgl|gr (o, u(9y,)) — gr((or, x ()|

9
+ Mg / B0 £, u(g), Hu(0)) — (o, x(2), Hx(0))llde

9
< Mpf2, llu(oe) — (0| + 2Mrp(K3) / e PO=0 ¢(g)do,

Ok
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when ¢ — +oo and by (H4), we get

XBPC(N(Qn)) S (MRﬁ;k)XBPC(Qn)a

S0
xXBPc(Qnt1) < (MrBy, )xsrc(n)-

e Case 3 : for ¥ € ©). We have
[(Rx)(F) = Ru) ()| < [ge(?, w(@y)) — gr (D, x(W)))

then

xBrc(N(Q2,)) < B, xBPc (),
Therefore

xBPc(Qnt1) < By, xBPc(Qn).

By the method of mathematical induction, we can get

XBPC(Qn+1) < (MR,B;k)n+1Xch(QQ), forall 9 € O, k=1,2,...
XBPC(QnJrl) < ( ;k)nJrlXch(Qo), for all ¥ € ék, k=0,1,...

Then, we obtain
lim Xch(Qn) =0.

n—-+oo

Taking into account Lemma 2.4, we infer that Q. = Q:Z%Qn is nonempty,
convex and compact. As a consequence of these three steps together with
Theorem 2.5, we can conclude that R : Q. — ., has at least one fixed
point, which is a mild solution of problem (1). O

3.2 Attractivity of solutions

In this section we study the local attractivity of solutions for the problem (1).
Firstly, we introduce the following concept of attractivity of solutions.

Definition 3.3 ([24]). We say that the solutions of (1) are locally attractive

if there exists a closed ball ®(z*,v) in the space X for some z* € X such that

for arbitrary solutions z and Z of (1) belonging to ®(z*,~), we have that
phm (2(9) = 2(9)) = 0.

When the last limit is uniform with respect to ®(z*,7), solutions of problem

(1) are said to be uniformly locally attractive (or equivalently that solutions of
(1) are locally asymptotically stable).
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Lets z* be a solution of (1), &, = ®(z*,~) the closed ball in X and a
constant
K> = ((cn + 1)y + ah™), depends on a positive constant +.

Theorem 3.4. Suppose that hypotheses (H1) — (H4) and (H*) hold, with

max{ZMR<||xO oK) Clo)s 2Mr(Ben + g0 +so<K:>||<||L1>} <,

and 1
Mg max{ﬁ;k} < 3

then, the solutions of problem (1) are uniformly locally attractive.
Proof. For z € ®(z*,~v) by (H1) and (H3), we get
e (Casel: for ¥ € ©y. We have

1(R2)(0) — 2* (@) = [(R2)(9) — (R=") (D)
9
< Mg / 1£(0, 2(0), H=(0)) — (o, 2" (0), H="(0)) |de

< 2Mg([[xoll + (K¢l 1)
<.

This proves that R(®,) C @,.
So, for each z,z € ®(z*, ) solutions of problem (1) and ¥ € O¢, we have

[2(F) =z = [[(Rz)() — (R2)(I)]|
9
< 2Mgo(KY) sup/ e PI=9¢(g)do
YEBO JO
<

9
Sy
9€6 J0

by (HA4), we conclude that
12(9) — 30| = 0, as 9 — +oo.
e (Case?2 : for ¥ € ©. we have
I(R2)(9) — =* ()| < Mallgn(ox, 2(95) — gr((or, 2 (05 )
T Mp / ﬁ 1£(0, 2(0), Hz(0)) — F(0 2" (0), H2"(0))do

< 2MR(B;, 7 + go + w(K3)ICllLr)
<7
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Therefore, R(®.,) C ..
So, for each 2,2 € ®(z*, ) solutions of problem (1) and ¥ € O, we have
[2(9) = 20| = [[(R=) () — (R2) ()]
< Mpe "= g (ok, 2(95)) — g ((or: Z(95))l

9
+ 2Mp(KZ) Sup/ e P~ ¢(g)dp
V€O J oy,

< Mpe P00 3% |12(or) — Z(ok) |

9
+2MR¢(K$)SHP/ e P9 ¢ (o) do,
9e® JOo

Then, using (H4), we obtain

lz2(9) = Z(W)]| = 0, as ¥ — +oo.

e Case3 : for ¥ € O©f. we have

[(R2)(F) — 2" ()] [(R2)(F) — (R2")(9) ]
19(9, 2(F ) — g((9, 2" ()l
285,

5.

IA A IA

Thus, X(®,) C D,.
So, for each z,z € ®(z*, ) solutions of problem (1) and ¥ € Oy, we have

I(R2)(9) = (R2) (D)

12(9) = ()|l

< lg(@,2(9;)) — g((9, 2(9;))|
< By llz(@) = Z(W)|l,
then
(1 =By )llz(@) =z < 0,
hence

(9) - 29)] = o.

As a result, the solutions of the problem (1) are uniformly locally attractive.
O
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4 An example

Consider the following impulsive integro-differential equation :

9 2
26092 0 T
2e(9,x) = 22800 g(f; ) —/ A — 9)72(52 )dQ
—(1-b—1yy

e arctan (/ egﬁgé(g,m)lda)),

0

1[€(9,2) | .
_Wf(lﬁ@y if ¥ € O, z € (0,7),

£, x) = % if 0 € O, z € (0,7),

£(0,0) =¢(9,m) =0, ¥R,

f(ovx) = £O(x)7 T e (077T)7

where Oy = (k,k+1),k=0,1,..., O, = (k—1,kl,k=1,2,...,e >0,b> 1,
pe (0,3) and A: RT — R is a C'-function. Now, we define

§(0)(x) = £, x),

—(1-b"1) a

e o

4+ ——— arctan /e ov=e|b(o, x dQ),
(1 619) < 0 |£( )l

HE(0)(x) = / " emer2le(,0)do,

B g(k’_ - 17x)
(0, 80k )) = se 2 e — 1 )
o) =T ().

To rewrite system (3) in the abstract form, we introduce the space X =
L?(0,7) and let ¥ be defined by

D(¥) ={p € L*(0,m) / ¢, ¢" € L*(0,7) , 9(0) = p(m) = 0},

8%p(9,x
(Tp)(z) = L5052

It is well known that ¥ generates a strongly continuous semigroup (S(%))s>o0,
which is dissipative and compact with ||S(9)|| < e="?, and for some b > =,



EXISTENCE AND ATTRACTIVITY RESULTS ON SEMI-INFINITE INTERVALS
FOR INTEGRODIFFERENTIAL EQUATIONS WITH NON-INSTANTANEOUS
IMPULSIONS IN BANACH SPACES 80

€

—e2 _e2
we assume that [|[T(9)]| < <5, and [['(9)]| < <. Tt follows from [27],
that | R(Y)|| < e Y, where e =1 —bL.
More appropriate conditions on operator ®, (H4) hold with Mr = 1 and
B=1-b"1
Then, system (3) takes the following abstract form

9
£(9) = WEW) + £ (9,£(9), (HE)(0)) + / (0 — 0)E(o)do, if 0 € Oy,
W) = ( €(0;)).if 9 € O,
£(0) =

(4)
where Y = BPC(R™, X). With the help of simple computation, we find that
—(1-b"Yw 1
pe _ L1
C(ﬁ) - 14+ e? ’ <p(:1:) etua, ng 337
72 12 — w2 — 24|/¢|| 1
L, = 1 cpL=a= 2 .
Then
pe (1—-b—1Hw
10,8060 < X (16O + )] +2). for e >0

The function (1) = € + z is continuous nondecreasing from © to [¢, +00), we
have

¢e LYO,RY),
9 9 —(1=b"1)
lim sup/ _5(19_9)((Q)dg = lim sup/ 'ueigdg =0,
Y—~+o0 9ed Y——+o0 9€d l1+e

and
Mprmax{f, } =0,4112... <

Also, we can choose the values of p and 7 so that Theorem 3.2 and Theorem 3.4
are applicable. Consequently, the problem (3) has at least one mild solution
defined on R*, which is uniformly locally attractive.
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