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Abstract

Let © ¢ RY, N > 2, be a bounded domain with smooth bound-
ary 0f2. Consider the following generalized Robin-Steklov eigenvalue
problem associated with the operator Au = —A,u — Agu

Autp1(@) |uw P2 u+p2() |u |2 u=da(z) |u|""%u z€Q,
{ 2 oy (@) | [ wt e() [ |72 = AB() | u [, @ € 00
where p, ¢, 7 € (1,0), p < q; a, p; € L=(Q) and B, v; € L*=(09) are
nonnegative functions satisfying fQ adxr + f(,m B do > 0 and fQ pi dr +
Joqvi do>0,i=1,2.

We show that, if either (r < p) or (r > g with r < ¢(N —1)/(N —q)
in case ¢ < N), then the eigenvalue set (spectrum) of the above problem
is precisely (0,00). If r € {p, ¢} then the corresponding spectrum is a
smaller interval (d,c0), d > 0. On the other hand, if (r € (p,q) with
r < p(N —1)/(N — p) in case p < N), then we are able to identify an
interval of eigenvalues [A\*, 00), where A\* is a positive number depending
on r.

Obviously, the spectrum of the above problem coincides with the
spectra of the Neumann-like, Robin-like, and Steklov-like eigenvalue
problems corresponding to the cases when some of the functions «, (3,
~; vanish.
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1 Introduction

Let @ ¢ RN, N > 2, be a bounded domain with smooth boundary 0.
Consider the eigenvalue problem associated with the operator Au = —Aju —
Agu

Au+p1(z) |u P2 u+ p2(z) |u |92 u= da() |u |""? u,z € Q, ]
il +y(x) |ulP2u+ya(x) |uli2u=23(x) | u|""? u,x €N, (1)

vy

under the following hypotheses
(hpgr) P, ¢ 7 € (1,00), p<g

(hap) o€ L*(Q) and g € L>(0N) are nonnegative functions satisfying

/ad:c+/[3da>0; (2)
o9

Q

(hpy) pi € L™(Q), i = 1,2, and v; € L*™(09), i = 1,2, are nonnegative
functions such that

/pidx+-/'yida>0,i:1,2. (3)
Q

o0

Recall that, for 6 € (1, 00), Ay denotes the f-Laplacian, Agu = div (|Vu|?~2Vu).
In the above boundary condition we have used the notation

u u
o (Tup e Talr )2
where v is the outward unit normal to 0€.

The operator (Ap + Aq), called (p, ¢)-Laplacian, occurs in many applica-
tions that include models of elementary particles ([9], [14]), elasticity theory
([21]), reaction-diffusion equations ([12]).

The solution w of (1) is understood as an element of the Sobolev space
W := Wh4(Q) satisfying equation (1), in the sense of distributions and (1),
in the sense of traces.

Definition 1.1. A scalar A € R is said to be an eigenvalue of the problem (1)
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if there exists uy € W\ {0} such that for allw € W

/( | Vuy P72 4+ | Vuy |972 ) Vuy - Vw dz
)

—|—/(p1 | ux P72 +p2 [ un |97 Junw da
Q

+ / (’}/1 | ux |pi2 +72 | un |qi2 )qu do
o

= /a|u)\ |T_2u)\wdx+/ﬂ|u)\ "2 uyw do
Q a0

This uy is called an eigenfunction of the problem (1) (corresponding to the
eigenvalue \).

According to a Green type formula (see [11], p. 71), u € W \ {0} is a
solution of (1) if and only if it satisfies (4).

Remark 1.2. Choosing w = uy in (4) shows that the eigenvalues of problem
(1) cannot be negative. It is also obvious, taking into account the assumptions
(hp;v: ), that O can not be an eigenvalue of problem (1).

Now, let us introduce the notations

Kyw) = [ (1Ful 4o ul Yo+ [ |up do

Q oN
Kyfu) = [ (19ul+pa [ u]t)de+ [ 2a]ul” do 5)
Q o0
kr(u)::/a|u|rdm+/ﬂ|u|rdJVu€W.
Q o

Note that any eigenfunction uy corresponding to an eigenvalue A > 0 satis-
fies k.(uy) > 0, hence all eigenfunctions corresponding to positive eigenvalues
necessarily belong to W\ Z, Z :={v e W; k.(v) = 0}.

In order to state our main results, let us define

Xq = inf Kq(w)
weW\Z kq(UI)

~ K
, Ap = inf p(®)
weW\Z kp(w)

: (6)
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K w 1—w
A= inf T p(w)* Kq(w) A= r .
weW\Z kr(w) prgt—v
B 3 (7)
wi=1"7 T, = a-p .
q—p (r—p)t=“(g—r)

Let us now state the main results of this paper.

Theorem 1.3. Assume that (hpgr), (hag), (hp,y,) are fulfilled.
(a) If r = p, then A\, > 0 and the set of eigenvalues of problem (1) is precisely
()‘Pa 00)7 N
(b) If r = q, then Ay > 0 and the set of eigenvalues of problem (1) is precisely
(/\Q7 OO)
Theorem 1.4. Assume that (hpgr), (Rag), (hp,,) are fulfilled.
(a) If either (r < p) or (r > q withr < ¢(N —1)/(N —q) in case ¢ < N),
then the set of eigenvalues of problem (1) equals (0, 00);
b) Ifp<r<quwithr <p(N—1)/(N —p) in case p < N, then 0 < \, < \*
and every A € [\*,00) is an eigenvalue of problem (1); for any A € (—o0, \y)
problem (1) has only the trivial solution.

Moreover, the constants Ay, \* can be expressed as follows

v K@) K@) L S, (v) + 1Ky (v)
Y vew\z k. (v) ’ vEW\Z 1k, (v)

(8)

Remark 1.5. Regarding the assumptions (r < q(N-1)/(N—-4q) ifq <
N), and (r < p(N—1)/(N —p) if 1 < p < N) in Theorem 1.4 (a) and
(b), respectively, we point out that these are directly related to the well-known
compact embedding W10 () < L"(Q) which holds when 1 < v < 6*, where
0* =0ON/(N —0) if 1 <0 < N, and the trace compact embedding W19 () —
L7(09) if 1 < r < 0, where 0 = O(N —1)/(N —0) if 0 < N (see [1], [10,
Section 9.3]).

If y1 = v = 8 = 0 (i.e., the boundary condition is of Neumann type),
Theorem 1.4 still holds if in the cases ¢ < N and p < N the conditions
r<q(N—-1)/(N—gq) and r < p(N —1)/(N — p) are replaced by the weaker
conditions 1 < ¢N/(N — q) and r < ¢N/(N — q), respectively, since in this
case we need only the compact embedding W9(Q) — L"(2), 0 € {p, q}.

Eigenvalue problems for the (p, g)—Laplacian have been extensively inves-
tigated in recent years. For the case of the Dirichlet boundary condition we
refer to Bobkov and Tanaka [8], Cherfils and II'yasov [12], Faria, Miyagaki and
Motreanu [15] and the references therein.

The spectrum of problem (1), which we describe herein, coincides with the
Neumann-like, Robin-like, and Steklov-like eigenvalue problems corresponding
to the cases when some of the functions «, 3, ; vanish.
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The generalized Steklov spectrum in the case p; = 0, v, = 0, i = 1,2,
was investigated by the authors in [3, 4, 6]. Note also that the particular case
a=1,8=0and p, =0, i = 1,2, 13 = 0,72 = const. > 0, r € {p,q},
i.e., the case of the (p,q)-Laplacian with a Robin boundary condition, was
investigated by Gyulov and Moroganu in [17]. Let us also mention the paper
by Papageorgiou, Vetro and Vetro [19] concerning the case p; = 0, v1 =
0, 72 = const. > 0, r = ¢, with the potential function p, being sign changing.
Also, the problem (1) in the case r = ¢, a = 0, b = 1 was studied by Barbu
and Moroganu in [5].

Notice that the arguments we shall use in the proof of Theorem 1.3 are
essentially known from [2, 4, 5], but here those arguments are adapted to the
present context and presented for the convenience of the reader.

While in the previous papers [17], [19] only subsets of the corresponding
spectra were determined, in this paper the presence of the potential functions
pi, Vi satisfying assumptions (h,,,,) allows the full description of the spectrum
in four cases out of five.

2 Preliminary results

In this section we state some auxiliary results which will be used in the proofs
of our main results. N

First of all, note that for 6 € (1,00) and r < 8 if 0 < N, u — (k,(u))" is
a seminorm on W19(Q) which satisfies
(i) 3d > 0 such that k,(u)* < d || u|lwioq) Yu€WH(Q), and
(ii) if w = const., then k,(u) = 0 implies v = 0.
Hence, from [13, Proposition 3.9.55] we obtain the following result

3=

Lemma 2.1. Assume that assumptions (hag) are fulfilled, 6, r € (1,00) and
r <0 if < N. Then

I o=l V[l oy +(kr(u) ™ ¥ u € WH(Q)

is a norm on W4%(Q), equivalent to the standard one.

Remark 2.2. Under assumptions (h,,~,), K,(-)'/? and K,(-)'/9 are norms
equivalent to the usual norms of the Sobolev spaces WP (Q) and W11(Q),
respectively.

Next, for § > 1, we consider the eigenvalue problem

{ —Agu+p(x) |u 2 u= () |u|?~2u inQ, ()

| Vu (972 2% 4 y(2) [u|P"2 u=A3(z) | v |~ u on 09,
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where p € L*™(Q2) and v € L*>(09Q) are given nonnegative functions satisfying

/pdx+/7da>0. (10)

Q o0

As usual, the number A € R is said to be an eigenvalue of problem (9) if
there exists a function uy € W9(Q)\ {0} such that for all w € W9(Q)

/ | Vuy 972 Vuy - Vw dx+/p | ux |72 upw do + /7 | uy P72 uyw do
Q Q 0

=\ /a | uy 772 upw dﬂc—|—/6 | uy |72 uyw do
Q 00

By arguments similar to those used in the case of problem (1) we can show
that the eigenvalues of problem (9) are positive and the corresponding eigen-
functions belong to W19 (Q) \ 2y, where

Zg = { w e WhH(Q); kg(w)::/a|u|0daz+/ﬂ\u|9d0:0 )
Q 9}

Define the C! functional

O : WH(Q)\ Zg — (0,00), Op(v) := VoeWwh?(Q)\ Zg,

where Kg(u) := [ (| Vu [P +p|u P )dz+ [ ~]|ul|? do.
! o9

Lemma 2.3. Assume that the assumption (hag) is fulfilled and p € L>®(Q), v €
L (0Q) are given nonnegative functions satisfying (10). Then there exists

u, € WH9(Q)\ 2y such that

Og(uy) = N := inf Og(w) > 0.

in
wEW L0 (Q)\ 2o

In addition, \g is the smallest eigenvalue of the problem (9) and wu. is an
eigenfunction corresponding to Mg.

The proof of this result is based on arguments similar to those used in the
proof of Lemma 2 in [5] (see also [18, Proposition 3.1]), so we omit it.
Now, for A > 0 define the C* energy functional for problem (1)

Ir: W =R, HA(u):%Kp(u)—FéKq(u)—%kr(u)VuEW (11)
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Obviously, according to Definition 1.1, A is an eigenvalue of problem (1) with
corresponding eigenfunction uy € W \ {0} if and only if uy is a critical point
of gz, i.e. J)(ur) =0.

The following lemma will be an important ingredient in the proof of our
main results.

Lemma 2.4. Assume that (hpgr), (hag), (hp,~,) are fulfilled and r € (1, q).
Then the functional Jy is coercive on W, i.e., lim Jy(u) = oc.

llullw—o0
Proof. Assume by way of contradiction that functional J, is not coercive.
So, there exist a positive constant C' and a sequence (un)n C W such that
Il wn |lw— 00 as n — oo and Jx(u,) < C V n > 1. Therefore

1 1
];Kp(un) + 6Kq(un) — %kr(un) <C Vn>1. (12)
In particular,
1
0< qu(un) < %kr(un) +CVn>1. (13)

It follows from estimate (13) and Remark 2.2 that k,(u,) — oo as n — oo.
Define v, = u,/ (kr(un)/") ¥V n > 1 and divide inequality (13) by
Er(u,)9". As r < g, we obtain that K,(v,) — 0 as n — oo. Hence, v, — 0
in W (see Remark 2.2) as well as in L"(2) and in L"(99Q). In particular,
kr(vn) — 0, as n — oo, but this contradicts the fact that k,(v,) = 1 for all
n > 1. So, J, is coercive on W. O]

Remark 2.5. Let A > 0 be fized. Under the assumptions of Lemma 2.4, if
there exists ugy € W\ {0} such that Jx(uoxn) < 0, then X is an eigenvalue
of problem (1). Indeed, taking into account Lemma 2.4, the functional Jy is
coercive on W. Obuviously, Jy is also weakly lower semicontinuous on W. So,
there exists a global minimizer u, € W for dy, i.e., Ix(us) = miny Jy (see,
e.g., [20, Theorem 1.2]). We notice that Jx(u.) < Jxr(uox) < 0, which implies
us # 0. In addition, J\(u.) =0 and so u, is an eigenfunction of problem (1)
corresponding to the eigenvalue .

3 Proof of Theorem 1.3

Throughout this section we assume that (hpqr), (hag) and (hy,,,) are fulfilled
and will be used without mentioning them in the statements below.
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3.1 Proof of Theorem 1.3 (a)

In this subsection we will address the case r = p. The proof of Theorem 1.3
(a) is based on the following two lemmas.

Lemma 3.1. Ifr =p, then Xp > 0 and there is no eigenvalue of problem (1)
in (—o0, Ap]. Moreover, we have the equality
N %Kq(w) + %Kp(w)

X, = inf =N, 14
P ’wEHVIV\Z. ékp(w) P ( )

Proof. First, we deduce from Lemma 2.3 with 6 = p that Xp > Ap = Op(u*) >
0. As we pointed out in Remark 1.2, all the eigenvalues of problem (1) must
be positive.

Now, let us check that there is no eigenvalue of problem (1) in (—oo, Xp]
Assume the contrary, that there is an eigenpair (A, uy) € (—o0, Ap] X (W'\ Z).
Then (4) with w = uy will imply

K K ~
A= Kol + Ep(w) 3 (15)

kp(un)

On one hand, if A < :\\p, we have a contradiction with the definition of Xp

On the other hand, if A = :\\ we have K,(uy) = 0 which implies uy = 0 (see
Remark 2.2). This is 1mposs1ble since u) was assumed to be an elgenfunctmn

Finally, let us check the equality (14). The estimate )\ < )\p is obvious.
On the other hand, for each v € W\ Z and ¢ > 0, we have

~ . EKy(w) + Kp(w) K, (v) g—pPEq(v)
wehz oy (1) %o U

Now letting ¢ — 0, then passing to infimum over all v € W \ Z, we get the
claimed inequality. O

Lemma 3.2. If r = p, then every A > Xp is an eigenvalue of problem (1).

Proof. Let A > Xp be fixed. From Lemma 2.4 with r = p, the functional J) is
coercive on W. R _ N
On the other hand, from Lemma 3.1 we get A\, = A, hence, as A > A,
there is some ugy € W\ Z satisfying J(uox) < 0. Consequently, according to
Remark 2.5, A is an eigenvalue of problem (1). O

Finally, the conclusions of Theorem 1.3 (a) follow from Lemmas 3.1 and 3.2.
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3.2 Proof of Theorem 1.3 (b)

If r = ¢ we cannot expect to have coercivity on W of the functional Jy. So,
we need to use another approach. Consider the Nehari type manifold defined
by

Ny = {v e W\ {0};(F\(v),v) = K,(v) + K4(v) — Meg(v) = 0}.
We shall consider the restriction of gy to N since any possible eigenfunction
corresponding to A belongs to N). Note that on N, functional g, has the form

In(u) = %Kp(u) >0V ueN,. (16)
Remark 3.3. Taking into account assumptions (hy,~,), it is obvious that Ny C
As in the preceding case, we have
Lemma 3.4. If r = q, then :\\q > 0 and there is no eigenvalue of problem (1)
in (—o0, Ag]. Moreover, we have the equality

- 1K (w) + K, (w
o ) K@
weW\Z k;q(w)

=g (17)

The proof is similar to the proof of Lemma 3.1, so we omit it.
In what follows, until further notice, A > A, will be a fixed real number.

Lemma 3.5. If r = q, then there exists a point u, € Ny where Jy attains its
minimal value over Ny, my := inf Jy(w) > 0.
wEN )

Proof. We shall follow an argument similar to that used in [2, Case 2, Steps
1-4]. So, we split the proof into four steps.

Step 1. Ny #0. R

In fact, from A > A, and the definition of A, (see (6)) there exists vy € W\Z
such that K,(vg) < Akg(vo). In addition, taking into account assumptions
(hp;v, ), we have K, (vg) > 0.

We claim that for a convenient 7 > 0, Tvg € N). Indeed, the condition
Tvg € Ny, 7 > 0, reads 7P K, (vo) + 79K (vo) = A79%4(vp). This equation can
be solved for 7, and hence, for this 7 we have 7vg € Ny.

Step 2. Every minimizing sequence (u, ) C Ny for gy restricted to Ny is
bounded in W.

Let (un)n C Ny be such a minimizing sequence for Jy. Assume by contra-
diction that (un)n is unbounded in W hence, on a subsequence, again denoted
(“”)m we have |lu,|| — oco. Since (un)n C Ny, we have (see equality (16))

_4-p
In(uy) = WKP(UH) —my > 0asn— oo, (18)
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and
0 < Akg(un) = Kp(un) + Kq(u,) Vo> 1. (19)

It follows from (19) and Remark 2.2 that
kq(up) = 00 as n — oo. (20)

Set vy, = uy,/(kq(un)'/9), n > 1. Obviously, k,(v,) = 1 ¥ n > 1. Now, from
(19) it follows Ky(vy,) < A for all n > 1, so0 (vy)  is bounded in W. Therefore,
there exists vg € W such that v, — vg in W (hence also in WP(€) to the
same vg) and v, — vg in LI(Q) as well as in L7(0N2). In addition, we also have
kq(vo) = 1. Now, dividing (18) by k,(u,)?/? and making use of (20), we see
that K,(v,) — 0, and so vg = 0 which contradicts the fact that k,(vo) = 1.
Therefore, (un)n is bounded in W.

Step 3. m) = wienjf“HA(w) > 0.

Otherwise, suppose my = 0 and let (“”)n C N be a minimizing sequence
for Jx. By Step 2, (“”)n is bounded in W, so for some ug € W, u,, — ug (on a
subsequence) in W (and also weakly in WP(£2) to the same ug), and u,, — ug
in L(Q) as well as in L9(0€2). We have (see (18)) K,(u,) — 0, hence ug =0
(see Remark 2.2).

Note that kq(u,) > 0 for all n > 1 (see Remark 3.3) and k,(u,) — 0
as n — oo. Now, from (19) we obtain that K,(v,) < A for all n > 1, so
the sequence (vy,) is bounded in W (see Step 2 for the definition of (vy,), ).
Hence, on a subsequence, v,, — vg in W and v, — vg in L2(Q)) as well as in
L1(09), for some vy € W. Now, we divide (19) by k,(u,,)?/? to obtain

Kp(v3) = kg(un) TP\ = K, (v,) — kg(vn) | — 0.

This implies v, — 0 in W1P(Q). In particular, k,(v,) — 0, which is a contra-
diction. This contradiction shows that m) > 0.

Step 4. There exists u. € N such that Jy(u.) = my.

Let (un)n C N be a minimizing sequence, i.e., dx(u,) — my. In partic-
ular, the sequence (un)n satisfies (19) and is bounded in W by Step 3, thus
on a subsequence u, — u, € W and strongly in both L?(Q) and L?(99) (to
the same wu,). In addition, u, # 0. Otherwise, if u, = 0, we infer by (19) that
(Kp(un))n converges to 0. Then (18) will give my = 0 thus contradicting the
statement of Step 3. By passing to limit as n — oo in (19), we find

Kp(us) + Kq(u.) < Neg(us). (21)

If we have equality in (21), then u, € Ny and the proof is complete since in
this case Jx(ux) = my. In what follows we show that the strict inequality

() + Ky (1) < Ak (1) (22)
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is impossible. Let us assume by contradiction that (22) holds true. We check
that there exists 7 € (0,1) such that Tu, € Ny. For this purpose, we consider
the function

f:(0,00) = R, f(t) :=tP7UKp(us) + Kg(us) — Mg ().

As Kp(us) > 0, we have f(t) — oo as t — 04. Since f(1) < 0 (see (22)), there

exists 7 € (0,1) such that f(7) = 0 which implies Tu, € Ny. But then,

q—p
qp

which is impossible. O

0<my <Jr(rus) =7° Kp(uy) < 7P lim gy (uy) = 7Pmy < my,
n—oo

Lemma 3.6. If r = q, the minimizer u, € Ny from Lemma 3.5 is an eigen-
function of problem (1) with corresponding eigenvalue \.

Proof. First, note that u, is a solution of the constraint minimization problem.

veIVIII/i\riO} Ir(v), gq(v) := Kp(v) + Kq(v) = Akg(v) = 0.

Next, we are going to check that R(g(u.)) = R, i.e., for all £ € R there
exists a w € W\ {0} such that (g (u.),w) = £ (here R(gy(u.)) stands for the
range of g;(us)). Indeed, if we choose in the above equations w of the form
w = XUux, X € R making use of u, € Ny, we obtain

X (PR () + 4Ky (1) = Mg () = € & XK (w)(p—a) = €

which has a unique solution x (by Remark 2.2). Applying the Lagrange mul-
tiplier rule [16, Theorem 3.29, p. 496], we can find p € R such that

<3/>\(u*)7v> + M<g;(u*)av> =0, VveW
Testing with v = u, and using the fact that u, € Ny, we derive that
#(p = @) Kp(u.) =0,

which implies pr = 0. Therefore (J)(us),v) = 0, Vv € W, ie., A is an
eigenvalue of problem (1). O

Finally, we see that Theorem 1.3 (b) follows from Lemmas 3.4, 3.5 and 3.6.

4  Proof of Theorem 1.4

We shall prove Theorem 1.4 through a series of lemmas based on the assump-
tions (Rpgr), (hap) and (h,,~,) which will not be mentioned explicitly in the
statements.
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4.1 Proof of Theorem 1.4 (a)

The proof of Theorem 1.4 (a) is based on some intermediate results, as follows.

Lemma 4.1. If r < p, then every A > 0 is an eigenvalue of problem (1).

Proof. Let A > 0 be fixed. According to Lemma 2.4, the functional J) is
coercive.

Now, for t > 0, we have

T L

t%%(t)— ki + kz—;kr(l)%—%kr(l) <0ast— 04,

where k; := [ p; dv+ [ ~; dz >0, i =1,2. Hence J)(u,) < 0 and, according
Q a0
to Remark 2.2, the proof is complete. O

In the rest of this subsection we suppose that ¢ < r, and r < q if ¢ < N.
Let A > 0 be a fixed number. As in Subsection 3.2, under these assumptions
we cannot expect to have coercivity of the functional gy on W. So, we need to
consider another approach involving the Nehari manifold

N = {v e WA{0}; (@) (w), w) = Kp(v) + Ky(v) — Mer(v) =0} (23)
Notice that on Ny the functional Jy is given by

In(u) = rp_erp(u) + Tq_rqKq(u) > 0. (24)

Also, we claim that Ny # (). In this respect, we define
h(t) :=tPK,(1) + t1K, (1) — t" Ak, (1) V £ > 0.

Observing that the function ¢ — h(¢) is continuous on (0, c0) and
t7Ph(t) = Kp(1) >0 ast — 04, t7"h(t) = =Xk (1) <0 ast — oo,

we infer that there exists 7 € (0, 00) such that h(7) =0, so w =7 € Nj.

The proofs of the next two results can be achieved by using arguments
similar to those from the proofs of Lemmas 3.5 and 3.6 above, so we omit
them.

Lemma 4.2. Assume that ¢ <, andr < q if ¢ < N. Then there exists a point
ux € Ny where Jy attains its minimal value over Ny, my := in?ff Ix(w) > 0.
weNX

Lemma 4.3. Assume that ¢ < r, and r < q if ¢ < N. Then the minimizer
ux € Ny from Lemma 4.2 is an eigenfunction of problem (1) corresponding to
the eigenvalue .

Summing up, we see that Lemmas 4.1, 4.2, and 4.3 fully complete the proof
of Theorem 1.4 (a).
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4.2  Proof of Theorem 1.4 (b)

Lemma 4.4. Assume thatp <r < gq, andr <p ifp < N. Then 0 < A\, < \*,
where A, and X* are the constants defined in (7).

Proof. Taking into account Lemma 2.1 with § = p, Remark 2.2, and the
following continuous embeddings

Whi(Q) — WhP(Q) — L™(Q), WH(Q) — WHP(Q) — L"(09),

we see that
ya

K,(v) > Mk, (v)7, K,(v) > Mak,(v)* YveW\Z, (25)

where M7y, M5 are two positive constants (independent of v). Next, from (25),
since pw + q(1 — w) = r, we obtain that there exists a positive constant M
(independent of v) such that

Kp(v)“ Ky(v)'
k()

>MVYveW\Z.

Finally, taking the infimum over all v € W\ Z in the above inequality, we infer
that M < A,.

To complete the proof we need to show that A, < A*. This inequality is
equivalent to (see (7))

r
q—p a7 TP
pogiw >1 & r >pi~"q" P,

which can be rewritten as

= e
(1+28) 7 < (14 20) 7
p p

So, the desired inequality follows, since the function  — (1+z)= is decreasing
on (0,00) and g —p > 7 —p. O

1
x

Lemma 4.5. Assume thatp <r < q, andr < p if p < N. Then the constants
A and X* defined in (7) can be equivalently expressed by (8).

Proof. Let v € W\ Z be fixed. Define

v v pr v EKq v
T*(U) = W’ T*(v) P ( )+¢)1 ( )
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LP—T K, (v) + Lt Ky (v)
hy(t) :== T*(tv) = 2 < 2 vt >0.
(t) i=T"(t0) e
It is easy to see that the function g, achieves its minimal value A(v) > 0 on
(0,00) for t = t(v) > 0, where

(27)

It follows that

B K (t) + Ky (to)
Alv) = T (t(o)v) = Inf == me =

Now, taking the infimum over all v € W \ Z, we obtain that

A, = inf mfw ) (29)
vew\z \ >0 k. (tv)

Put &, = inI?Vf\ZT* (v), & = veiglvf\ZT* (v). The estimate &, > A, is obvious.

On the other hand, for each v € W \ Z we have t(v)v € W\ Z, so A(v) > &,
and taking the infimum over all v € W \ Z, we infer that & < A.. Hence,
& = A N

By a similar reasoning, as the function h, achieves its minimal value \(v) =

—~ 1/(¢—p)
s5a—=A(v) > 0 on (0,00) for t = t(v) = (%) t(v) > 0, we first get the
equality
LK, (tv) + T K, (tv
A= inf [infZ p(t0) + 4 Fylt0) , (30)
veW\Z \ t>0 k. (tv)
and finally £* = A*. 0

Next, let us show that there exists u, € W\ Z such that A\, = A(u,). To
this purpose, we define the functional ® : W\ Z — (0,00), v — A(v), that is

_ () Ky ()
®(v):=T To(v)

Lemma 4.6. Assume thatp <1 < q, and r < p if p < N. Then there exists

ux € W\ Z such that Ay = ®(uy) = inf D(w).
weW\Z

VoveW\Z.
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Proof. First of all, taking into account the equality pw + ¢(1 —w) = 7, we see
that functional ® is positively homogeneous of zero degree, that is

O(tv) =P(v)VEt>0, ve W\ Z.

Hence, we can find a minimizing sequence (un)n for A, such that (un)n Cc W\Z
and k.(u,) =1 VneN,ie,

B (up) = DK (un) Ky (un) ™ — wei%f\z O (w) = . (31)
Let us prove that (u,), is bounded in W. Assume the contrary, that there
exists a subsequence of (uy), , again denoted (u,), , such that [[u,|lw — oo.
From Lemma 2.1 we infer that K (u,) — 0o as n — oo and so, using the
inequality (25) and ky(u,) = 1 for all n > 1, we get Kg(u,) > My > 0
for all n > 1. Therefore, since w > 0, we have T'K(up)* Ky(u,)' ™ — oo,
which contradicts (31). Thus, the sequence (un)n is bounded in W so there
exist u, € W and a subsequence of (un)n7 again denoted (un)n, such that
Up — us in W, (also in WHP(Q)) and u,, — u. in L™(Q) as well as in L"(09).
In particular, k,(u,) = 1, thus u, € Z.
Also, the functionals K, and K, are weakly lower semicontinuous on
WhP(Q) and W4(Q), respectively. Therefore we have

Kp(us) <liminf K, (u,) = K, Ki(u.) <liminf K, (u,) == K

n—oo n—oo q

Consequently, since k. (us) = k,(u,) =1V n € N, we have

() = TE () Ky (un) ™ < TE K™
< liminf TK,(un ) K, (un) ™ = A,

n—oo
and 80 ®(us) = As. O

As a consequence of Lemma 4.6 we obtain that A* is an eigenvalue of
problem (1).

Lemma 4.7. Assume that p <r < q, andr <pifp < N. If u, € W\ Z is
the minimizer determined in Lemma 4.6, then

1

wt = (Z) ) u, € W 2, (33)

with t(u) defined in (28)2, is an eigenfunction of problem (1) corresponding
to the eigenvalue N*. In addition, Jx~(u*) = 0.
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Proof. From Lemma 4.6, since functional ® is a C! functional on W \ Z, we
have ®’(u.) = 0, that is

*

@) 0) = [M”(Egz*;)wl( [ 19012 v vw i
Q

—|—/p1 | s P72 upw da:—|—/'yl | s |P72 upw do)
Q ol

+T(1 - w)q<Kp(u*))w(/ | Vs, |72 Vu, - Vw dz
Q

Kq(u)

+ /pg | s |q_2 uw dx + /'yg | s \q_2 Uy W da)
Q o0

— O (uy)r (/a |y |72 wpw dax + /B | s |72 waw dJ)] =0,
19]9)

Q

for every w € W. Multiplying the above equality by 1/(p*q'~*) and taking
into account (33) and ®(u,) = p*¢*~“\*/r, we obtain

/( | Vu* [P2 4 | Vu* 772 )Vu* -Vw dx
Q

+ / (p1 | ws [P72 +po | uy |72 )u*w dx
Q

+ / (71 | e P72 4y0 | ug |92 )u*w do
o0
:)\*(/a|u* |T_2u*wdac+/b|u* |T_2u*wda) YweW.
Q a0

According to Definition 1.1, u* is an eigenfunction of problem (1) correspond-
ing to the eigenvalue \*.
Finally, a simple computation shows that Jy«(u*) = 0. O

Lemma 4.8. Assume thatp <r < q, andr < p if p < N. Then every number
A € (A*,00) is an eigenvalue of problem (1), and for any A € (—oo, As) \ {0}
problem (1) has only the trivial solution.

Proof. Let A > X\* be fixed. Note that the eigenfunction u, from Lemma 4.7
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satisfies k,(u*) # 0 and Jx«(u*) = 0, so we have

1 1 A"
0 =3 (u") = ZEp(u') + 2 Ky (w) = =-k(u")

1 1 A
> -—K,(u") + ~ Ky (u*) — —k.(u*) = Jr(u™).
pp()qq()r()()
Finally, making use of Remark 2.5, A is an eigenvalue of problem (1).

The second statement is a simple consequence of Lemma 4.5. Assume, by
way of contradiction, that there exists a A € (0,\,) and uy € W\ Z which
satisfy the relation (4). Choosing here w = uy yields

Kp(uy) + Kq(uy)

A=
k‘r (u,\)
which, by virtue of the equivalent definition of A, in (7), implies that A > ..
This contradicts the choice of \. O

Summarizing, we see that Lemmas 4.4, 4.5, 4.7, and 4.8 fully complete the
proof of Theorem 1.4 (b).
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