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Abstract

The study of the linear methods of approximation, which are given
by sequences of positive and linear operators, studied extremely, in re-
lation to different subjects of analysis, such as numerical analysis. The
principal objective of this manuscript is to develop a new and more
comprehensive version of Gamma type operators and presented their ap-
proximation features. For this purpose, we benefit from two sequences
of functions, which are a,(z) and 8,(z), and from the function 7(x).
To indicate how the function 7 play a significant role in the construction
of the operator, we reconstruct the mentioned operators which preserve
exactly two test functions from the set {1, 7,72}. Then we established
Voronovskaya type theorem and order of approximation properties of
the newly defined operators utilizing weighted modulus of continuity to
show that their approximation properties. At the end of this note, we
present a series of numerical results to show that the new operators are
an approximation technique.

1 Introduction
It is known that Gamma and Beta functions, also known as special functions,

are frequently encountered in a number of applications areas of mathemat-
ics. These functions form the basis of statistical measurement unit known as
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Gamma and Beta distributions in statistical theory and are widely used. In
addition, these functions provide guidance in solving a number of boundary-
value problems and computing some integrals of special type.

Approximation theory, which is one of the important areas of mathematics,
has wide applications in analysis. The approximation theory basically aims to
calculate the existence of the approximation and the speed of this approxima-
tion with the help of simpler and more easily calculated functions. In 1885,
Weierstrass [28] proved the existence of polynomials that converge uniformly
to functions which are continuous in a closed interval [a, b]. Several proofs of
this fundamental theorem have been made so far. In 1912, Bernstein [7] gave
this result using a much simpler proof method. In [18], Korovkini’s theorem
sometimes also called Bohman-Korovkin theorem, arose from the study of the
role of Bernstein polynomials in the proof of the Weierstrass approximation
theorem. After these studies, many positive linear operators were constructed
and their approximation properties were investigated [4], [5], [24], [26], [6],
[11].

By using the definitions of Gamma and Beta functions, Gamma and Beta
operators have been defined in approximation theory and the convergence
properties of these operators have been studied by some authors. During
these investigations, it was seen that the conditions of Korovkin’s theorem
were met, and the convergence rates of the operators were also examined.
Further generalizations of these operators were obtained and their convergence
properties were examined. These studies are still continuing.

2 Fundamental Facts

In this section we will summarize some basic definitions and facts for use later
in the article. As is known, the Gamma function defined as

I(z) = /t“_le_tdt,
0

for x > 0. Note that, throughout the paper we consider the exponential
function exp,(z) defined by exp,(z) = e~*/®. Using this function, the Gamma
operator is seen in the paper written by Zeng [29] as follows:

Gn(f;z) = ﬁ(n) /expt(m)tnflf (2) dt, >0, neN, (2.1)
0

which satisfies the conditions |f(¢)] < Me’* where M > 0 and 8 > 0 for
t — o0o0. On the other hand, Lupa and Mller [19] introduced the following
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sequence of linear positive operators,

erp oy antt T 1\ ,.,/n
0

Recently, a number of new Gamma type operators have been defined and
the convergence properties of these operators are examined, [8], [19], [23], [25].

On the other hand, with King’s clever idea [17], a new generalization of
Bernstein operators was brought to the literature in 2003. In this work, King
introduced and discussed the standard approximation properties of the follow-
ing operators, namely,

s = (Bapor@) = 3 (1) (ale)* (1= rae*1 (£). mem

n

for f € C0,1] where (B,,) is classical Bernstein operators and r,, is a sequence
of continuous functions defined on [0,1] such that 0 < r,(z) < 1. Then, in
2009 Gonska et. al. [15] introduced the following generalized sequence of King
type operators as follows

Vi (fiz) = (Baf)or = (Buf)o (Bat) o,

where 7 is a function holds 7({0,1}) = {0, 1} and provide their approximation
and preservation properties. In the light of these studies, Cardenas-Morales
et. al. [10] generalized all these operators and brought the following operator
to the literature in 2011, that is to say,

B(r) = (BatorVorlie) = 3 (1) ) (1= vty o) (£,

k=0

for n € N and f € C[0,1] where 7 is a co—times continuously differentiable
function such that 7({0,1}) = {0,1} and 7/(z) > 0 on [0, 1]. In this study, the
authors presented their asymptotic behaviour and saturation properties and
also their shape-preserving and convergence properties.

With this development, Aral et al. [3] made a similar generalization for the
Szdzs-Mirakyan-type operator and gave the general approximation properties
of this operator. Then, in [1] Bernstein-Durrmeyer-type operators by Acar et
al., in [20] Bernstein-Chlodowksi-types operators by Usta, in [21] Baldzs-types
operators by Usta, in [22] Baskakov-type operators by Usta, in [27] Lupag-type
operators by Qasim et al. and in [9] Meyer-Konig and Zeller-type operators
by Cai et.al. have been introduced.
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In addition to all these, Eren¢in and Raga [12] provided a new generaliza-
tion of Gamma type operators as follows:

> (f;x S S ooex TNt (for™? t x n
Gl () = oo / bl (for ) (L)at w0, nen

(2.3)
where, as usual, T'(-) denotes the Gamma function, f is a function such that the
integral is convergent and p is a function holding the following assumptions:

(A) 7 is a continuously differentiable function on Rt := [0, 00),
(B) 7(0) = 0,inf e+ 7'(z) > 1.

In the aforementioned study, the authors presented and proved quantitative
Grss type Voronovskaya and quantitative Voronovskaya theorems via weighted
modulus of continuity. It is clearly seen in this operator that the function p
is used in three different places, which reduces the comprehensiveness of the
operator. For this reason, it has been tried to construct a new type Gamma
operator, aiming to use different functions say two sequences of functions,
which are a,,(z) and 8, (x), and function 7(z) for these three places in order
to obtain a more inclusive operator.

On the other hand, we review the following fundamental facts in approxi-
mation theory.

Let 7 be a map that satisfies the requirements (A) and (B). These re-
quirements guarantee that 7 is a continuous and strictly growing function on
a positive real axis, and that lim,_, ., 7(2) = co. In addition to these, let A(x)
be an weight functions such that A\(z) = 1+ 72(x). In this circumstance, the
weighted space By (R™), which is a normed space with the norm

1l = sup L2

z€Rt )\((ﬂ) 7

can be defined as follows:
B\RT)={f:Rt R st. [f(z)]<CsA(z) and z€ R},

where Cy is a positive constant that is solely depend on f. In addition to this,
the subspace of whole continuous maps in By(R™) denoted by Dy(R*). On

the other hand, let F)\(R™) be the space of all maps f in Dy(R™) such that

% is uniformly continuous. It is quite apparent that the following visual

relation is valid:
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It must be noted that, one can argue that |t — x| < |7(t) — 7(x)| for each
t,z € RT utilizing the result of (B).

Definition 1. [16] For every f € D\(R") and 6 > 0, Holhos introduced the
following weighted modulus of continuity

|f(t) — f(z)]

T 76 - I

s \r(t)ilgcnss A(t) + A(z)
t,zeRT

and presented the following relations.
(i) For each f € D\(RT), t,x >0 and 6 > 0,

10 = 1) < (0 + 7M@) (2 T o 20),

(ii) For each f € Dx(RT) and ~v,8 > 0,
wr (f;70) = (2 + v)w-(f;0)-

(iii) For each f € F\(R™T)
lim w,(f;9) = 0.
6—0

It is obvious that w,(f;0) = 0 for all f € Dy(R") and w,(f;d) is an
increasing and non-negative function with respect to 4.

The following is a breakdown of the manuscript’s structure. Section 3
covers the construction of the proposed Gamma operators and their fun-
damental approximation properties such as moments and central moments.
Voronovskaya type theorem is established in Section 4 while order of approxi-
mation is presented in Section 5. Finally, we present a series of computational
experiments in Section 6 and give a conclusion in Section 7.
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3 Construction of the New Gamma Operators & Prelim-
inary Results

Considering all the work done so far, we can introduce the following new
gamma type operators and provide their fundamental approximation proper-
ties as follows. Throughout the paper, we benefit from the well-known software
program that name is Maple to make a calculation.

TIY (o _ 1 [ n—y (o1 (L
GL8 (fimyu,v) = (on @) T+ 0) O/expt(ﬁn(x))t (f Y (n) dt,

(3.1)
for x > 0 and n € N where the function 7 satisfies the requirements (A)
and (B). For this newly defined Gamma operator given in (3.1) to be an
approximation procedure, we must show that the following two assumptions
are satisfied. First of all, we impose the condition

GJME (Lwyu,v) = 1+ &),

where ¢, : Rt — R is a function. By using the definition of newly define
Gamma operators given in (3.1), we obtain that,

Y . . — n—
CE t5ei0) = ey | mBala)r™ et
0
_ Bu@)" " (n—y +1)

(o (2))"tT(n+v)

which yields immediately

(Bu(@)" "0 (n —y +1)
(an ()" +uT(n + )

=1+ &,(). (3.2)

Y

On the other hand, we can impose the second condition such that G "5

maps 7 to the same function, to be more precise,
Gy (Tiwyu,v) = 7(2) + 1 (2),

where 7, : R™ — R is a function. Similarly,

o0

0

_ (Bu@)" T~y +2)
(@, (2)) "L (n + 0)
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according to above consequence, we deduce that

(Bu(@)"¥*2C(n —y +2)
n(an ()" T (n + v)

= 7() + nn(2). (3.3)

From the relation (3.2) and (3.3), one can smoothly deduce that

=) () ()
(3.4)
o= (i) (7). o9

for every x € RT. As a result of these relations, the newly defined Gamma
operators (3.1) become

and

r (g = (Mmy L) (1+ & ()"
Ggmnn(fa )_( n ) L(n—y+ 1)(7(x) + 1, (2))"—v+1 (3.6)

oo (=) (R e (1)

0

where z > 0 and n € N. In order to get a weighted approximation process
from this sequence, we assume that the following expressions

1€n(2)] < &nl®),  [mn(2)] < Mn(2), (3.7)
such that
lim &,(x) =0, lim 5,(z) =0, (3.8)

are fulfilled for z € R*. At this stage, we emphasized that, based on weighted
Korovkin theorem, the above relations «, and 3, and values of these limits
guarantee that the newly defined operator is an approximation procedure on
R*, [2], [18]. Additionally, the appropriate choices of &, (z) and 7, (x) under
these given conditions give us different types of Gamma operators.

Remark 1. We may construct some sequences of positive linear operators
studied in literature from the introduced Gamma operators (3.6), as shown
below, by making a proper selection of T(x), &, (x) and n,(x):

1. Choosing &,(x) =0, np(x) =0, u=0,v =0 and y = 1 in (3.6), then
we have the operators given in (2.3).
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2. Choosing 7(x) =z, &p(2) =0, np(z) =0, u=0,v=0and y =1 in
(3.6), then we deduce the operators given in (2.1).

1 1

3. Choosing T(x) = —, &p(2) =0, nu(z) = —, u=1,v=1andy =0,
x ne
then we deduce the operators given in (2.2).

Now we can present the moment and central moments values of the newly
introduced Gamma type operators as follows. As the identities are conve-
niently deduced by direct computation, we skip the proofs.

Lemma 1. The newly defined operators defined by (3.6) affirm the following
identities:

(i) GZ:L;;:O;Q?) =1+&n(z),
(i) Gl (Tiw) = 7(x) + na (@),

7(x
o iz - (2227) (S200).
0= ¢

Tn,y n_y+3 n_y+2) (7(95)+77n(95))3
(W) Ge. (n—y 1) )( (14 6,(x))2 )

G iy (=0 DGy + 30—y +2)) () (o)’
(0) Gelm (T50) = ( =y +1)p )( 1+ 6@)° )

Lemma 2. For k € N, we can generalize the moment values of the newly
defined Gamma operators as follows:

ity ((ZyE DO () 4 @)
Gt = (G20 ) (G entier )

where (p)\9 is rising factorial defined by

M@ =pp+1)(p+2)---(p+q-1).

Lemma 3. The newly defined operators defined by (3.6) affirm the following
central moments identities:

(i) Gl (7(1) = 7(2);2) = (@) — 7(2)én (),

(it) GE™Y ((r(t) — 7(@)%2) = (Z = z i f) ((T(:lc)jgz,gg))?)

7—2(1')(571(55) — 1) = 27(x)na (),
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(m)G?ﬁ«<wru»%@C”y+%®>(@ﬁw+namV>

(RS AT
(DN (@) @)yt ) (@) @)
4((n—y+n2)< 1+ &n(@)? >()+6Qn—y+n>< 0+ 6(@) ) (=)

— 4(r (@) + (@) T3 (@) + (L + En(2)) 74 (),
n — (5) (x nx6
WUGQ%«ﬂw—ﬂmfm»=(( y+2) )(<<>+”<”>

(n—y+1)° (1+&n(x))®
=y +2)WN [ (r(x) + na(2))® (x
6((ny+1)4)< (1+&n(x))* ) (@)

+15

(n—y+2)® -|-77n 2()

n—y+13 ]-+£n T
nfy+2(2 +77n 3

) () v
<ny+1>< (1+&n(@ )74(33)

= 6(7(x) + 1 (2))7°(2) + (1 + &u(2))7°(2) -

Remark 2. Since any linear positive operators K,, act from By(R™) to D5 (R™)
iff | K\ 2)| < MpA(z) for n € N such that M, is a positive constant [15],
[14], one can argue that the newly defined Gamma operators ngnni act from
By(RT) to Dy\(R") utilizing Lemma 2.

+15

4 Voronovskaya Type Theorem

Now we will focus on pointwise convergences of the operators introduced by
(3.6). For this purpose, we show Voronovskaya type theorems in this section.
However, first of all, we review the following lemma introduced by Holhos.

Lemma 4. [16] For 6 > 0, for every f € Bx(R") and for all s,z > 0,

769 - 5@l < (066) = A (24 T w0,
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holds.

Theorem 1. Assume that (f o 77 1) and (f o 771)" ewists at 7(x) and let
f € BART). If

lim n&,(z) = and lim nn,(z) = 22,
n—00 n—00

and (f o 71" is bounded on R, then we get

lim n[GP"Y (i) = f(2)] = 21 f (@) + (22 — 7(2)21)(f o771/ (7(2))

1 "
372 o) (@),

Proof. Utilizing Taylor expansion of fo7~! at the point 7(z), we can deduce
the following expression,

F@&)y=(for () = (for ) (r(2) + (for™) (r(x))(r(t) — 7(x))
(for™ )" (r(@)(r(t) — 7(2))* + Ra(f, 2, 1),

where Rao(f,z,t) = h(x,t)(7(t) — 7(z))? and h(z,t) is a function such that

_|_

(f
1
2

}1_12 h(z,t) = h(z,x) = 0.

T,1,Y

Then applying the newly defined operator G o and with the help of Lemma

3-t and Lemma 3-i¢, we deduce that
GL™Y (fi2) — f(2) = f(2)€al@) + (for Y (r(@)GE™Y (r(t) — (x); z)

(o Y (@)L (r(0) — 7(w)%s )

+ng7?7731( (f’z7t)7x)7

which yields
nGEl (Fi2) = J@)) = nf@)en(@) + (f o7 (r(@)GE/ (7(1) = 7(@);2)

(o) r@)mGEm (1) — 7(@))% )

+ Gy (Ro(f, ,t); ).

On the other hand, by using Lemma 1-i, Lemma 3-i and Lemma 3-ii, we
deduce the followings

lim nGin,nn (1(t) = 7(x);2) = 22 — 7(x) 21,

n—oo

lim nGT ny T ((r(t) — m(2))% ) = 73 (2).

n—oo
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So we deduce that
lim Gy (f,2) = f(2)] = 21 f(2) + (22 = 7(2)z21)(f o 77 1) (7(2))

ST@)(for ) (r(x)) + lim nGE™Y (Ra(f, ,t); ).

n—oo

As a last step of the proof, we need to show that

lim nGL™Y (Ry(f,z,t);x) = lim nGL™Y (h(x,t)(1(t) — 7(x))?* 2) = 0.

00 Enylin 00 Ensmin

Let € > 0. From the continuity feature of the function h, one can find a small
enough § > 0 such that for every ¢ € RT with the property |t — x| < §, we get

|h(z,t)| < e.

Consider ¢t € R* such that |t — x| > §. Because 7 is monotonic, we deduce
that

. 1n‘>6 |7(t) — ()| > min(|7(z + 0) — 7(x)],|7(x) — 7(x — §)|) > 0.
On the other hand, since f and 72 belong to By (R™), we deduce that Ry (f,,-) €
B, (R™). Then

bty = 2wl IRa(f, 2, ) A

|
(r(t) = r(z))> = dof |7 (t) = r(z)P

< H )| (t) = 7(2)],

where
. |‘R2(f7x7)||>\
e = @+ 8) = r@)P, Ir(a) = 7@ = O)P)

We have just proved that

|h(z,t)| < e+ HA®)|T(t) — 7(x)],
for every t € RT. We deduce that

n|GEl (Ra(f, @, 0);:2)] < nlGEY (W@, O)](r(t) — 7(x))%; 2),

< enGg:ni((T(t) 7(z))% x)
+ HonGEmY (M) r(t) — ()% 2),
<enGy"Y ((7(t) — 7(2))?; 2)

H, (e ) e (G (o) - r@pti))
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Applying Lemma 3, one can easily deduce that

lim n (G”"y ((r(t) — T(x))4;x))3/4 —0.

n—o00 EnsNn
Since G (A*; ) exists for all n > ng for some ng € N and is bounded with
respect to n, one deduce that
GT™Y )\4. 1/4 <G
(W) < G),
where G(z) > 0 does not depend on n. As a result, all these above prove that
nhﬁngo nGg"Y (Ra(f, 2, t);0) =0

which concludes the proof. O

5 Order of Approximation

In this section, we present a quantitative type theorem for the newly defined
Gamma operators. in line with this objective, we use the weighted modulus
of continuity given in Definition 1. In addition to this, we need to recall the
following theorem presented by Holhog [16] for the main result of this section.

Theorem 2. Let P, : Dy(RT) — By(R™) be a sequence of linear and positive
operators with

1P (%) =70lx0 = 01, [|1Pa(7)=Tlnir2 = b2, [IPu(7*)=72[Ix = 03, [[Pa(r®)=7]135/2 = 04

where 01, 0, 03 and 84 tends to zero in the case of n — 0. In this circumstance,
one has

1P (f) = fllxsrz < (7 + 461 + 203)wr(f; 0n) + [ fII501,
for all f € Dx\(RT), where

Oy = 2\/(1 + 91)(91 + 269 + 93) + 601 + 305 + 363 + 04.
Theorem 3. For all f € D\(R"), we get

n—y+2

T,n,Y
IGZ (Dl < (746, + (2225

) (4, + 2ni>) wr (1824,

where
n—y+2
Op = fn + 31, + (y

n—y+1

(n—y+3)(n—y+2)
(n—y+1)2

+ 2\/(1 +&) (fn + 2, + (n_yH> (41, + 277%))-

) (121, + 602) + < ) (30 + 35 4+ 15)

n—y+1
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Proof. Throughout the proof we take G{'™V (f;) = G{",” (f). Then thanks

n,7 EnsMin
to the Theorem 2, Lemma 1-¢ and Lemma 1-i¢, we deduce that

IGE™2 (7°) = 00 = sup &u(w) <& =61
zeRT

and ()
GT™Y (1) = 7|[y1/2 = sup —mind
IGE () =l = s

Then using the Lemma 1-7i¢, we deduce

Sﬂn:‘927

n—y+2

GT™Y 2y _ 2 <
6z %) — 77 < (2L

>(2nn-kn§)=:93

On the other hand, from Lemma 1-iv, we get

(n—y+3)(n—y+2)
(n—y+1)2

EnyMn

1675 7%) = 7l < ) G+ 302 4+ 02) = 0
As a result, by using the above findings and the result of Theorem 2, we get
the desired results which completes the proof.

Remark 3. According to result of Theorem 8 and using %in%J wr(f;0) =0, we
—

deduce that

Jim (|G (f) = fllxerz =0,

for f € Fx(RT).

6 Numerical Tests

In this part, we provide a series of computational experiments for the newly
defined Gamma operators in order to support theoretical results and to il-
lustrate the efficiency of them. At the same time, we compared the classical
Gamma type operators [19], which are widely used in the literature, with the
new operator that we defined for the sake of consistent comparison. In all
examples, the package of MATLAB 2020a has been performed to compute the
test functions considered in this study.

Example 1. First of all, we consider the following test function

flz) = x In(1+ x4),
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on [2,4]. In this example, we take
T(r)=€e"—1, &(x)= %, m(r) = —=, and y=2,

for n =15 with equally spaced grid.

3000

T T
—%— f(z) =2'In(1 +2*)
—o— Gu(fiz)
—2L— G (f;x)
—o G (Fimw) /

B

2500 -

2000

Z 1500

1000

500

Figure 1: Test function (Blue-Star), Gamma operator given in (2.1) (Red -
Squared), Gamma operator given in (2.2) (Black - Triangle) and new con-
struction of Gamma operators (Magenta-Circle) with the given parameters on
uniform grid.

Figure 1 indicates that the new construction of the Gamma operators per-
forms better approximation behaviour for the test function in comparison to
their classical correspondence. Naturally, the choosing of the above functions
play a crucial role to obtain good approrimation performance.

Example 2. Now, let discuss another test function given by
f(x) = e™*(162° — 242 +5),

on [2,5]. In this experiments, we choose

X X
T(ZL’) =e’ — 17 gn(x) = ﬁ, Un(x) = ﬁ? and Y= 1,
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for n =15 with equally spaced grid.

Similar result can be observed in Figure 2 which demonstrates the good
approzimation performance of newly defined Gamma operators. All these three
experiments confirm that new construction of the Gamma operators present
note-worthy performance with the suitable selection of the above functions.

9,’)3/ o (@) = (162 — 24z + 5)
1¢7 —0— Gu(fi2) B
—A— Gi(f;2)
4 —0— G, (i)
10 . . . ] i
2 25 3 3.5 4 4.5 5

Figure 2: Test function (Blue-Star), Gamma operator given in (2.1) (Red -
Squared), Gamma operator given in (2.2) (Black - Triangle) and new con-
struction of Gamma operators (Magenta-Circle) with the given parameters on
uniform grid.

7 Concluding Remarks

The present paper deal with the construction of more comprehensive class
of Gamma-type operator and their approximation properties. This newly
defined Gamma operator also includes classical Gamma operators existing
in the literature with appropriate choices of parameters. Both the theoretical
and numerical results of this operator are examined and it is observed that it
is an approximation procedure.
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