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Weighted MP weak group inverse

Dijana Mosi¢ and Janko Marovt

Abstract

To extent the notion of the MP weak group inverse for square matri-
ces, we introduce the concept of the weighted MP weak group inverse for
rectangular matrices. A number of different representations and char-
acterizations are derived for the weighted MP weak group inverse as
well as limit and integral expressions. Applying the weighted MP weak
group inverse, we solve some linear equations and give their solutions.

1 Introduction

According to known labels, rank(A), A*, R(A) and N(A), respectively, denotes
the rank, conjugate-transpose, range (column space) and null space of A €
C™>™ where C™*™ represents the set of m x n complex matrices. The index
of A € C™™ will be denoted by ind(A), the orthogonal projector onto a
subspace T' by Pr, and a projector onto subspace T along subspace U by
PT,U-

Outer inverses present a broad class which involves a number of significant
generalized inverses. For A € C™*™ of rank ¢ and the subspaces U and V of
C™ and C™ of dimensions s < t and m — s, respectively, X € C™"*™ satisfying
equalities

XAX =X, RX)=U, NX)=V,

is the unique {2}-inverse (or outer inverse) of A with the range U and null
space V' (denoted by Ag)v) [2]. Especially, for U = R(A*) and V = N(A*),
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X = Ag() A+),N(ax) Teduces to the Moore-Penrose inverse of A (marked with
A1), for which

AXA=4, XAX =X, (XA)"=X4, (AX)"=AX.

When A € C"*™ and k = ind(A), X = Ag?() € C™*" is the Drazin

inverse of A (marked with AP) and satisfies

AF),N(AF)

XAX =X, AX =XA, AFtlXx =4

For k =1, A# = AP is the group inverse of A.

As an extension of the Drazin inverse for square matrices, the weighted
Drazin inverse was presented for rectangular matrices. The fact that A €
Cm W e C*™\{0} and k = max{ind(AW),ind(W A)} will be marked by
{A, W} e C™™F, For {A,W} € C™™F the W-weighted Drazin inverse of A
is presented by

AP = (WAW)G v ayy avcaowapey = AW AP
Specifically, when m = n and W = I, AP becomes the Drazin inverse AP.

The core-EP inverse was presented in [29] for a square matrix, and ex-
tended to the weighted core-EP inverse for a rectangular matrix in [7]. For
{A, W} € C™™* the W-weighted core-EP inverse of A is the unique matrix
X € C™ " (denoted by A®W) such that

WAWX = Ppwayy and R(X) C R((AW)").
Let us recall, by [23], that
ADW = A[(WA)®]2.

In particular, if m = n and W = I, A? = A®W is the core-EP inverse
of A. Some interesting properties of the (W-weighted) core-EP inverse were
developed in [3, 5, 10, 11, 13, 14, 15, 16, 19, 21, 22, 24, 31, 35, 43].

The weak group (or WQ) inverse for square matrices was given in [36]
to extend the notion of the group inverse. The concept of WG inverse was
generalized to rectangular matrices in [8]. For {4, W} € C™™F the W-
weighted weak group inverse of A is expressed by

A®W = (AW )2 4.

Especially, when m = n and W = I, AW reduces to the WG inverse A® =
(A®)2A. More results about the (weighted) weak group inverse were derived
in [17, 27, 28, 37, 39, 40, 41].
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Utilizing the WG inverse and MP inverse, the weak core (WC) inverse and
its dual were defined in [6] for complex square matrices. The weighted weak
core inverse and its dual for bounded linear operators between two Hilbert
spaces were presented in [25] as extensions of the weak core inverse and its dual
for a complex square matrix. We give the definitions for weighted weak core
inverse and its dual for complex rectangular matrices. Let {A, W} € C™mk,
The W-weighted weak core (or W-WWC) inverse of A is introduced by

ADWT = W A® W AAT,
The dual W-weighted weak core (or dual W-WWC) inverse of A is given by
ALOW = ATAW A® VI,

For m = n and W = [ in the definition of the W-WWC and dual W-WWC
inverses, respectively, A®T = A® AAT is the weak core inverse and AT® =
ATAA® is the dual weak core inverse of A. For more information about the
weak core inverse see [6, 9, 26, 42].

A new generalized inverse was recently defined in [34] based on the MP
and WG inverses. The MP weak group inverse (or MPWG) of A € C™*"
represented in [34] by

ATWE — ATA® 4, (1)

is a unique solution of the system
X =XAX, AX =APAA®A, XA=ATA®A%

In order to extend the notion of the MPWG for square complex matrices
to rectangular complex matrices, we define the weighted MPWG inverse. We
propose a new and wider class of generalized inverses. Also, we generalize the
recent results for the MPWG inverse and present some new results for the
MPWG inverse. The main research directions of this paper follow.

(1) A number of representations for weighted MPWG inverse are developed.

(2) Necessary and sufficient conditions are proved for a given matrix to be
the weighted MPWG inverse.

(3) The weighted MPWG inverse for block matrices is considered.

(4) Various limit and integral expressions are established for the weighted
MPWG inverse.

(5) Solvability of some equations is studied applying the weighted MPWG
inverse.

The paper has the next organization of sections. The definition of weighted
MPWG inverse is given in Section 2 as well as its various representations and
characterizations. Section 3 involves results related to the weighted MPWG in-
verse and block matrices. Limit and integral expressions for weighted MPWG
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inverse are proved in Section 4. In Section 5, we apply the weighted MPWG
inverse to solve some linear equations and present their solutions.

2 Representations of weighted MPWG inverse

To generalize the notion of the MPWG inverse for complex square matrices
presented in [34], we define the weighted MPWG inverse for rectangular ma-
trices.

Theorem 2.1. For W € C™*™\{0} and A € C™*", the system of matriz
equations
AX = ASWWAW and X = ATAX (2)

has the unique solution expressed by X = ATA®WI AW .
Proof. By [24, Theorem 2.3], AW = AWAP-WW A®W  Since

A®W = (ADWIW)2A = AWAPY W (ADVW)2A = AW APV W A® W
X = ATA®WW AW satisfies (2):

AX = AATASWWAW = AATAW APV W ARV W AW
AWAPWWASWW AW = AW W AW

and
ATAX = ATAATA®V W AW = ATASVW AW = X.

If X is a solution to (2), then
X = ATAX = ATA®WW AW.
Hence, X = ATA®WW AW presents the unique solution of (2). O

Definition 2.1. Let W € C™**™\{0} and A € C"™*". The W-weighted MP
weak group (or W-MPWG) inverse of A is defined as

ATWEW — AT AW 17 AW,

Obviously, in the case that m = n and W = I, the W-weighted MP weak
group inverse AHWEW coincides with the MP weak group inverse ATW&,

Example 2.1. For the following complex matrices

3000 (1) (1) 8
A=|10 1 0 0 and W = ,

0 0 0 2 001

0 0 0
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we observe that

1
5100
WAP =1 0 o o ol A" =4""=10 100
00 0 0 00 00
and L -
510
t_
At=10 0 0
00 % |
Hence, )
00
01 0
LWGW _ gt g@,W _
A ATASW W AW 00 0
| 0 0 0

Remark 2.1. Recall that A2W-T = WA®WIW AAT represents the W -CEPMP
inverse considered in [33]. Because A®W = (ADWW)2A and AW =
AW AW ADW imply

WAWASW AT = WAW (A2 W)2AAT = WADWIWAAT = ADWT

we can not study the expression WAW A®W At as a new generalized inverse

of A.

We now investigate some representations of the W-weighted MP weak
group inverse. Firstly, we obtain one representation of the W-MPWG inverse
of A based on the MP inverse of A and weak group inverse of W A.

Corollary 2.1. For W € C"*"™\{0} and A € C"™*", we have
ATWEW  —  ATA[(WA)®PPW AW, (3

~—

Proof. Using AWWEW — At A®WIV AW and the representation A®W =
A[(W A)®]? proved in [28, Theorem 2.5], we have that (3) is satisfied. O
A

We present the W-MPWG inverse of A in terms of the MP inverses of
and W A.

Theorem 2.2. For {A,W} € C™"F with | > k, we have

APWEW = ATA[(WA)PP (W A) (W A) W AW AW (4)
= ATAW AP (W ASW AW (5)
ATAW A (W A3 W AW AW (6)
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Proof. By [27, Theorem 2.1], we get (W A)® = [(WA)P]2(WA) (W A)|TW A.
Applying the equality (3), we observe that
ATWEW  —  ATA[(WA)®PW AW

= ATA(WAPPWA)[(WA)TTWA[(W AP (W A)

X [(WAYTWAW AW
= ATA[(WA)PPWA) (WA (WA (W AP
x (WA W AW AW

ATA(WAPPEW A (WA TW AW AW
= ATAWAP(WA)OWAW.
Notice that (6) follows from
ATWEW  — AT AW AP (WA (WA TW AW AW
= AVA[(WA)PT P w ayy W AW AW
= AVA[(WA)P P w ayi+syW AW AW
[(WA)"]
( l

N
N

= ATA[(WAPPW A3 (WA T3 TWAW AW
ATAW A (W A3 TW AW AW.
O

As a consequence of Theorem 2.2, we give the next formula for the W-
MPWG inverse which generalizes the expression ATWE = ATAPAA® A,

Corollary 2.2. For W € C"*™\{0} and A € C"™*™, we have
AVWEW = ATAP W AW A®W W AW.

Proof. This formula is clear by (5), (WA)P? = WAPW and (WA)® = WA®:W
[28, Theorem 2.5]. O

In the case that 1 = max{ind(AW),ind(WA)} in Theorem 2.2, we verify
the next result.

Corollary 2.3. For {A,W} € C™™! we have

ATWEW  — AT AW AW
ATAW A[(W A TW AW AW.
The following representations of W-MPWG inverse are verified by the re-

lations between the W-weighted weak group inverse and W-weighted core-EP
inverse.
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Theorem 2.3. For W € C"*™\{0} and A € C™*™, we have

ATWEI = AT (AW W) (AW)? (7)
ATA[(WA)PPW (AW)2 (8)
Proof. By the formula A®W = (A®W¥V)2A, we obtain the expression (7).
Since A®W = A[(W A)®]? according to [23, Theorem 2.4], we have that (8)
holds:
ATBWEW  — AT(ADW I Z(AW)? = ATA[(WA)PPW A[(WA)®PW (AW)?
ATA(WA)PPW (AW)2.

O

Some expressions of the W-MPWG inverse can be written by means of
projectors.

Corollary 2.4. For {A, W} € C™™* with | > k, we have

Pyany [(WA)PT Py ayy WAW AW (10)

= Priany(WA)P Priw ay xow 4y (way W- (11)
Proof. According to [28, Theorem 2.5], we have

APWWAW = Priav.w) na®ww(aw)?) = Prawys) N(W AW (AW)?2)-

Now, by the definition of AHWEW (9) can be obtained.
It is well-known that ATA = Pga-), (WA)[(WA)T = Py ay and

(WA)SWA = Prwaym N((w 4y (W 4)2):
Applying (4) and (5), we can get (10) and (11), respectively. O

Theorem 2.4 contains equivalent conditions for a rectangular matrix to be
the W-MPWG inverse.

Theorem 2.4. For {A,W} € C™™k and X € C"*™, the following state-
ments are equivalent:

(i) X = AT,WG7W7.
(i) XAX = X, AX = ASYWWAW and XA = ATA®W (W A)?;
(iil) X (AW)F = AT(AW)F and X ASWVWAW = X ;
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(iv) X(AW)k = AT (AW)* and X AW W AW AV WAW = X ;

)
\4 an ’
ATAXA®WWAW = X and AX = ASWWAW;
vi an ’
ATAXA®WWAW = X and AXA®W = A®W
)

APX = X, ASV(WA2RX = ASWWAW and

— ATA®W (W A)2;

(vil) XA®W (W
XA®W (W

A)
A)?
(vii) XA®W(WARX = X, ADW(WAP2XASW (WA)? = ASW(WA)?,
AW (WA)?2X = ASWIWAW and XA®W (WA)? = ATA®W (W A)2

Proof. (i) = (ii): From X = ALWEW = ATASWW AW and (2), we get
XA=ATASWWAWA and AX = ASWWAW. Also,

XAX XA®WWAW = AT(ASWW AW AW )W AW

ATASWVW AW = X.

(i) = (iii): The assumptions XAX = X and AX = A®WVWAW give
X = X(AX) = XA®WW AW. Using [24, Theorem 2.3], ASWW A(WA)P =
APW which implies

AW AW (AW)P = AW W AW A)PW = APYWW = (AW)P

and so AW W (AW = AW W AW (AW)P(AW)E+E = (AW)P (AW )F+L =
(AW)*. From XA = ATA®W (W A)? and

AOWW(AW)EHY = (ADWW)ZAW (AW = ADWV W (AWM = (AW)*,
we show that

X(AW)* (XAW(AW)*=L = ATASW (W A2 W (AW )F—1

ATASWW (AW ) = AT(AW)F.

(iii) = (iv): It is evident by
A®W = (ADWW)2A = APVWAW (ADVW)2A = APV WAW A®W.

(iv) = (i): Because X (AW)* = AT(AW)* and X APWW AW AS W W AW =
X, we check that

X = XAPYWAWASWWAW = X (AW)*(APV W)k AW W AW

ATAW (AP W )R AW AW = ATAW AP W AS W)W AW
ATA® W AW.
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(i) = (v): This implication follows by (i) < (iii) and Theorem 2.1.
(v) = (vi): It is obvious by ASWWAW A®:W = A®.W

(vi) = (i): Notice that X = AT(AXA®WYWAW = ATASWWAW =
AT,WG,W.

Similarly, we verify the rest. O

Recall that X € C™*™ satisfying AXA = A, is an {1}-inverse (or inner
inverse) of A € C™*". Denote by Ag"i) the outer inverse Ag)v of A for which
AAZ, A = A holds.

By Theorem 2.4, we observe that AHW&W is an outer inverse of A and

both outer and inner inverse of A®W (W A)2. We determine the ranges and
null spaces of ATWEW and projectors involving ATWEW

Theorem 2.5. For {A,W} € C™"F and X € C"*™, the following state-
ments hold:

(i) AATWEW = P awy) N((W A (W A)2W) i
(i) APWEWA = Pratcawys) N((W )] (wa)s):

WGW _ (2) .
(iii) ATBWEW = A:R(AT(Aw)k),N([(WA)k]*(WA)QW)’

: WGW _ W 2\(1,2)
(iv) AT = (A=W (WAP) g Cat awy) MW )4+ (w )2y

Proof. (i) Using Theorem 2.4, notice that ATWEW = ATLWGEW gpT.WEW
and so AANWEW s a projector. By Theorem 2.1 and the equality (4),
AATWEW — AWy AT = A[(W AP (W AR (W A)*)T (W A)*W.

According to [28, Lemma 2.2], R(AATWEW) = RASWIWAW) = R(APW) =
R((AW)F). Tt is clear that N([(WA)F]T(W A)2W) = N([(W A)F]* (W A)?W) C
N(AATWEW) Now, by

(WA (WAPW = [(WAF (WA (WA (WA)>W
= [(WAM (WAPWA[(WA)PP (WA
X [(WAFT(W AW
= [(WAF*(WA?2PWAATWEW, (12)

we see that N(AATWEW) C N([(WA)*]*(W A)2W). Hence, N(AATWEW) =
N((W AP (WA)?2W).
(ii) Theorem 2.4 gives that AHW&W A is a projector. Because

AVWEW 4 — AT A[(W AP (W AR [(W ATV A)3,
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R(ABWEW 4) € R(ATA(W A)*) and N([(WA)]*(WA)3) C N(AFWEW 4).

From

ATA(W A)F ATA[(W AP (W A)k+3
= ATA[(WA)PP W AW AT (W A)* (W A)F

APWEW A(W A

)

)
we deduce that R(ATWEWA) = R(ATA(WA)*) = R(AT(AW)F). Applying
the equality (12), we get [(WA)F]*(WA)2 = [(WA)F]*(WA)2WAATWEW 4
and N(ABWEW A) = N([(W A)F]* (W A)3).
(iii) Using parts (i) and (ii), it follows that R(ATWEW) = R(ATWEW 4) =
R(AT(AW)*) and N(ABWEW) = N(AATWEW) = N([(W A)F]* (W A)?W).
(iv) It is clear by Theorem 2.4 and part (iii). O

Consequently, for 1 = max{ind(AW),ind(W A)} in Theorem 2.5, we obtain
the following result.

Corollary 2.5. For {A,W} € C™™! we have
(i) AATWEW — Ppaw) niawy s
(ii) AVWEWA = Pypat awy nway;

Wew _ 42
(i) ARWEN = A ataw) Naw)-

Proof. Since 1 = max{ind(AW), ind(W A)}, we have N([(W A)*]*(W A)?W) =
N(WA?2W) = N(WAW) = N(AW) and N([(W A)¥]* (W A)?) = N((WA)?) =
N(W A). The rest is evident by Theorem 2.5. O

By Theorem 2.5, we establish the next representations for the W-MPWG
inverse.

Corollary 2.6. For {A, W} € C"™"™F with 1 <k,
ABWGW — AT AW ([(W A (W AR W) T (W 4)4) (W 42w

Proof. Utilizing ATWGEW — Ag?()AT(AW)k) N([(W A)*]* (W A)2W) and the Urquhart

formula [2], we get

ARWEW AT (AW)* ([(W A (WA W AAT(AW)F)T (W A)) (W 4)* W
= AT(AW)E ([(W AN (WA W) (WA (W A4)> W
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Corollary 2.7. For {A, W} € C™mk,

Atwaew _ A(2)
T ARATAW)RA[(W AR (W A)22ZW),N(AL(AW)k A[(W A)k]* (W A)2W)*

RAT(AWF) = R( 1474
= R( w

= R(ATA(WA)*
( w
( w

N 1N
=

N((WAH (WAPW) = N

U
Z

v v
Z =z

we get N([(WA)F*(WA)?2W) = N(AT(AW)* A[(W A)k]* (W A)?W). The rest
. . ) W 4(2)
is evident by ATHWEW — AfR(AT(AW)k)W([(WA)k]*(WA)2W)' O

The W-MPWG inverse can also be characterized by the following state-
ments.

Theorem 2.6. For {A, W} € C™™* with 1 <k,

(i) AVWEW s the unique solution of

AX = Pyiawysy N((w Ay waypw) and R(X) CR(A%);  (13)

(i) ABWEW s the unique solution of

XA = PR(AT(AW)k),N([(WA)k]*(WA)3) cmd fR(X*) Q 'R((A@’WWAW)*)
(14)

Proof. (i) By Theorem 2.5 and R(AT) = R(A*), we conclude that (13) holds
for X = ALWGW,
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If two matrices X and X; satisfy (13), then

A(X=X1) = Priawys) (w41 (w )2w) = Pricawys) N(w ay-(wayzwy = 0

gives R(X —X1) C N(A). Now R(X —X;) € R(A*)NN(A) = N(A)L*NN(A) =
{0}, that is, (13) posses the unique solution.

(ii) According to Theorem 2.5 and AHWEW = ATA@W W AW, ATWEW
satisfies (14).

For X and X; such that (14) holds, we observe that R(X* — X7) C
R((ADWW AW )*)NN(A*) C R((AATWVERAN((AATWEWV)) = [0}, O

3 Properties of the W-MPWG inverse

By the corresponding decompositions of A and W given in [7], we establish
an expression for W-MPWG inverse.

Lemma 3.1. For {A,W} € C™™* and rank((AW)*) = p, we have

A, Ay
0 A,

Wi Wy

A:U[ }V* and W:V[O W3]U*, (15)

where U € C™*™ gnd V € C"*™ are unitary, Ay, W1 € CP*P qre invertible,
Ay € Clm=p)x(n=p) gnd Wy € C=P)X(m=p) gych that AsWs and W5As are
nilpotent of indices ind(AW) and ind(W A), respectively. Furthermore,
AN A;AT
LWGEW _ 1 1 x 1
A V{ (I — ATAg)A5A (I — ALAg)ASAT } v, Q6
where A = (A1 AT + Ao(I — AL A3)A3)~! and

T = W'Wa+ (AW) 1A Ws
+ (W1A1W1)71[W2 + Al_l(Ag + Wl_1W2A3)W3]A3W3.

Proof. Recall that (15) holds by [7]. Using [8, 28] and [4], we observe that

AW _ 1y { (W1A10W1)_1 (A1W1)_2(A20—|- Wl_1W2A3) } v
and
ATA —ATAALA]L
Al =V ! Lo e s U*.
[ (I — ALA)AsA AL — (I — AL A5)A3AA AL ]

The rest is clear by the definition of W-MPWG inverse. O
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Based on projections G = I — AAVWEW and H =T — ATWEW A we can
represent the W-MPWG inverse as follows.

Theorem 3.1. Let {A, W} € C™"™*. For a € C\{0}, G = I — AALWEW
and H=1—AWWEW A AW + aG are invertible and

AVWEW — (I — HYW (AW +aG)" (I - G). (17)

Proof. Let A, W and AHW&W be expressed by (15) and (16). Notice that

[-G = AAtWEW
T A AT A AAT *
= U{ 0 Ag]vv{(I_A§A3)A;A (1= Alagasar |V
I T
- U{O ! ]U,
G = I—AAT7WG’W=U[O _T]U*
0 I
and
I-H = AWWGWY
- AT ALAT T A AT
= V{(IAgAg)A;A (IAgAg,)A;AT]UU{ 0 As |V

_ v ATAA ATA(As +TAs) v
(I — ALA3)ASAA, (I — ALA3)A3A(Ay + T As) '

Since A1, W1 and A3W35 + ol are invertible, we deduce that

AWiaG—U[ AWy AW + AWy }U*iaU{g _T}U*

0 AsWs I
—U AWy AWy + AsWs FaT U
o 0 A3W3 + ol

is invertible too and, for M = 7(141 Wl)il (Al Wo+As W3 :FOLT) (A3W3 :l:OLI)717

(AW +£aG) ' =U [ (A W)™ M } U,

0 (AgWg:l:aI)il
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Therefore,
r ATAA, A3 A(Ag + TAg)
I-HW = ! ! v*
U= H) V1 (= Al A58y (1 - ALAG) A3A(As + T As)
[ W W, -
x V 0w ] U
o [ AYAA]_W]_ * %
=V | (I— ALA)ASAA W, * ] v
and
(AW:EOZG)_I(I—G):U[ (AlWl)‘l |: ]
U { (Aﬂ/gl)_l (A1W1 )T ] U
give
(I — HYW(AW £aG) I - G) =
v ATA ATAT -
(I — ALA)ASA (I — ALAs)A3AT
:AT7WG,W.
O

The W-MPWG inverse can be correlated with an bordered invertible ma-
trix as follows.

Theorem 3.2. For {A,W} € C™™k et full column rank matrices M and
N* satisfy

N((WAM(WA?RPW) =R(M)  and  R(AT(WA)F) = N(N).

s[4

ALWGW (I — ABWGW )Nt
MT(I — AATWWEW)  _MT(A— AATWEW A)NT

Then

s nonsingular and

S = (18)
Proof. Theorem 2.5 gives R(ATWEW) = (AT(WA)k) N(N) and R(I —

AATWGI) = NATWGW) = N(OVAF] (WARW) = ROD) = N -
MM?'). Therefore, NATWEW = 0 and (I — MMT)(I — AATWEW) = 0.
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Denote by R the right hand side of (18) and E = MMT(I — AATWEW) =
I — AATPWEW From

AAVWEW L B AT — AVWEW A)NT — EANT
Sk = NAtWGW N(I — ABWGEW g) Nt
_ I 0
o 0 I
= 1
and analogously RS = I, we conclude that S~! = R. O

4 Integral and limit expressions for W-MPWG inverse

This section contains limit and integral formulae for the W-MPWG inverse.
Utilizing the limit representation for the MP inverse proved in [32], we
develop the limit representations for the W-MPWG inverse.

Theorem 4.1. For {A, W} € C™™* with | > k, it follows

AT,WG,W _

= lim A*(AA* +ul) 7 A lim (WA) (W A)H3]*
u—0 v—0

x (WAYFB[(W A 4 ol) ™ (WA2W

= lim Pygas) (WA [(WA) 3] (WA (WA ) +o1) L wA)2RW
v—r

= lim(A*A + ul) " A* A lim (W A) (W A)' 3]
u—0 v—0

x (WAYFB[(WA) ) 4 ol) ™ (WA2W

= lim Priasy(WA) ([(WA)F3(W AT + vI)‘1 [(WA) T3] (WA W.
v—>

Proof. Recall that, by (6), ABWEW = ATA(W A) (W A) T3] TW AW AW, Ac-
cording to [32], we have

Al = lim A*(AA” +ul)™t = ii%(A*A+u1)*1A* (19)
and thus
(WA = T [(WA) ] (WA W A) 4] or) ™!
= lim ([(WA)F (WA o) (W A) )

The proof can be finished now. O
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By Theorem 4.1, the following limit representations for MPWG inverse can
be obtained.

Corollary 4.1. For A € C™*™ with 1 > k = ind(A), it follows
APWE = lim AT(AA* +ul) " A lim AY(ATB)T (A4S 4 ol) T A2
u—0 v—0
T Lo AL3Y* ( AL+3 0 AL+3)* -1 42
= lm(A*A+ul) P A*Alim A(A3)* (A3 (A3)* o) a2
u—0 v—0
_ (¢ Al+3y% 41+3 —L o Al3yx 42

According to the limit formula for outer inverse presented in [18], the next
limit representation for W-MPWG inverse follows.

Theorem 4.2. Let {A,W} € C™™F with | > k. For E € C'**, R(E) =
R(AT(AW)E), By € CX™ and N(Ey) = N([(W A)F]* (W A)2W), it follows

APWEW — hn% E(vI + B1AE)'Fy
v—r
= lim (vI + EE1A) " 'EE; = lim EE, (v] + AEE;)™".
v—0 v—0

Proof. By [18, Theorem 7], we obtain

WG W _ 4(2) 1 -1
Al = Ag(atawym) N(W Ak (wayw) = 10 B(ul + By AE)™ By

O
We propose some integral representations for the W-MPWG inverse.

Theorem 4.3. For {A, W} € C™™* with | > k, we have

APWEW / A* exp(—AA*v)dv / AW A (W A)T3*Erdu
0 0

= PJQ(A*) /0 (WA)Z[(WA)Z+3]*E1dU,

where By = exp(—(WA)!3[(W A)F3]*u) (W A2 W.
Proof. By [12]
AT :/ A" exp(—AA*v)dv, (20)
0
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and therefore
(A = [ 1OV exp(— (7 AW A )
0

The rest follows by (6). O

Theorem 4.4. Let {A, W} € C™™* and E € C"*" satisfying R(E) =
R(AT(AW)*) and N(E) = N ([(WA)*]*(WA)*W). Then

AtWGEW _ /eXp [— E(EAE)* EAv]| E(EAE)*E do.
0

Proof. Since ATWEW = A(2)AT (AW)R) N([(WA)K]* (W A)2 W) the proof can be
finished by [38, Theorem 2.2]. O

Consequently, the following integral representations can be verified for the
MPWG inverse.

Corollary 4.2. Let A € C™*™ with | > k =ind(A4). (i) Then

APVWE = / A" exp(—AA™v)dv
0

X

Al+1(Al+3)* eXp(_Al+3(Al+3)*u)A2du
0

PR(A*) / AZ(AH-S)* eXp(—Al+3(Al+3)*u)A2du.
0

(ii) For E € C™ " satisfying R(E) = R(ATA*) and N(E) = N ((AF)*A?),
it follows

ARG — /exp [~ E(EAE)*EAv|E(EAE)*E dv.
0

5 Applications of W-MPWG inverse

Applications of the W-MPWG inverse in solving some systems of linear equa-
tions, are investigated in this section.

In the cases when ordinary inverses of matrices do not exist, we can use
generalized inverses to solve some matrix equations. Generalized inverses of
matrices play an important role in theoretical and numerical methods of linear
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algebra and have numerous applications in statistics, econometrics, logistics,
electrical network theory, the theory of differential and difference equations.
Remark that the equation (21) is a generalization of a equation which appeared
in [34, Theorem 7.1].

Theorem 5.1. For {A, W} € C™™* the general solution of equation
(WA (WA = (WA (WA Wb,  beC™,  (21)

s expressed as

x=APWEW) L (T — ATWEW 4y (22)
for arbitrary y € C™.

Proof. Let = be given by (22). Using the equality AADHWGEW
A[(WA)PPE (W AF[(W AT (W A)2W, note that

[(WA)k+2]*(WA)3AT’WG7W _

X
b

WA)

WA)

WART (W AW
WA) V(W AT (W AW
WA) )2W.

S
N

Thus,
(WA (WA

i+
_= ===

ie. (21) is satisfied for x.

When z is a solution of (21), it follows
APWEW Y AT AW AW A (W A (W42
= ATA(WA)PP Py ays) (W AW
= ATA[(WA)PP P ayerey (WA WD
= ATA(WA)PPWA)2 (WA 2T (WA Wb
= AlA[(WA)P)
]

WA D13 ([(WA)k-&-Q] ) [(W )k+2]* )
= ATA[(WAPP (WA (W A2 (W A) e
= APWEW AL,
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So,
x=AMWEWy L g ABWEW gy — ATWEWY (1 — ABWEW fyg
i.e., x is presented as in (22). O
Clearly, the equation (21) holds if and only if
(WA (WA = (WA (WA Wb

is satisfied.

To find appropriate approximations to inconsistent linear equation Az = b,
AeCm™ " x e C" and b € C™, one typical approach is to asks for, so called,
generalized solutions, defined as solutions to BAxz = Bb with respect to an
appropriate matrix B € C"*™ [20]. One particular choice is B = A*, which
leads to widely used least-squares solutions obtained as solutions to the normal
equation A* Az = A*b. When m = n, another important choice is B = A* with
k = ind(A), which leads to the so called Drazin normal equation A**1z = A*p
and usage of the Drazin inverse solution APb. Our equation (21) is one more
case of BAx = Bb.

Theorem 5.1 presents an application to solve certain class of linear equa-
tion by means of the W-MPWG inverse. It is know, by Theorem 2.4, that
ABWEW g an outer inverse of A with prescribed range and null space. Since
outer inverses with prescribed range and null space have a remarkable sig-
nificance in matrix theory (i.e. application in defining iterative methods for
solving nonlinear equations, in statistics in stable approximations of ill-posed
problems and in linear and nonlinear problems involving rank-deficient gen-
eralized inverses [2]), the W-MPWG inverse can provide a starting point for
future research [15, 16].

As Theorem 5.1, we can verify the following for AHPW = ATAP-WIy AW
and ATASWIW AW,

Remark 5.1. For {A,W} € C™"F  the general solution of equation
(i) (AW)*Ax = (AW)*b, b€ C™ is expressed as

x=AMPWh 4 (I - At A)y;

(ii) [(WA)E* (W A2z = [(WA)F]*WAWD, b€ C™ is expressed as

x=ATASWIWAWD + (I — ATA)y;

for arbitrary y € C™.
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Under the additional hypothesis, the solution of equation (21) can be
unique.

Theorem 5.2. For {A, W} € C™"F gz = ABWEWY s the unique solution
in R(AT(AW)*) of equation (21).

Proof. Applying Theorem 5.1, 2 = ATWEWp is a solution to (21). Since
R(ABWEWY = R(AT(AW)*) by Theorem 2.5, x = ALWEW) ¢ R(AT(AW)F).
If 7,21 € R(AT(AW)*) are two solutions of (21), we have

z—x € RATAW)F) N N((W AR (W A)?)
= RAVVEW A ANATVEN 4) = {0}

Hence, * = AFWE W is the uniquely determined solution in R(AT(AW)*) of
equation (21). O

Theorem 5.3. For {A,W} € C™™F o = ALWEWY s the unique solution
of restricted equation

Az = b, be R((AW)F),  x € RAT(AW)P). (23)

Proof. Because b € R((AW)*) = R(AABWEW) note that b = AAHWEW,
Thus, = AFWEWL € R(AT(AW)F) is a solution to (23).

For two solutions # = ATWEWh 21 € R(AT(AW)F) = R(ATBWEW A) of
(23), we see that © = ATWEWH = ATWEW Ag) — o, O

Recall that £ = A~'b is unique solution of equation Az = b, for the
invertible matrix A € C"*™ and b € C". Substituting I-th column of A by b,
we obtain a matrix A(l — b). According to [1, 30], the Cramer’s rule for the
solution 2 = (21, 2,...,2,)" of nonsingular equation Az = b is:

~det(A(l - b))

T = dot(A) , l=1,n. (24)

The Cramer’s rule for finding the unique solution of (23) in R(AT(AW)*)), is
provided now.

Theorem 5.4. Under assumptions of Theorem 3.2, the unique solution r =
(w1, 22, ..., 2n) " of (23) in R(AT(AW)*) can be expressed componentwise by

cmae ([ 2020 D) ([ 4 4], 1otm
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Proof. Applying Theorem 5.3, z = AHPWEWp is the unique solution in
R(AT(AW)*)) = N(N) of (23). So, Nz =0 and

A M x| | b

N 0 o |0
The components of 2 = AHWEWp can be obtained using Theorem 3.2 and
the Cramer rule (24). O

6 Conclusion

To generalize the concept of the MPWG inverse for square matrices to rectan-
gular matrices, we define the weighted MP weak group inverse. Thus, a new
and wider class of generalized inverses is introduced. We develop a number of
characterizations and representations of W-MPWG inverse. The W-MPWG
inverse for block matrices is considered. We apply the W-MPWG inverse in
solving some linear equations and present their solutions. In this way, we
extend the results for the MPWG inverse and give some new results for the
MPWG inverse.

Following increasing interest for the combination of WG and MP inverses,
we expect further intervention on this topic and for next research can be
considered:

1. extensions to tensor;

2. iterative methods for their approximation;

3. Recurrent neural network (RNN) models for their computation.
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