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The spectral discretization of the second-order
wave equation

Mohamed Abdelwahed and Nejmeddine Chorfi

Abstract

In this paper we deal with the discretization of the second order
wave equation by the implicit Euler scheme for the time and the spectral
method for the space. We prove that the time semi discrete and the full
discrete problems are well posed. We show an optimal error estimates
related to both variables time and space.

1 Introduction

The phenomena of wave propagation characterize many applications. We dis-
tinguish essentially three types of waves: acoustic waves, i.e. waves which
propagate in a fluid (water or air for example); elastic waves, i.e. waves prop-
agating in a solid and finally electromagnetic waves such as light. In this
paper, We will handle the acoustic wave equation for its simplicity (scalar
model). In another side, it embodies the main concepts related to all other
types (elastic, electromagnetic...). The acoustic waves are expressed by the
same type of equations: hyperbolic equations of order 2 of the form:

D2p—Ap =0

where A is a differential operator in space of order 2. Let 2 an open bounded
connected domain of R, d = 2 or 3. I is its Lipschitz continuous boundary
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and T a positive real number. We denote by x = (x,y) or x = (,y,2)
according to the dimension. Let the following boundary value problem of the
wave equation

D2p—Ap=0 in Qx]0, T,
p=0 on I'x]0, Ty,
#(-,0) = ¢o in Q,
Arp(-,0) = tho n Q,

(1)

where the wave ¢ is the unknown defined on Qx]0,T[ and (pg, o) are the
data functions defined on §2.
Many works have been interested in the a priori and a posteriori analysis
of hyperbolic partial differential equations such as the wave equations see
[3, 7, 8,9, 10, 14, 15]. In this paper, we propose for the second order wave
equation a discretization by an implicit Euler scheme for the time and spectral
method for the space. In our previous works, we performed a similar analysis
of the spectral element discretization but for the heat equation ([1, 2]). The
spectral method is widely used in the numerical resolution of partial differential
equations due to its high precision. It was first introduced by Patera [13] to
solve an incompressible flow problem by combining the spectral method and
the finite element method.

The paper is organized as follows:
e Section 2 is devoted to recalling the characteristics of the wave equation.
We prove some energy estimates.
e In section 3, we describe the time semi-discrete problem. We discretize the
second time derivative by using a second difference quotient of the solution on
a non-uniform temporal grid. The second-order wave equation is transformed
as a first-order system. We prove that this time discretization is equivalent to
an implicit Euler time discretization of the associated first-order system. We
show that the time semi discrete problem is stable and we prove optimal a
priori time error estimate.
e Section 4 yields the fully discrete problem where the time discretization is
combined with a space spectral discretization. We prove that the fully discrete
problem is well posed and we show an unconditional stability condition. We
establish an optimal a priori error estimate.

2 Some characteristics of the wave equation

Let H°(2), s > 0, the Sobolev spaces associated with the norm | . ||s,o and
the semi-norm | . |s.o. The space H}(Q2) stands for the closure in H!(Q) of
the space of infinitely differentiable functions with compact support in 2 and
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H~1(Q) is its dual space. The scalar product and its associate norm on the
space L2(Q) are denoted by (.,.) and || . ||. H2(8%) is the space of trace of
1

functions in H'(Q). Let v C 99, HZ(y) is the space of functions in Hz (v)
such that their extension by zero to A9/~ belongs to Hz (9Q).

We introduce some notions to clarify the spaces of functions that depend
on time. The function u(x,t), defined on the domain 22x]0, T'[, can be written
as:

w:]0,T[ — X
t — u(t) = u(.,t)
where X is a separable Banach space. We define €7(0,T; X) the set of time
€’ classes functions with a value on X. €7(0,T; X) is a Banach space for the
norm :

J
||U||GJ(O,T;X) = sup Z [ 5%“ lx
0<t<T 15

where Olu is the partial derivative of order [ in time of the function u. We
define also the spaces :

T
L?(0,T; X) = {v mesurable on |0, T'[ such that/ lo(t) |5 dt < oo}
0
and

H(0,T;X) = {v e L*0,T; X);0%v € L*(0,T; X); k < s}.
L?(0,T; X) is a Banach space for the norm :

T
([ I, o 1<p< oo
||UHLP(0,T;X) =
Sup ||’U(t)HX7 fOI' p:+OO,

0<t<T
and H*%(0,T; X) is an Hilbert space for the following scalar product:
(u, ’U) = ((u, U)L2(O,T;X) + Z(aku, 8’%)L2(0,T;X))%.
k=0

Finally we define the space W™1(0, T, X) of function in L*(0,T, X) such that
all their derivatives up to the order m belong to L*(0,T, X).
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We notice that the proofs in this section are formally presented. Their
purpose here is simply to motivate their discrete analogous estimate to be
considered later in the article.

Herein, we suppose that the data function f is different from zero in order
to have a more generalized form of our system.

0 1 .
at(b_(A 0)<I)—F in Qx]0, T,

=0 on I'x]0,TJ, )
(I)(,O) = (I)Q in Q,

where & = <1/1 @530)’ F= <£>, and &g = (ig)

Lemma 2.1. We suppose (f,g) € L*(0,T;H()) x LY(0,T;L*(Q)) and
(o,%0) € HE(Q) x L2(). We have the following estimate fort, 0 <t < T,

(he 2+ 190 1) < (1w 1P + 1 Vo HQ)EJr/O(||f||+||g||)(s)ds-
(3)

Proof 1. We make the inner product with the function <_iw> in the first

equation of system (2), and we integrate by parts the second term which leads

to :

1d 9 1d 9

—— ——(| vV < .
510 1)+ 52 Ve I <l 1+l g

Then integrating this inequality between 0 and t, we conclude the estimate (3).

Remark 2.1. Considering the Laplace equation with a Dirichlet boundary
condition

—Ap=h in Q,
{ p=0 on TI. (4)
Let ¢ = (A)7'h the solution of problem (4). The operator (A)~! is an
isometry of the space H=1(Q2) into H}(QY), self-adjoint and positive defined.

1

Thus, for any data function h € H='(Q), we have ||((A)~)2h|| = [|h| g-1(a)
(see ([12], Chap. 1, Th. 12.3) for the proof). Then if (f,g) belongs to
LY(0,T,L*(Q2)) x LY(0, T, H1(Q)) and making the inner product of the first
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equation of system (2) by <(A)¢_1w> , we conclude the following estimation :

[N

%
(19 Brse + 12 12)" < (10 13aqy + 0o I?)
t

(5)
+/0 U £+ 11 g sy (5)ds.

In conclusion of this section, we deduce the well posedness of the system
(1) by using the Cauchy-Lipschitz theorem and the estimate (3).

Proposition 2.1. For any data (po, o) € HL(Q) x L*(Q), the system (1)
has a unique solution ¢ € C1(0,T;L*(Q)) N CY(0,T; HL(Q)). Moreover this
solution satisfies

10ee 12 + 1 Vo 1= Veeo 17 + [l o |1 - (6)

3 The time semi discrete problem

For the time discretization, we consider a partition of the interval [0,7] in
sub-intervals [tg, txr1], 1 <k < I,such that 0 =tp <t; < ... <tg =T. We
denote by hy =tp+1 —tr by h=(h1,...,h d by |h| = hi|.
enote by hy = ty41 —t by (h1,...,hk) and by [h] 12}68%XK|1€|
To formulate the time semi-discrete problem, we apply the Euler implicit
method to the system (1). Then it consists to find the sequence functions

ok in the space H(Q) x L2(Q) x HA(Q)" ™" such that
0<k<K 0 0
k+1 _  k k_ k-1
1 N 1 780h90 fhkAgokH:O in Q, 1<k<K,
k k—1

Pkl =0 on T, <k<K, (7)
4100 = %o in Q7

@' = o + hotho in Q

We suppose that the data (¢o,t%0) € HE(Q) x L*(Q). Then if ¢° and °
are known, we easily show that ¢**!; k& > 1 is a solution of the following
variational problem:

Find "1 in H}(Q) such that for any ¢ € HZ(Q) we have:

/Q Ut | Veht (x) Vi (x)dx
k
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Proposition 3.1. For the data (po,%0) € H(Q) x L3(Q), if ¢° and ¢° are
known, problem (8) has a unique solution p**1; k > 1 in H3(Q). Moreover
the solution (p*)gcp<p of problem (7) verifies for 0 < k < K the following
stability condition:

PPt — b k412 2 2 2 2
IITH + IV 7 < lvoll” + 2| Vo ™ + 2h5[[ Vol (9)
Proof 2. It is easy to prove using the Laz-Milgram theorem that problem (8)
has a unique solution. Then by iteration on k, we deduce that problem (7) has
a unique solution.

To prove the stability condition (9) making the inner product of the first

equation of system (7) by %}:‘pk leads to
k+1 1
1=

k k+1 E ok k—
— ¥ 14 —p PP
P +IV H? = ( ; )+ (Ve Vo). (10)
hi hi hi—1

Thanks to the Cauchy-Schwarz inequality we obtain,

k+1 _ ok ko k-1
¥ —p 4
[F———11 + V"> < |I———11 + [IV&*|%. (11)
hi hi—1

Then by iteration on k we have

E+1 E 1 0
A 4 S 4
=1 + IV " < =1 + [V [I*,
k 0
Finally, we conclude the desired estimate by using the third and the fourth
equations of system (7).

Remark 3.1. 1) We notice that the solution ©**1; k > 1 of problem (8)
belongs to the space HT1(Q) for s > % When the domain Q) is convex or of
dimension 1, s > 1 is explicitly known. In general, for any % < s <1, we
derive from the stability condition (9) the following inequality:

|+ 1< Ch® (Jlkoll? + 21 Vepol? + 2031 Vo 2), (12)

where C' is a constant independent from the step h.
This inequality is not optimal since || @**1 || is not bounded independently of
the step h.

2) The time discretization of problem (2) using implicit Euler method gives
us:
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k
Find the two dimensions sequence ®F = (;’Zk), such that,

k41 &k
(bhq)_(g B)q’k“:Fk“ i 0 0<k<K,

k
(pk+1 -0 on I, <k <K, (13)
Y = P, in €,

k1
where FF+1 = <£k+1>. For n # 0, system (13) coincides with system (7) if

FF1=0; k> 1. When n =0, we propose the two following cases so that the
two systems coincide completely:
1) We replace the fourth equation of system (7) by the following implicit equa-
tion:
{ o' —h§Ae' =@o+hoto  in Q, (14)
(pl =0 on I

2) We replace the third equation of system (13):
Pr+1 _ ok 0 1

h (A 0

Pkt =0 on I, 1<k<K, (15

wl — (900 ZhO’@[]O) in Q,
0

><I>k“F’“+1 in Q 1<k<K,

Akt
By multiplying the first equation of system (15) with ( ﬁlﬁrl >, We deduce

the following stability condition:
|2 4 ) VRS 2( w12+ 1 Vet )

k
w2 Sm(l I+ VD)

Jj=1

2 (16)

Nevertheless, if we make the inner product of the first equation of system (15)
k+1

(A;p1<p’““>

conclude the following stability condition in a weaker norms:

|54 gy + 1P 2( 00 gy + 6 1P
k

. . 2
12 S hi(l 67 ey + 1 D)

j=1

with where (A)~1 is the operator introduced in remark 2.1, we

(17)
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Herein, we’ll focus on estimating the error. For the solution ¢ of system
(1) and (‘P)kogkgK solution of system (7), we define the vector error Y% =

(Zézii) such that e(¢)* = p(ty) — ¥ and e(y)* = ¥(ty) — Y*. We easily

show that the sequence error vector (T)*,_, - is a solution of system (15)
where the two components of F¥*1 are the two following consistency errors:

Y(try1) — P(te)

g(w)k — (P(tk+1) — @(tk> _at@(tk+1)> 8(1/))k — P

I —O0pp(tpy1)-

(18)
Theorem 3.1. Suppose that the solution ¢ of system (1) belongs to
W3L0,T; L2(2)) N W2L(0,T; HY(Q)). Then the following a priori error es-

timate between the solution p and the solution (9)*, .\ of system (7) holds
for0<k<K: T

o) B+ IV e(t) = 0P < O ([0 38 | +11 89 Die)ds)” (19

where C' is a positive constant independent from the step h.

Proof 3. Since the sequence error vector (Y)* ., -, s a solution of system

(15) where the second member of the equality is the vector F*¥*1 then applying
the stability condition (16) leads to:

I e(@)* 112+ 1l Ve(@)* 12 < 2( 1| e(w) |12 + || Ve(e)® |12 )

k ) ) 2 (20)
+2( 2o nsle@) I+ 1 Vel 1)

Thanks to the Taylor’s theorem with remainder integral to bound the terms
le@) |, || Velw)? ||, | () || and || Ve(p)° || which permits us to conclude
the desired estimate.

Finally, using the same steps of the proof of Theorem 3.1 and replacing
the stability condition (16) by the stability condition (17), we find the error
estimate in a weaker norms.

Corollary 3.1. Suppose that the solution ¢ of system (1) belongs to
W30, T; L2(2)) N W2L(0,T; HY(Q)). Then the following a priori error es-
timate between the solution ¢ and the solution (9)*, .\ of system (7) holds
for0<k<K: o

t . 2
@) =10 + IV () = )17 < On?( / (1 92 =10 + | 2V )(s)dis)
(21)
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where C' is a positive constant independent from the step h.

The estimates (20) and (21) are optimal of order 1 in time since the dis-
cretization is based on the implicit Euler scheme which is of order 1.

4 The full spectral discrete problem

In the following henceforth, we assume that € is a rectangle for the dimension
two or a parallelepiped rectangle for the dimension three.

Let Py (£2) the polynomials space with degree < N for each variable where
N > 2, and P (Q) = Pn(Q2)NH(Q). We define the set of nodes ¢;, 0 <i < N,
roots of the polynomial (1 — 2?)L’y such as Ly is the Legendre polynomial
and the set weights g;, 0 < i < N of the Gauss Lobatto quadrature formula
on the interval | — 1, 1[. We then recall the following equality:

1 N
VN € Pan—1(] = 1,1]) / nn (z)dz = ZWN(CZ')QZW (22)
-1 i=0

We also recall the following property (see [6, 5]):

Innll2 MD_ZnN G)oi <3llnn 31y Vv €Pn(l—1,1]). (23)
1=0

The reference domain | — 1,1[¢, (d = 2,3) is transformed to the domain {2
using the affine mapping 7' then the scalar product is defined on continuous
functions u and v by:

meas Q) ZZ UOT Cz,Cj)(UOT)(CiaCj)Qinv if d= 2’

(u,v)N = Z1\70 J;() N
meas(0) ZZZ (wo T)(Gis G5y Cr)(v 0 T) (i, G5y Ch)oigs ok, if d = 3.
i=0 j=0 k=0 (24)

Remark 4.1. To simplify the analysis, we assume that the spectral grid does
not change as a function of time which means that the discretization is fized
over time.

We suppose that ¢y and g are respectively continuous on ) and on
Ox]0,T[. The discrete problem is deduced from the system (7) by using the
Galerkin method combined with the numerical integration.

Find ok € PQ () x Py () x (P ()%, 0 < k < K such that:

o =In(po) and @x =In(vo) +hoIn(t) in (25)
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and, for 1 < k < K,

k k—
(soN“ ok PRkt

hy, hg—1

ONIN + PR (VOR T Vo) v =0, Vo € PR(Q),
(26)

where Jy is the interpolating operator from L?(€2) into Py (€2).

In the same way as in (8), we notice that gakH 1 < k < K is the solution of

the following discrete variational formulation:

I
(PN NN + I (VR ™ Vo) v = (0% (<PN P )N (27)
Proposition 4.1. For the data (o, o) € H& (Q) x L2(Q). If o and ¢S, are
known, problem (27) has a unique solution @5t k> 1 in H} (). Moreover,
the solution (SDN)0<1€<K of problem (25)-(26) vemﬁes for 0 < k < K the
following stability condition:

K k
||L

K ~ ~ ~
P IR < (3 (Jan (o) 14201V 3n (00) I+ 20| V3 (10) )

(28)

Proof 4. By using the Laz-Milgram theorem and the property (23), it is easy
to show that the discrete variational formulation (27) has a unique solution.
Then, by iteration on k we deduce that system (25)-(26) has a unique solution.
Before starting the proof of the stability condition (28), we define || - ||a the
discrete norm deduced from the discrete scalar product (.,.)n.

To prove the stability condition (28), making the discrete inner product of the

equation (26) by “ON WN leads to:

k+1 k k+1

kook k—1
14 14 — YN PN — P
|EM_— PN 2wkt )3 = (BN N EN_IN )N+ (VR Vo) v
hi hy hi—1

Thanks to the Cauchy-Schwarz inequality and property (23), we have

k+1

k k—1

¥ <P YN — P
|22 4 w2 < 3 (| EL R 2 4 R ).
hk hk—l

Then by iteration on k, we obtain

k+1 _

[k
hi

1 0
Yo p
R VR < (39) FEEP + 19t ).

Thus, estimate (28) is deduced from (25).
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We end this section by estimating the a priori error between the full discrete
solution of problem (27) and the semi discrete solution in time of problem (8).

Proposition 4.2. If pg, ¥g are continuous on Q and ¢%;, V%, are known. The
error estimate between the solution p**1 k > 1 of problem (8) and cpk'H k>1
solution of problem (27) holds

IIso“l—w’]“v*lIISC( inf |l

k+1 k+1
M —xn I+
XN GIP’N(Q)

k
; [nwo R+ o — ol S (B B2 +E3»J’>D-

j=1
(29)
where
/Q(wj+1 — Ny dx — (N = X Un)N
EY =L sup ,
L Il N |l
a Ve My dx — (VN Vion ) n
E%J = sup ,
b PO, (Q) | ¥ |l
' /(@j—wj‘l)wwdx— (On(" =), 0N)
ES,J — sup Q ,
PP (Q) Il N |l

and C' is a positive constant independent of N.

Proof 5. Consider X’”l € PQ(Q). Using the triangular inequality we have:

I — o < Dt =i+ AT = R

To estimate the term || — x5, we write the two problems (7) and (27).
For ¢y € PQ(Q), we obtain

/ FH )y ()t B / Vi (x) Vi (x)dx
Q I

and

h _
(™ NN + R (VR Vi) v = (P + kkl (Pl — N 1), Un)N
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Let 7, = hfil . By doing the difference term by term, leads,

(R =N NN RV (N =X, Von) v = (=X v v +1.KE ($n)
such that,

1

(o) = g ([ (0" = o x— (5 = o v
k

4 / Ve Wy dx — (Vx5 Vi )n
Q

+/(S0k — " Nyydx — (In (¢! — )N
Q

We simply prove that the operator K* is linear and continuous on the space
PQ(Q2) which is an Hilbert space for the discrete scalar product (.,.)n. Thus,
thanks to Riesz theorem, we deduce that there exists a unique element 19’16\, mn
P%(Q) such that,

K (n) = (In, YN N-
Then by applying the result proved in ([11], Prop. 4.1) and [4], we obtain,
1/2

k
lok™ =XK< C | oo = el + 1o =Rl + D 10317 |
j=1

where C' is a positive constant independent of N .
We take note there exists C' a positive constant independent of N such that,

. 9
HQ%VH <C sup M7
onerd, @ I on |

which permits us to conclude (29).

To find the order of convergence as a function of N, it is necessary to
estimate each of the terms of the second member of the inequality (29).
e Estimation of E'+J ‘ .
We consider wit? = @itt — i and x4 — x4 = HOy°, (@), By the
exactness of the Gauss-Lobatto quadrature formula (22), the two terms

/ 3" (@) ¢y dx and (T (@7 1), ¢n)n are equal, then
Q

EY <) w! — TN (@) || (30)
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H}\}O is the orthogonal projection operator from Hg () into P%,(2) related to
the scalar product defined by the semi norm | . |1,0. See ([6], Lem. VI.2.5)
and [5] for all the properties of this operator.

e Estimation of E?J
Using the exactness of the Gauss-Lobatto quadrature formula (22) for a poly-
nomial of degree < 2N — 1, we obtain:

/QWJ'HWN dx — (Vi Von ) v :/QV(@J'“ — I T Ve dx

~ (VOKT =R Ve
(31)

Thanks to the triangular and Cauchy-Schwarz inequalities, we have:

/ Ve Ty dx — (Vi Vion ) v
Q

j+1 1,0 j+1
< <|90]+ _HN—lcpH_

sup 1,0
W €Y, () | ¥n ||
i+1 1,0 _j+1
A - Ty |m>
(32)

Then we conclude by using the properties of operator H}\}(ll.

e Estimation of £37

Let #7 = ¢/ — /=1, We use for this estimation IIy_; the orthogonal projec-
tion from L?(Q2) into Px_1(Q). Then by the exactness of the Gauss-Lobatto
quadrature formula, for a polynomial of degree < 2N — 1, we have:

Jo 07 ()N (x) dx — (In07, NN = /Q(Qj —TIx_167)(x)Yn(x) dx
—(ON0T —TIy_ 107, N)N.

Using the inequality (23) in each direction, leads to:
/ 07 (x)¢n (x) dx — (In0 YN )N < {W — Iy 8|2 +9)167 = Ine? |1 | 19 ]-
Q

Using the approximation properties of operator IIn_; (see [5], Theo. 7.1) and
Jn (see [5], Theo. 14.2). For #7 € H*(2); s > 1, we obtain:

/Q 07 (x)n (%) dx — (07, )
sup

nEPN () [ ¥n |

SON"20 20 (33)
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Finally, to estimate respectively the best approximation errors

dnt AL o — % and e —ull,  (30)
XN EP(Q)

we just choose respectively x5! = T3 oF 1 % = Ty 0y and % = Mxvy
then we conclude by means of the properties of operators H}\}O and Ily.

So, from the estimations (30), (32), (33) and (34), we have the following main
theorem about a priori error estimate.

Theorem 4.1. For a data (po,10) continuous on 2, and the solution (¢*)o<r<x
of problem (7) belongs to H*(2); s > 1. Then the error between **1 solution
of problem (8) and @%F' solution of problem (27) holds:

k
I+ = o <O [N (165 a4 3 (172107 = Wl + 1 = ) )
j=1

k
NS ||w1||},
j=1

(35)

where C' is a positive constant independent of N .

Conclusion

This work concerns the numerical analysis of the implicit Euler scheme in time
and the spectral discretization in space of the second order wave equation.
We prove an optimal error estimate in time and in space. These estimations
depend only on the regularity of the solution. The more difficult case where the
spectral discretization depends on the time and its numerical implementation
will be the subject of a forthcoming work.
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