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Abstract

In this paper, we determine the r-dynamic chromatic number of the
fan graph F,, , and determine sharp bounds of this graph invariant for
four related families of graphs: The middle graph M (Fi, ), the total
graph T'(Fpn,n), the central graph C(F, ) and the line graph L(Fp, ).
In addition, we determine the r-dynamic chromatic number of each one
of these four families of graphs in case of being m = 1.

1 Introduction

Let r and ¢ be two positive integers. In 2001, as a natural generalization of the
classical problem of graph coloring, Montgomery [24] introduced the concept
of r-dynamic proper {-coloring of a given graph G = (V(G), E(G)) as any
proper ¢-coloring ¢ : V(G) — {0,...,¢ — 1} such that every vertex v € V(G)
satisfies that

|e(N ()| = min{r, d(v)}. (1)

Here, N(v) and d(v) denote, respectively, the neighborhood and the degree of
the vertex v. That is to say, in practice, the colors of the vertices within the
neighborhood of each given vertex v € V(G) are pairwise distinct, whenever
r > d(v). Otherwise, there exist at least r distinct colors in its neighborhood.
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The minimum positive integer £ for which an r-dynamic proper ¢-coloring of
G exists constitutes the r-dynamic chromatic number x,.(G) of the graph G. If
r = 1, then these two concepts coincide indeed with the classical ones of proper
{-coloring and chromatic number of a graph. As a first stage in the study of
this new graph coloring, the interest focused on the case r = 2 [1-4]. It is in
the recent literature where one may observe how the problem of computing
r-chromatic numbers of distinct types and families of graphs, with r > 2
has received particular interest from a wide amount of graph theorists and
has become a prolific field of study [6,8,9,11,15-17,20,26]. Additionally, the
study of upper bounds has also become a focus of study. Thus, for instance,
Jahanbekam et al. [14] proved that x,.(G) < r-A(G)+1, for a general positive
integer r. (Here, A(G) denotes the maximum degree of the vertices of G.)
Previously, Lai et al. [19] had already proved that x,.(G) < A(G) +r% —r+1,
whenever A(G) < r.

Of particular relevance for the aim of this paper is the study of the -
dynamic coloring of fan graphs and related families [23,26], a type of graphs for
which the study of different proper colorings awakes interest in the literature
[29,32,33]. This paper delves into this topic by focusing on the study of the
r-dynamic chromatic number of four families of graphs: middle graphs, total
graphs, central graphs and line graphs, derived all of them from a given fan
graph Fp, .

In the recent literature, one can find studies concerning different proper
colorings of middle, total, central and line graphs of different types of graphs
[5,27,28,30,31]. More specifically, the r-dynamic proper coloring of these
four families of graphs has already been studied for bistar graphs [25], gear
graphs [7] and helm graphs [10]. Some partial results concerning fan graphs
F1,, may be found in [23].

The r-dynamic chromatic number of the line graph of a given graph co-
incides with the r-dynamic edge chromatic number of the latter. Remind
in this regard that Meganingtyas [21] introduced in 2015 the notion of r-
dynamic proper k-edge-coloring of a graph G = (V(G), E(G)) as a proper
k-edge-coloring ¢ such that

le(N (uv))| > min{r, d(u) + d(v) — 2},

for every pair of adjacent vertices u,v € V(G), where N(uv) denotes the set
of edges that are incident to that one containing both vertices w and v. The
r-dynamic edge chromatic number \.(G) is the minimum positive integer k for
which an r-dynamic proper k-edge-coloring of the graph G exists. If r = 1,
then both concepts refer to the classical ones of proper edge-coloring and edge
chromatic number.



ON THE R-DYNAMIC COLORING OF SOME FAN GRAPH FAMILIES 153

The paper is organized as follows. In Section 2, we describe some pre-
liminary concepts and results on Graph Theory that are used throughout the
manuscript. Then, Sections 3-6 deal, respectively, with the r-dynamic chro-
matic number of the middle, total, central and line graphs of a fan graph.

2 Preliminaries

This section deals with some preliminary concepts and results on Graph The-
ory that are used throughout the paper. For more details about this topic, we
refer the reader to [13].

Any graph G = (V(G), E(G)) is formed by a set V(G) of vertices and a
set E(G) of edges so that each edge contains two vertices, which are called
adjacent. Two distinct edges sharing a common vertex are called incident.
The cardinalities of V(G) and E(G) are, respectively, the order and size of
G. If both values are finite, then G is said to be finite. It is complete if
any pair of vertices are adjacent. The complete graph of order n is denoted
K,,. The subset of vertices in V(G) that are adjacent to a vertex v € V(G)
is its neighborhood N¢(v). The cardinality dg(v) of this set is its degree.
Every vertex of degree zero is said to be isolated. From now on, we write
N (v) and d(v) when there is no risk of confusion. In addition, §(G) and A(G)
denote, respectively, the minimum and maximum vertex degree of G. Further,
a subgraph of G is any graph H such that V(H) C V(G) and E(H) C E(G). It
is said to be induced if E(H) is formed by all those edges in F(G) connecting
vertices of V(H). It is an n-clique of G if it coincides with K. Finally, a
spanning subgraph of G is any subgraph H such that V(H) = V(G).

From now on, let vw € E(G) denote the edge formed by two vertices
v,w € V(G). It is a loop if v = w. Further, two distinct edges containing the
same pair of vertices are said to be parallel. A graph is simple if it contains no
loops and no parallel edges. From now on, all the graphs in this manuscript
are simple and finite.

A path P, between two distinct vertices v,w € V(@) is any ordered se-
quence of n adjacent and pairwise distinct vertices

<U0:U7U17"'7U7L—25Un—1 :w>

in V(G), with n > 2. If v = w, then such a sequence is called a cycle, which
is denoted C),. The fan graph F,, , is the graph that results after joining each
vertex of a set of m isolated vertices with all the vertices of the path P,.
The middle graph [12] of G is the graph M(G) having as vertices the set
V(M(G)) = V(G)U E(G) so that two such vertices are adjacent if and only if
they are either two incident edges in G or a vertex and an edge in G so that
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the latter contains the former. If besides an edge is added for each pair of
adjacent vertices in G, then we get the total graph T(G). Further, the central
graph C(G) derives from G by replacing each edge of the latter with a path
of size two and then joining each pair of non-adjacent vertices in GG. Finally,
the line graph L(G) has the edges of G as its set of vertices, so that two such
vertices are adjacent if and only if the related two edges in G are incident.
Figure 1 illustrates these four graphs, all of them associated to F5 3.
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° . . . . ° L] . 4
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Figure 1: Fan graph, together with its middle, central, total and line graphs.

A proper £-coloring of the graph G is any map ¢ : V(G) — {0,...,¢0 — 1}
assigning a set of ¢ distinct colors to the set of vertices V(G) in such a way
that no two adjacent vertices share the same color. Analogously, a proper
L-edge-coloring of the graph G is any map ¢ : E(G) — {0,...,£ — 1} so that
no two incident edges share the same color. The minimum positive integer k
for which a proper k-coloring (respectively, a proper k-edge-coloring) of the
graph G exists is termed the chromatic number x(G) (respectively, the edge
chromatic number A\(G)) of G. Particular examples are the r-dynamic proper
k-(edge-)coloring and the r-dynamic (edge) chromatic number of a graph G,
which have already been introduced in Section 1. Particularly, x1(G) = x(G),
M (G) = MG) and \.(G) = x-(L(Q)), for every positive integer .

The following results are also known.

Lemma 1. [18] Let G be a graph and let v be a positive integer. Then,
min {r, A(G)} + 1 < x+(G) < xr41(G). Moreover, x.(G) < xa@)(G)-

Lemma 2. [19] Let n and r be two positive integers such that n > 2. Then,

2, ifr=1,
r Pn =
@) Xr(Fn) { 3, otherwise.
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2, ifr=1andn is even,
if r =1 and n is odd,
r > 1 and n = 0 (mod 3),
4, ifr>1andn #5,
5,  otherwise.
C) Xr(Kn) =n.
Lemma 3. [23] Let n and r be two positive integers such that n > 2. Then,
a) Xao(M(F1p)=n+1,4n>T7.
b) xs(T(Fin))=n+1,ifn>9.
¢) x2(C(Fip) =n+1, ifn>4.
d) Xn(L(F1n)) =n+1, if n> 6.

b) XT(CR) =

Let m and n be two positive integers such that n > 2. Throughout the
whole paper, let F}, , denote the fan graph of set of vertices

V(Fm,n) == {U’Ov ey Um—1,00, - - - 7vn—1}a

which is associated to the path P, = (vg,...,v,—1). That is, the set of edges
of the fan graph Fy, , is E(Fpnn) = {uovo, - - ., UoUn—1, - - -, Um—1Un—1, Vo1, - - - ,
Un—2Un_1}. In particular, 6(Fy, ) = min{m+1,n} and A(F,, ) = max{m +
2,n}. The following result establishes the r-dynamic coloring of the fan graph
Fon.

Proposition 1. Let m, n and r be three positive integers such that n > 2.
Then,

3, if r e {1,2},

2r—1, if 3 <r <min{m+1,n},
Xr(Fnn) =% n+r—1, difn<r<m+l1,

m+r, if max{3,m+1} <r <mn,

m+n, if r > max{m + 1,n}.

Proof. Since the vertices ug,vp,v1 € V(Fy, ) describe a 3-clique of F, ,,
Lemma 2 implies that every proper coloring of F,,, requires at least three
distinct colors. In addition, since N(u;) = {v;: 0 < j < n}, for all non-
negative integer i < m, and N(vg) = {u;: 0 <4 < m} U {v1}, the remaining
values constitute lower bounds of x,(Fy, ») under the corresponding assump-
tions because of Condition (1) and the fact that the map c is a proper coloring.
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In order to prove that each one of these lower bounds is reached, it is enough
to describe for each case an appropriate r-dynamic proper coloring c of the fan
graph F,, ,, satisfying Condition (1). Thus, for instance, if r € {1,2}, then we
define the map ¢ so that c(u;) = 2 and ¢(v;) = jmod2, for all non-negative
integers i < m and j < n. Furthermore, if r > 3, the map c is defined so that,
for each pair of non-negative integers i < m and j < n, we have that

() min{r,n} + ¢, if i < min{r — 1,m}
c(U; ) =
min{r,n} + min{r —1,m} — 1, otherwise.
and
7, if 7 < min{r,n},
clvj) =9 7 .
jmodr, otherwise.

O

Figures 2 and 3 illustrate Proposition 1 for the fan graphs F5 3 and Fg 4.

Figure 2: r-dynamic proper ¢ colorings of the fan graph Fs 3, for (r,f) €
{1,2} x {3} (left) and r > 3 and ¢ = 5 (right).

Figure 3: r-dynamic proper ¢-coloring of the fan graph Fg 4, for (r,£) = (3,5)
(left), (r,€) = (4,7) (center) and r > 7 and £ = 10 (right).
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3 Dynamic coloring of the middle graph of a fan graph

This section deals with the r-dynamic chromatic number of the middle graph
M(Fy,.n)- Its set of vertices is

V(M(Fmn)) = {uwo, -« s Um—1,00 -+, Un—1, UgUQ, - « « , U0Up—T, - - - 5
Um—10V0y + -, Um—1Un—1,V0V1, .- -, Un—QUn—l}

In this middle graph, for each pair of non-negative integers i < m and j < n,
we have that

m+1, ifje{0,n—1},
m+ 2, otherwise.

d(uz) =n, d(vj) = {

and
1, ifje{0,n—1},
d(ugv;) = m4+n+ if § { n }
m+n+2, otherwise.

and, for each non-negative integer k < n — 1, we have that

2m+3, ifke{0,n— 2},
2m +4, otherwise.

d(vkvkt1) = {

Hence, §(M(Fy,n)) = min{m + 1, n} and A(M(F,,,)) = max{m + n +
2, 2m + 4}. Further, for each pair of non-negative integers i < m and j < n,
let K(p,, ,)(4) denote the (n + 1)-clique of the middle graph M (F, ) that
is defined by the set of vertices

V(KM(men)(i» = {ui, U;VYy - - -, ui’l}nfl}

and let K (7) denote the induced subgraph of M (F,, ) that is defined

M(FM.n)
by the set of vertices
V(K@I(Fm,n)(j)) =
{”U(), UpvVQy « - -y Um—100, ’U()'Ul}, lf_] = 0,
=9 {vn-1, wWoVn—1, - U 1Vn_1, Vn2Vp 1}, i j=n-—1,
{vj, wovj, ..., Um—1vj, Vj_1V;,V;Vj41}, otherwise.

Notice that K;V[(Fm ) (J) constitutes an (m + 2)-clique within M (Fy, ), if j €
{0,n—1}, and an (m+3)-clique, otherwise. These cliques enable us to establish
a pair of sharp bounds for the r-dynamic chromatic number x, (M (Fi,.n))-
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Proposition 2. Let m, n and r be three positive integers such that n > 2.
Then,

3m + 5, ifn=3,

a +3,n+1} < x,.(M(F,,,)) <
max{m n F< X (M( v)) {m-n+6, otherwise.

The lower bound is reached for every positive integer r < max{m + 3, n + 1},
whereas the upper bound is reached for every positive integer r > A(M(Fp, )).
Proof. The lower bound holds simply from Lemma 2, once it is noticed that
both the (n + 1)-clique Ky(p,, ,)(0) and the (m + 3)-clique K?\/I(Fm,n)(l) are
subgraphs of the middle graph M (F,, ). In order to prove that this lower
bound is sharp, let us describe an appropriate proper x, (M (F, ,))-coloring ¢
of the middle graph M (F,, ;) satistying Condition (1). In order to make clearer
the proof, we illustrate this map ¢ with a specific dynamic coloring of a middle
graph M (F,, ), where the edges of the (n + 1)-clique Ky (r,, ,)(0) and the
(m+ 3)-clique K 3\/1( Fo) (1) are respectively highlighted with bold and dashed

lines. In addition, the vertices of the sets {ug, ..., um-1}, {vo,...,vn-1},
{uopvo, - -y, Um—1vn—1} and {vov1, ..., vy_2v,_1} are respectively distinguished
by means of the symbols A, ¥, e and 4. The following study of cases arises.

e Casem<n-—2andr <n.

Let the map ¢ be defined so that, for each pair of non-negative integers
i < m and j < n, we have that

(i) = (n+1i) mod (n + 1), (v;) = (24 j) mod (n + 1),
c(u;vy) = (¢ + j) mod (n + 1)
and, for each non-negative integer k < n — 1, we have that
c(Vkvg41) = (n+ k) mod (n + 1).

Condition (1) holds and hence, x, (M (Fy,.n)) = n+1. Figure 4 illustrates
the middle graph M (F} 4).

e Casem >n—2andr <m+2.

Let the map ¢ be defined so that, for each pair of non-negative integers
i < m and j < n, we have that

c(u;)) =m+1, c(vj)=(n+j—1)mod(m+1)

and
c(u;v;) = (1 + j)mod (m + 1),
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Figure 4: r-dynamic proper 5-coloring of M (F} 4), for all r < 4.

and, for each non-negative integer kK < n — 1, we have that

m+1, if k is even,

c(VgUR41) = {

m+ 2, otherwise.

Condition (1) holds and hence, x,(M(F,,n)) = m + 3. Figure 5 illus-
trates the middle graph M (Fs 4).

Figure 5: r-dynamic proper 6-coloring of M (Fj 4), for all r < 5.

Now, in order to study the upper bound, Lemma 1 enables us to focus
on the case r = A(M(Fy.n)). Let ¢ be a A(M(F,,,,))-dynamic proper
XA(M(Fr.n)) (M (Fm p))-coloring of the middle graph M(F},,). Then, Con-
dition (1) implies that |¢(N(v))| = d(v), for all v € V(M (F,,)). In partic-
ular, the set {c(uovp),-..,c(Um—_1v,—1)} is formed by m - n distinct colors,
because {u;vo, ..., uvn_1} C V(Kp(F,, ) (7)), for every non-negative integer
i < m, and, if ¢(u;v;) = c(uyv;/) for some non-negative integers i, < m and
j,j" < n such that 7 # ¢’ and j # j', then we would have, for instance, that
le(N(uiv50))] < d(wjvjr). In a similar way, each one of the three vertices vy,
Vo1, V102 of the (m + 3)-clique K;\/I(me/)(l) requires an extra new color.



ON THE R-DYNAMIC COLORING OF SOME FAN GRAPH FAMILIES 160

Then, a simple study of the neighborhood N (vgv;) implies that the vertex
vo requires an extra (m - n + 4)“‘ color. Similarly, if n > 3, then a simple
study of the neighborhood N(vivs) implies that either the vertex vy or the
vertex vpvs requires an extra (m - n + 5)™ color. With only this palette of
colors, any coloring of the vertex uy would contradict either Condition (1)
or the fact that the map c is a proper coloring. Thus, a new extra color is
required for that vertex. In short, 3m + 5 < XA(Fm,g)(Fm,S) and, if n > 3,
thenm-n+6 < XA(M(Fm,n))(M(Fm,n))'

In order to prove that these lower bounds are indeed reached, it is enough
to consider the following proper coloring ¢ of the middle graph M (F, ,,) satis-

fying Condition (1). Particularly, for each pair of non-negative integers i < m
and j < n, we consider that

c(u;) =m-n, c(vj) = m-n+1+(jmod2) and c(uvj) =i-n+j,
and, for each non-negative integer k < n — 1, we have that

c(vgvg4+1) =m-n+ 3+ (kmod 3).

Figure 6 illustrates the upper bound of Proposition 2 for M (Fs 4).

Figure 6: r-dynamic proper 13-coloring of M (F; 4), for all r > 8.

Now, we focus on determining the exact value of x,(M(F},)). The fol-
lowing result, which establishes the exact value of x,—1(M(F,, n)), whenever
n > m + 2, is useful to this end.
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Proposition 3. Let m and n be two positive integers such that n > m + 2
Then,

Xn-i-l(M(Fm,n)) =n+2.

Proof. From Lemma 1, we have that n + 2 < x,41(M(F,n)). In order to
prove that this lower bound is reached, let ¢ be the proper (n + 2)-coloring of

the middle graph M (F}, ,,) that is defined so that, for each pair of non-negative
integers ¢ < m and j < n, we have that

(j — 1) mod i n is even,
—1)modn, i ] )
c(u;) = n, c(vy) = / nisodd and j <n—1,
n—+1, otherwise.
and

c(uvj) = (¢ + j) modn,

and, for each non-negative integer k < n — 1, we have that

c(vkvk4+1) =n+ 1 — (kmod?2).

Condition (1) holds and hence, xp+1(M(Fpn)) = n+ 2.

Figure 7 illustrates Proposition 3, for (m,n) € {(1,3), (2,4)}

Figure 7: (n+1)-dynamic proper (n+2)-coloring of the middle graph M (F,, ,,)
for (m,n) € {(1,3), (2,4)}.

Let us finish this section by determining the exact value of x, (M (F14)).
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Theorem 1. Let n > 2 and r be two positive integers. Then,

8, ifn=3 andr > 6,
n+1, ifr<n,
XT(M(Fl,n)) = n—|—2, Zf?":n—‘,—l’

n+4, ifr=n+2,

n+6, otherwise.

Proof. The case r € {n + 1,n + 2} follows from Proposition 2. In addition,
the case » = n + 1 holds from Proposition 3. So, let us focus on the case
r = n+ 2. To this end, let us suppose the existence of an (n + 2)-dynamic
proper (n + 3)-coloring ¢ of the middle graph M (F1 ,,).

From Condition (1), we have that the set

(V(En(F,,.)(0))) Ufe(vr), e(vovr)}

is formed by n + 3 distinct colors. Then, since d(ugvg) = n + 2 and vy €
N (ugvy), it must be ¢(vg) € {c(v1), c(vivz)}. But then, |¢(N(vov1)| < d(vov1) =
5 < r, which contradicts Condition (1). Hence, n+ 4 < x, (M (Fi ,)).

In order to prove that the previous lower bound is indeed reached, it is
enough to consider the (n+2)-dynamic proper (n+4)-coloring ¢ of the middle
graph M (F,, ) that is defined so that ¢(ug) = n, and for each pair of non-
negative integers 7 < n and k < n + 1, we have that

c(upvj) = jmodn,

(v) n+3, if jiseven,
c(vj) =
/ n, otherwise.

and c(vgvgt1) =n+ 1+ (kmod2). O

Figure 8 illustrates Theorem 1 for (n,r) € {(3,5), (3,6)}.

Figure 8: r-dynamic proper ¢-coloring of the middle graph M (F3 3), for (r,£) =
(5,7) (left) and (r,¢) = (6,8) (right).
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4 Dynamic coloring of the total graph of a fan graph

This section deals with the r-dynamic chromatic number of the total graph
T(F,,»). Notice that V(T(Fy,,,)) = V(M (Fy,n)) and

E(T(Fnn)) =EM(Fpn))UE(Fnn)-

Thus, the vertex degrees of the total graph T'(F}, ) coincide with those ones
of the middle graph M (F,, ), except for
om+2, ifje{0,n—1},
d(u;) =2n and d(vj) = m+e 1y { 1
2m + 4, otherwise.

for every pair of non-negative integers ¢ < m and j < n. Hence, §(T(F,, ) =
min{2m+2, 2n} and A(T(F),,,)) = max{2m+4, 2n}. Let us establish a pair
of sharp bounds for the r-dynamic chromatic number x,.(T'(F, »))-

Proposition 4. Let m, n and r be three positive integers such that n > 2.
Then,

: 1)+5,  ifne 34},
max{m 43, n+ 1} < x,(T(Fp)) < 4 7O FDF5 ine {34
' m-(n+1)4+n, otherwise.
The lower bound is reached for every positive integer r < max{m + 3, n + 1},
whereas the upper bound is reached for every positive integer r > A(T(Fp, ).

Proof. Since the middle graph M (F,, ) is a spanning subgraph of the total
graph T'(Fy, ), both the (n + 1)-clique Ky (g, ,)(0) and the (m + 3)-clique
K;\/I(Fm (1) described in Section 3 are subgraphs of T'(Fi,n). Due to it, the
result cbncerning the lower bound follows similarly to the proof of Proposition
2. Furthermore, in order to deal with the upper bound, Lemma 1 enables us
to focus on the case r = A(T(Fy,.»)). Under such assumption, Condition (1)
implies that no two vertices in V(T (Fin)) \ {vkvit1: 0 < k < n — 1} are
equally colored. Hence, (m + 1) -n+m < x7(T(Fmn,)). In order to prove
that this lower bound is reached whenever n > 4, let us consider the proper
coloring ¢ of the total graph T'(F, ,,) that is defined so that, for every pair of
non-negative integers ¢ < m and j < n, we have that

c(u;) =m-n+1i, cvj)=m-(n+1)+7,

and c(u;v;) = (i + j) modn, and, for each non-negative integer k < n — 1, we
have that
c(vgvgs1) =m- (n+ 1) + ((k+ 3) modn).
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:::“\ - ’
; *

Figure 9: r-dynamic proper 11-coloring of T'(F} 5), for all » > 10.

Condition (1) holds and hence, xa(r(F,, ) (T(Fm.n)) = (m+1)-n+m
Figure 9 illustrates this upper bound for the total graph T'(F} 5).

The previous lower bound is, however, not reached for n € {3,4}. Thus,
for n = 3, it is simply verified that no two vertices in the total graph T'(F}, 3)

may equally be colored. Hence,
XA (Fp o) (T (Fm3)) = V(T (Fin.3))| = 4m + 5.
Further, for n = 4, it is straightforwardly verified that the vertex vivs
requires an extra color and hence, 5m +5 < xa(r(r,,. 1)) (T(Fin,a)). In order to
prove that this lower bound is reached, it is enough to consider the same proper

coloring ¢ that we have described for the case n > 4, except for c(vovy) =
5m + 3, ¢(v1ve) = bm + 4 and ¢(vav3) = bm. Figure 10 illustrates this upper
O

bound for the total graph T(Fj 4).

Figure 10: r-dynamic proper 15-coloring of T'(F 4), for all r > 8.

The following result establishes the exact value of x,(T'(F1,))-
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Theorem 2. Let n > 2 and r be two positive integers. Then,

8, if (n,r) = (3,5),

9, ifn=3 andr > 6,

10, ifn=4andr >8,

n+1, if r <n,
Xr(T(Fin)) =4 n+3, ifr=n+1,

n+4, ifr=n+22>6,
n + 6, ifn+3<r<min{n+5,2n},
r+1, ifn+b<r<2n,

2n+ 1, otherwise.

Proof. Proposition 4 implies both cases 7 < n and r > 2n. So, let us focus
on the case r = n + p, for each positive integer p < n. To this end, let ¢ be
an (n+ p)-dynamic proper Xn4,(T(Fi ,))-coloring of the total graph T'(F ;).
Without loss of generality, since the (n +1)-clique Ky;(r,, ,)(0) is a subgraph
of this total graph, we may assume that c(up) = n and c(upv;) = j, for all
j < n. The following study of cases arises.

e Case p=1.

From Lemma 1, we have that n + 2 < x,11(T(F1,,)). Let us prove
that the assumption that this lower bound is reached gives rise to a
contradiction. Since n + 1 < min{d(uo), d(uov;): j < n}, Condition
(1), together with the just imposed assumptions on the map ¢, implies
that the color n + 1 belongs to the set

{e(vj): 7 <n} D{e(vo), c(vovn)}
Nzt {e(vr-1vr), e(or), e(vkvrin)} (2)
N{c(vp—2vn—1),c(vn_1)}

The following three subcases arise:

— Subcase n = 3. From (2) and the fact that the map c is a proper
coloring, we have that either c(vg) = c(viv2) = 4 or c(vovy) =
¢(vg) = 4. In both cases, any coloring of the vertex v; contradicts
either Condition (1) or the fact that the map c is a proper coloring.

— Subcase n = 4. From (2), together with the fact that the map c is
a proper coloring, implies that either ¢(vy) = c(v1v2) = c(vs) =5
or ¢(vgv1) = ¢(v2) = 5. The first option implies that |c¢(N (vov1))| <
5 = d(vgv1), which contradicts Condition (1).
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So, let us assume the second option. Since d(vg) = 4 and d(vov1) =
5, Condition (1), together with the already colored vertices, im-
plies that {c(vg), c(v1)} = {2,3} and c(viv2) = 4. But then,
|¢(N(v1))| = 4, which contradicts Condition (1), because d(vy) = 6.

— Subcase n > 5. Here, (2) contradicts Condition (1), because it
would imply the existence of a non-negative integer k£ < n — 1 such
that |e(N (vpve+1))| < d(vgor +1) <6 <n+ 1.

Thus, n+3 < x,(T'(F1,,)). In order to prove that this bound is reached,
let the map ¢ be defined so that

c(vj) =n+1+ (jmod2) and c(vgvk+1) = (K + 2) modn,

for all non-negative integers j < n and k < n—1. Condition (1) holds and
hence, Xn+1(T(Fi,,)) = n+ 3. Figure 11 illustrates the case n € {3,4}.

1

1

1

1 1

N JSF o

4 \ 2 1

¢ VN S !

4 1 \ / 1

~ / / 1

,/ PN \\ / A !

7.7 Sy e S~
P - - Y 'SR pe ¢

Figure 11: (n + 1)-dynamic proper (n + 3)-coloring of T'(F} ), for n € {3,4}.

e Case p=2.

Lemma 1 implies that n + 3 < xp4+2(T(F1,,)). If this lower bound were
reached, then, similarly to the previous case, both colors n+1 and n + 2
should be contained within each one of the sets that we have described
in (2). In particular, since the map c is a proper coloring, it should be
c(vg) = ¢(v1ve). Tt would imply that |¢(N(vov1))| < 5 = d(vgv1), which
contradicts Condition (1). Hence, n + 4 < xp+2(T(F1,,)). This lower
bound is not reached for n = 3, which requires an eight color. Otherwise,
Condition (1) would imply that {c(vo), c(vov1), c(vive)} = {4,5,6} and
c(vg) = ¢(vz). But then, any coloring of the vertex v; would contradict
either Condition (1) or the fact that the map ¢ is a proper coloring.
Figure 12 (left) illustrates that x5(T'(F1,3)) = 8.
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Figure 12: (n + 2)-dynamic proper 8-coloring of T'(F} ), for n € {3,4}.

Now, in order to prove that the lower bound n + 4 is reached for all
n > 4, let the map ¢ be defined so that

c(vg) = n+1, c(vj) = (j+2) modn, ¢(vp—1) = n+1+(nmod 3),

and c(vgvg4+1) = n+ 1+ ((k+1) mod 3), for all positive integer j < n—1
and all non-negative integer k¥ < n — 1. Condition (1) holds and hence,
Xn+2(T(F1,n)) = n+ 4, for all n > 4. Figure 12 (right) illustrates the
case n = 4.

e Case 3 < p < min{5,n}.

If r > n + 3, then Condition (1) implies that no two distinct vertices
within the neighborhood of any given vertex v € V(T'(Fy,)) \ {uo} are
equally colored. Particularly, if we focus our attention on the vertex vy,
then it is simply verified that n + 6 < x,(T(F1,)), for every positive
integer 7 > n+ 3. In order to prove that this lower bound is reached, let
the map ¢ be defined so that

c(vj) =n+1+4+(2jmod5) and c(vkvgt1) =n+1+((2k+1) mod5),

for all non-negative integers j < n and k < n — 1. Condition (1) holds
and hence, x,(T(F1,,)) = n+ 6, whenever n + 3 < r < min{n + 5, 2n}.
Figure 13 illustrates the case n € {3,4}.

e Case 5 < p<n.

From Lemma 1, we have that n+p+1 < xn4,(T(F1,)). In order to prove
that this lower bound is reached, it is enough to consider the map c that
we have just described in the previous case, except for ¢(v;) = n+ 6 +1,
for all non-negative integer 7 < p — 5.

O



ON THE R-DYNAMIC COLORING OF SOME FAN GRAPH FAMILIES 168

Figure 13: r-dynamic proper ¢-coloring of the total graph T'(F} ), for all
r > 6, with (n,¢) € {(3,9), (4,10)}.

5 Dynamic coloring of the central graph of a fan graph

Let us focus now on the r-dynamic chromatic number of the central graph
C(Fmn)- Its set of vertices is

V(C(Fm,n)) = {UOa sy Um—1,00y .-+, Un—1,W0,0y- -+, Wo,n—15-+-,Wm—1,0,-- -

/ /
Wm—1,n—1, w0717 e 7wn72,n71}'

Here, for each pair of non-negative integers ¢ < m and j < n, the vertex w; ;
is the third one within the path of size two joining both vertices u; and v;.
Similarly, for each non-negative integer k < n — 1, the vertex wgyk 41 is the
third one within the path of size two joining both vertices vy and vgyi. In
particular,

d(u;) =d(vj)) =m+n-—1 and d(w; j) = d(w), 1) =2

for all non-negative integers i < m, j < n and k < n—1. Hence, 6(C(F,,.)) =
2 and A(C(Fipn)) =m+n—1

Let K¢(r,, ) and K/C(Fm 2 denote, respectively, the m- and [% ]-cliques
within the central graph C(F), ,) that are described by the set of vertices

V(Kor,,,.) = {uo, - um—1} and V(Ko )= {v%; 0<i< [gw }

From now on, and similarly to the already studied families of graphs, every
dynamic coloring of the central graph C'(Fy, ) is illustrated so that the edges
n

of the just described m- and (ﬂ—cliques are respectively highlighted with
bold and dashed lines. In addition, the vertices of the sets {uq,...,um—1},
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{vo, -y vn_1}, {wo0, -+ s Wim—1m—1}and {wp 1, ..., w, o, 1} are respectively
distinguished by means of the symbols A, ¥, e and $.

The following result establishes the chromatic number of the central graph

C(Fmn)-

Proposition 5. Let m and n > 2 be two positive integers. Then,

3,  im<[r]=2
X(C(Fm,n)) = [%W , ifm< {%] # 2,
m, otherwise.

Proof. Let us study each case separately.

e Case m < [§] =2.

Since the cycle C5 described by the subset of vertices
{vo, vov1, v1,v1v2,v2} C V(C(Fpn))

is an induced subgraph of the central graph C(F,, ), Lemma 2 implies
that 3 < x(C(Fyn,n)). This lower bound is sharp for all m < [§] = 2.
To see it, it is enough to define a proper 3-coloring ¢ of the central graph

C(Fom.,n) so that

) =i clu) =2 clv) = 5] ctwhen) =2

for all non-negative integers i < m, j < n and k < n — 1. Condition (1)
holds and hence, x(C(Fp,n)) = 3, for all m < [§] = 2. Figure 14 (left)
illustrates the central graph C(F» 4).

(
<

@ @ @ o © o @ © /e ® e ° ] °
) [0) 5} @ L] Q9 ° 0@ [ L] Qe 0@ [
° ° ° )
A BN v
o ¥ oV ¥ v
~ *
® Sl * . . ® .
~ S
v * v v e vV v e v

Figure 14: Proper 3-colorings of C(Fs4), C(F35) and C(F5.4).
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e Case m < [§] #2.
The existence of the (%W—clique K ’C( P, 888 subgraph of the central
graph C(Fy, ,,), together with Lemma 2 implies that {%1 < X(C(Fm.n))-
In order to prove that this lower bound is reached, we define a proper
[ %]-coloring ¢ of the central graph C(Fy, ) so that

311, a1 [4]) < [3] 1,
clwi) =1 (+Dmod |3],  iri<[3]-1=}

(2] +1) mod [%], otherwise.
c(u;) =1, c(vj) = BJ and C(w;c,k+1) = [%—‘ -1

for all non-negative integers i < m, j < n and k < n — 1. Condition (1)
holds and hence, x(C(Fnn)) = [%], for all m < [2] # 2. Figure 14
(center) illustrates the central graph C'(Fs5).

e Case m > [§].
The existence of the m-clique K¢(r,, ) as a subgraph of the central
graph C(Fy, ), together with Lemma 2 implies that m < x(C(Fp,..)).
In order to prove that this lower bound is reached, we define a proper
m-coloring ¢ of the central graph C(F,, ) so that

c(u;) =i c(wi ;) = moh e
i) =1, i.j) = (L%J +1) mod |%|, otherwise.

c(v;) = BJ and c(wy pq) =m—1,

for all non-negative integers ¢« < m, j < n and k < n — 1. Condition (1)
holds and hence, x(C(F,,n)) = m, for all m > [§]. Figure 14 (right)
illustrates the central graph C(F3 4).

O

The following result describes a pair of sharp bounds for the case r > 1.

Proposition 6. Let m, n and r be three positive integers such thatn > 2 and
r > 1. Then,

m+mn < XT(C(an)) <

s

n+ 2, ifm=1,
2m+n—1, ifm> 1.
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The lower bound is reached whenever r < max{m,n}, whereas the upper bound
is reached whenever r > A(C(Fy,.1)).

)

Proof. Throughout the proof, let ¢ denote an r-dynamic proper x,(C(Fp, »n))-
= for

coloring of the central graph C(Fy,,). Since d(w; ;) = d(wy, ,4,) = 2,
every non-negative integers ¢ < m, j < n and

{c(ug), -y e(tm=1),c(vo),...,c(vp—1)}

is formed by m + n distinct colors. Hence, m +n < x,(C(Fi.n)). In order to
prove that this lower bound is reached whenever r < max{m,n}, the following
two cases arise.
e Casem <n.
Let the map ¢ be defined so that

c(u;) =1, c(w; ;) =m+ ((7 + 1) modn),

c(vj)=m+j and c(wy g11) =0,

for all non-negative integers i < m, j < n and k < n — 1. Condition (1)
holds and hence, x,(C(Fy,,n)) = m + n. Figure 15 (left) illustrates the
case (m,n) = (1,4).

Figure 15: r-dynamic proper colorings of the central graphs C(Fi4) and
C(Fy3), for all r € {2,3}.

e Casen < m.

Let the map ¢ be defined so that

m+ ((j +1)modn), ifi=0,
(i + 7+ 1) modm, otherwise.

c(ui) =14, clwij;)= {
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c(vj)=m+j and c(uz;c’kﬂ) =0,
for all non-negative integers i < m, j < n and k < n — 1. Condition (1)
holds and hence, x,(C(Fin.n)) = m+n. Figure 15 (right) illustrates the
case (m,n) = (4, 3).
Now, in order to deal with the upper bound, Lemma 1 enables us to focus
on the case r = A(C(F,,n)). The following two cases arise.

e Case m = 1.
Condition (1) implies that the set {c(wg;),...,c(w;,_5,_1)} is formed
by, at least, two distinct colors. Since one of them may coincide with
¢(up), and none of them belongs to the set of n distinct colors {c(vp), .. .,
c(vn—1)}, we have that n+2 < xa(c(F,..)) (C(Fm.n)). In order to prove
that this lower bound is reached, let the map ¢ be defined so that

c(ug) =0, clwoy)=j+2, clv)=j+1
and
0, if kK =n (mod?2),
c(w;c,k+1) = .
n+1, if k#n(mod2).
for every pair of non-negative integers j < n and k < n — 1. Condition

(1) holds and hence, xa(c(F,.,.)(C(F1,n)) = n + 2. Figure 16 (left)
illustrates the central graph C(F 4).

® o)
® ) N
A N o
SO Qo
* T e
\V .............

Figure 16: r-dynamic proper colorings of the central graphs C(F,, ), for all
r>m+n—1, with (m,n) € {(1,4), (4,3)}.

e Case m > 1.
For each non-negative integer j < n, since |¢(N(v;))| = d(v;) = m+n—1,
Condition (1) implies that the set {c(wo ;),. .., c(wm—1,)} is formed by
m distinct colors, none of them in the set

{c(ug), -y e(tm-1),c(vo),...,c(vp—1)}
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except for
{e(v)}, if j =0,
{C(’Uj_l)7 C(Uj+1)}, if 0 < j <n-— 1,
{c(vn—2)}, if j=n—1,

As a consequence, 2m+n—1 < XA (F,.0)) (C(Fm,n)). In order to prove
that this lower bound is reached, let the map ¢ be defined so that

c(wi ) =
m+7j+1, ifi=0and j <n-1,
2m +n — 2, if (i,7) = (0,n — 1),
m+n—2, if (i,7) = (m—1,n—1),

m+n+ ((i+j—1)mod(m —1)), otherwise.

0, if kis even,

i) = " - ) = ] d / =
c(u;) =14, c(vj)=m+j an c(wk,kﬂ) { L i kis odd.

3

for all non-negative integers ¢ < m, j <n and k < n — 1. Condition (1)
holds and hence, xa(c(r,,.,.))(C(Fi,n)) = 2m +n — 1. Figure 16 (right)
illustrates the case (m,n) = (4, 3).

O

As an immediate consequence of Propositions 5 and 6, the following result
establishes the r-dynamic chromatic number of the central graph C(F} ).

Theorem 3. Let n > 2 and r be two positive integers. Then,

3, if r=1 and n € {3,4},
51, ifr=1andn >4,
n+1, if2<r<n,

n+2, otherwise.

XT(C(FLn)) =

6 Dynamic coloring of the line graph of a fan graph

Let us finish this paper by dealing with the r-dynamic chromatic number of
the line graph L(F,, ). Its set of vertices is V(L(Fy, n)) = E(F,n) and its
set of edges is
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E(L(Fm,n)) =

{(wvj)(uvg), (wv;)(vv;): 0<i,l<m, and 0 < j, k <n}
U {(uiv;)(vj—1v5), (wv;)(vjvj41): 0<i<mand 0 < j <n—1}
U {(usv0) (vov1), (wivn—1)(0n—2vn—1): 0 <1i< m}.

For all non-negative integers i < m, 7 < n and k < n — 1, we have that

-1, ify -1
d(ul'l}]):{ m+n Y 1 ] E{O,n }7

m+n, otherwise.
and
2m+1, ifke{0,n— 2},
d(viv =
(VEVE+1) { 2m + 2, otherwise.
Hence,
S(L(Fn)) = i
m-+n—1, otherwise.
and

m+n, ifm<n-—2,

2m + 2, otherwise.

A(L(me)) = {

Further, let Kp(p,, ) and K’L(Fm 2 denote, respectively, the n- and (m + 2)-
cliques within the line graph L(F,, ») that are described by the sets of vertices

V(KL(me)) ={ugv;: 0 < j<n}

and
V(K/L(Fm,n)) = {wov1, viva, wvy: 0 < i < m}.

Again, similarly to the previous sections, every dynamic coloring of the line
graph L(F,, ) is illustrated from now on so that the edges of the just described
n- and (m+2)-cliques are respectively highlighted with bold and dashed lines.
Their corresponding vertices are respectively distinguished by means of the
symbols A and ¥. The following result establishes a pair of sharp bounds for
the r-dynamic chromatic number X, (L(Fi,.n))-

Proposition 7. Let m, n and r be three positive integers such that n > 2.
Then,

m-n+2, ifn=3,

max{m + 2,n} < xr(L(Fmnn)) <
{ } <X (L(Finn)) {m«n+3, otherwise.
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The lower bound is reached whenever r < max{m + 2,n}, whereas the upper
bound is reached whenever r > A(L(F),.)).

Proof. The lower bound holds straightforwardly from Lemma 2, once it is
noticed, for instance, that both cliques Kp(f,, ) and K ’L( ., are subgraphs

of the line graph L(F,, ). In order to prove that this lower bound is reached
for every positive integer r < max{m + 2,n}, it is enough to consider the
proper coloring ¢ of the line graph L(F}, ,) such that

c(uvj) = (1 + j) mod max{m + 2,n}
and
c(vgvgs1) = (m+ k + 1) mod max{m + 2,n},

for all non-negative integers i < m, j <n and k < n — 1. Condition (1) holds
and hence, x,(L(F.n)) = max{m + 2,n}, whenever r < max{m + 2,n}.
Figure 17 illustrates the case (m,n) € {(2,3), (2,4)}.

Figure 17: r-dynamic proper 4-colorings of the line graph L(F,,), for all
r < max{m + 2, n}, with (m,n) € {(2,3), (2,4)}.

Now, in order to study the upper bound, Lemma 1 enables us to fo-
cus on the case r = A(L(F,,)). Let ¢ be a A(L(F,,,))-dynamic proper
XA(L(Fp ) (A(L(Fm,n)))-coloring of the line graph L(F}, ;). In a similar way
to the proof of the upper bound in Proposition 2, we may ensure that the set

{c(upuo), - -y (Um—1Vn—1), c(vov1), c(viva)}
is formed by m - n + 2 distinct colors. Moreover, if n > 4, then the vertex vovs
requires an (m - n + 3)™" extra color. Hence,
3m + 2, if n =3,

A(L(Fmm))) 2
XA(L(F’"’"))( (L(Fin.n))) {m~n—|—3, otherwise.

In order to prove that this lower bound is reached, let the map ¢ be such that

cluvj) =i-n+j and c(vkvkt1) = m-n+ (kmod3),
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for all positive integers i < m, j < n and k < n — 1. Condition (1) holds and
hence, the mentioned lower bound is reached. Figure 18 illustrates the line
graph L(F» 4). O

Figure 18: r-dynamic proper 11-coloring of L(F% 4), for all r > 6.

The following result establishes the r-dynamic chromatic number of the
line graph L(F} ,,).

Theorem 4. Let n > 2 and r be two positive integers. Then,
5, ifn=3<r,
n, if1<r<mn,
n+1, ifr=n>4,

n+3, otherwise.

XT(L(Fl,n)) =

Proof. The case r # n follows readily from Proposition 7. Thus, let us focus
on the case 7 = n. The following three cases arise.

e Casen = 3.

Let ¢ be a 3-dynamic proper xs(L(Fi3))-coloring. Since d(ugvg) =
d(ugva) = 3, Condition (1) implies that the set {c(ugvg), c(ugv1), c(ugva),
c(vovr)} is formed by four distinct colors. In addition, since d(vovy) = 3,
Condition (1), together with the fact that the map c¢ is a proper color-
ing, implies that c(vive) € {c(uovg), c(ugvy), c(ugva), c(vovy)}. As a
consequence, ys(L(Fi.3)) = 5 = |V (L(Fy,3)).

e Casen =4.

Similarly to the previous case, we may ensure that

c(v1v2) & {c(uovg), c(ugvr), c(ugva), c(ugus), c(vovr), c(vavs)}.

In addition, since d(v1v2) = 4, it must be c(vov1) # c¢(vavs). Thus, it is
simply verified that x4(L(F1.4)) =7 =|V(L(F14))|-
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e Casen > 4.

From Lemma 1, we have that n + 1 < x,(L(F1,,)). In order to prove
that this lower bound is reached, it is enough to define the proper n-
coloring ¢ of the line graph L(F ,,) that is defined so that, for each pair
of non-negative integers j < n and k < n — 1, we have that

) n, if ke {0,n—2},
c(uovj) = and  c(vgv =
(uovy) = J (Vik+1) { (k—2)modn, otherwise.
Condition (1) holds and hence, x,,(L(F1,)) = n + 1, for every positive
integer n > 4. Figure 19 illustrates the line graph L(F} ).

O

Figure 19: 6-dynamic proper 7-coloring of the line graph L(F} ¢).

7 Conclusion and further work

This paper has delved into the dynamic graph coloring problem by focusing on
the study of the fan graph F, ,, and four related families of graphs: The middle
graph M (F,, ), the total graph T'(F), ), the central graph C(F), ,) and the
line graph L(F,, ). Particularly, we have established the exact value x,(Fi.n)
(see Proposition 1) and sharp bounds for each one of the four mentioned
families (see Propositions 2, 4, 5, 6 and 7).

Moreover, we have determined the exact r-dynamic chromatic number for
each one of the previous four families in case of dealing with the case m = 1
(see Theorems 1, 2, 3 and 4). In this regard, our results generalize the partial
ones described in Lemma 3, which were obtained by Mohanapriya et al. in [23].
The study of exact values for the case m > 1 is established as further work.
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Let us also remark that the fan graph F}, ,, constitutes the join product
of a path of order n with a set of m isolated vertices. As such, this paper
contributes to solve the dynamic graph coloring problem of graph products,
which is receiving particular attention in the recent literature [6, 8,15, 17].
The study of the r-dynamic chromatic number of the join product of any two
graphs is established as further work. The methodology here described may
be a starting point to this end. In a similar way, the study of the dynamic
coloring problem of middle, total, central and line graphs of other types of
graphs has also particular interest for the continuation of this paper.
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