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IIT for dipolar bodies
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Abstract

In our study we formulated the mixed initial boundary value problem
corresponding to the thermoelasticity of type III for bodies with dipo-
lar structure. In main section we approached four qualitative results
regarding the solutions for this problem. In two of these (in the first
two theorems) we obtained two results of uniqueness, proved in differ-
ent ways. Also, we proven two results which show that the solutions of
the considered problem depend continuously with respect to the supply
terms. We use different procedures in the two theorems on continuous
dependence, but we essentially rely on the auxiliary results from Sec-
tion 3 and Gronwall-type inequalities. It is important to emphasize that
all results are obtained by imposing on the basic equations and basic
conditions, average constraints that are common in the mechanics of
continuous solids.

1. Introduction

In our study we approach the thermoelasticity of type III for bodies having
a dipolar structure, starting from the theories proposed by Green and Naghdi
in [1-3].
Specific to this type of thermoelesticity is the consideration of a new inde-
pendent variable, denoted by 6, which is called the thermal displacement and
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which is introduced by means of the variation of the absolute temperature 7',
using the relation:

6="T. (1)

After the appearance of this thermoelasticity theory of type III, the researchers
have shown great interest in this theory. Many studies with this topic have
been published, among which we mention the works [4-7]. There are studies
that address the problem of the uniqueness of the solution of the mixed prob-
lem as well as the continuous dependence of the solutions, as we did in the
present study. But in other studies the bodies are generally isotropic, which
allows to apply the logarithmic convexity method or the Lagrange identity
method, both to obtain the uniqueness as well the continuous dependence re-
sults, see for instance, [8]. However, in the case of dipolar bodies approached
in the context of thermoelasticity of type III, there are no results either in
terms of uniqueness or in terms of continuous dependence.

It should be noted that this type of structure is a part of such called non-
classical theories, namely the theories of materials having microstructure. One
of the pioneers of these theories is Eringen (see, for instance, [9], [10]). The
dipolar structure has attracted the attention of many researchers, the impor-
tance of this type of structure can be deduced in the base of the large number
of published studies dedicated to this topic, of which we can mention [11-13].
We consider our study as a modest continuation of these concerns.

The plane of our study is as follows. In Section 2 we summarize the main
equations, the initial conditions and the boundary data of the mixed problem.
In Section 3 we prove some results, more precisely four inequalities of integral
type, useful for the basic results. Section 4 is devoted to the main results of
our paper last part of our study we prove the , namely two results on unique-
ness for the solution of the mixed problem and two theorems regarding the
continuous dependence of solutions with regards to the supply terms

2. Basic equations and conditions

Our study is dedicated to a dipolar body in the context of the thermoelas-
ticity of type III, as proposed by Green and Naghdi. This body is considered
by non-homogeneous and anisotropic which occupies a specific regular region
D, as a apart of the three-dimensional Euclidean physical space E3. The bor-
der of the domain D is denoted by 0D and is assumed be piecewise a surface,
enough smooth. Let us denote by D the closure of D and, of course, we have
D = DUJD. An orthonormal system of references is introduced and then
tensors and vectors have components with Latin subscripts over 1,2,3. The
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Einstein convention for summation is implied. A superposed dot for a func-
tion f means the partial derivative of f with respect the time variable and the
writing f,¢ is for partial derivative of f with respect to the spatial variable
x;. To characterize the behaviour of a dipolar thermoelastic we will use in our
study the following functions:

vp(t, ), dri(t,x), T(t, ), (t,x2) € D x [0,%),

that is, the displacement vector, the dipolar displacement vector and the ab-
solute temperature.

With the help of the variables vy (¢, x), ¢gi(t,z), we can define the deforma-
tion tensors, having the components ey, kr; and x;jr, as well the thermal
displacement gradient of components «;, as follows:

1
k=5 (Vi + V) 5 Bkl = Ukt — Okls Xkt = Pkijr Ok = Ok (2)

We consider the linear theory of the thermoelasticity of type III for dipolar
bodies. As such it is natural to take the internal specific energy is a form
with quadratic terms regarding its specific variables. Consider that in the
initial state of the body, the internal energy is e. According to the energy
conservation principle, we expand the function e in series and take into account
only the terms of first and second order.

Considering that the initial state of the body is free of charges, we can write
the internal energy is of the following form ((see [12])):

pe = iAklmneklemn + Dklmneklﬂmn + Fklmnrelemnr +
1 1
+§Bklmn"$kl"€mn + lemnrﬁlemnr + ickljmnTXklemnr + (3)
1 1
+(Primert +Qrim Kkt + Riinm Xkin) Cm + §Kmnaman + §CT2'

As a consequence, the Helmholtz free energy H receives the form:
pH = %Aklmneklemn + Drimn€ribimn + Frimnresi Xmnr +
+%Bklmnﬁklﬁmn + Grimnr Kk Xmnr + %Ckljmanklemnr + (4)
+(Primert +Qrim bkt + RitnmXkin) Cm + %Kmnaman —

1
—agiep T — bk T — crijxr T + dpogT — §CT2.

We will use this form of the Helmholtz free energy in the inequality of entropy
production in order to obtain the basic relations that characterize the the
thermoelasticity of type III for dipolar bodies, namely (see [15], [19]):
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- the motion equations:

(Tre +1w1) ; + Sk = Pk,
Wikl + Mk + PGjk = I v (5)

- the equation of energy:

,OT()S = Qm,m T pr- (6)

By using the same entropy production inequality, we can also deduce the
constitutive relations. These relations are for the expression of the stress
tensors of stress as functions depending on the strain tensors. So, if we write
the elements of the tensors of stress as 7y, i and pjr, then the constitutive
equations give the connection between these tensors and the strain tensors ey,
Kkly Xjki-

Our approach is based on specific technique that are used by Green, Rivlin in
paper [12], so that starting from the free energy of Helmholtz defined in (4)
we get the following constitutive relations:

ow
Tkl = gkl = Arimnemn + Dimnkifmn + FrnrkiXmnr + PrimQm — ag0,
Nkl = aTkl = Dklmnemn + Bk:lmn"{mn + lemanmnr + lemam - bk:l97
ow
Mkl = Oint = Firimnemn+Gmnjkibmn+Cikimnr Xmnr + RjkimQm —cjub, (7)
J
ow
S = g = CkiCkl + brikkl + CikiX ikt — AdmQm + T,

that take place in cylinder D x [0,%). By S we denoted the specific entropy
in unit mass.

For the components ¢; of the entropy flux vector we have the following con-
stitutive relation:

Gm = Primer + Qrimbrr + RiinmXkin + Knmon + dp T+ Ky, (8)

where K,,,, is the heat conductivity tensor which is symmetric and satifies the
following dissipation inequality:

K s Gt Gt > 0. (9)

The semnifications of the notations which we have used in previous relations is
the following: p-the density of mass, supposed be constant; Ij;-the microiner-
tia, which is a symmetric tensor; fi-the external body forces; g;,-the external
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dipolar charges; r-the externalrate of supply of heat; Agimn, Brimn, -, Gki-
the constitutive coefficients that characterize the material properties of the
material from the elasticity point of view and which satisfy the relations of
symmetry that follows:

Aklmn = Alkmn = Amnkl7 Cjklmnr = Cmnrjkla
Brimn = Bunkt, Fikimn = Fijkinm, Diimn = Diinm, (10)
Kmn = BDnm, Pklm = -Plkm7 Qmn = Anm, :Kmn = :Knm

To simplify writing, in the following we will consider that the domaun D is
occupied by a centrosymmetric body.
Consequently, we have:

Pk'lm = lem = Rklnm = dm =0. (11)

Considering the constitutive relations (7) and (8) and the kinematic equa-
tions (2), the basic equations (5) and (6) are transformed in system of partial
differential equations of the following form:

ok = [(Crimn + Grimn) Un,m + (Gmnij + Brimn) (Un,m — Gmn) +
+ (Fimnrij + Ditmnr) $nr,m — (ake + bit) 0], + pfr,
Iir&tr = [FjkimnVn.m~+Dmnjkt (Vnm — Gmn) + AktjmnrGnrm — ki) 4t (12)
+GjkmnVm,n + Bjkmn (Vn,m— Omn )+ Djkmnr @nr.m—bjk0 + pgi,

T = — [akﬂ'fz,k + b ('[)l,k — ¢kl> + Cjkl(lgkl,j] + (KmnT7 n+ KpnT, n)

,m

Regarding the system of differential equations (12), we will construct a mixed
problem with boundary and initial data. For this purpose, we will add the
next boundary relations:

vp(t,x) = ?k(t,xL (t,x) € S1 x [0,00), ti(t,z) = ti(t,x), (t,z) € ST x [0,00),
QSkl(t,m):(likl(tl'), (ta x)GSQ X [ano)’mkl( 7m) M ( )7 (tvm)ESQ [0700)7 (13)
T(t,z) =T(t,x), (t,z) € S5 x [0,00), ¢(t,z) = G(t,x), (¢t,z) € S5 X [0, 00).

Here O (t, ), tx(t, @), ri(t,x), mp(t,z), T(t,x) and G(t,z) are given and
regular functions on their domains of definition.
Also, we considered the surface tractions of components t;, the surface couple
of components 1, and the heat flux ¢ defined by

b = (Tht + k1) Nk, Mit = Wjrany, ¢ = Qe

where we denoted by n = (ny) the normal that is oriented outward of the
boundary 9D.
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In (13) we used the surfaces Sy, S, S5 and their complements S§, S§, S§
which are subsets of the surfaces 0D which meet the conditions:

S1USS =S, U85 =S5U 85 =aD,
S1NS{ =S8N85 =S53N855=0.

We also consider the initial conditions:

'Uk(.oﬂx) = ’l}g(.’b), Ok(ovx) = Ué(i), ¢kl(07$) = ¢2l(x)a
dr1(0, ) = o1, (2), T(0,2) = T%(x), T(0,2) = T (), = € D. (14)

Here the functions v (z), vi(x), ¢%,(z), ¢5;(x), T°(x) and T (z) are continu-
ous and prescribed in their domains of definition and are in accordance with
relations (13) on the corresponding subsurfaces of 9D.

In the following we will use the notation P for the mixed problem consists
of the system of equations (12), the boundary conditions (13) and the initial
conditions (14).

3. Auxiliary results

First, we will establish some estimations regarding the solutions u = (v, ¢, T)
of the mixed problem P.

Proposition 1.. Suppose that the array u = (v, o1, T) satisfies the mized
problem P. Then, we have the following identity:

pfx0k + Tnigrsus + prT + [(Tkl + ) O + ujkzéjk + QzT} =

)

% (;kavk + Ijk¢jm¢km + pe) + :Kmndmdn' (15)
Proof. This identity is obtained by direct calculations, taking into account

the equations of motion (5), the energy equation (6) and the expression of the

internal energy e which is defined in (3). ®

In the following we will have some integrals for which the integration domain

is of the form D(t). This means that the evaluation of the quantity under

integral is made at time t.

As a measure of the deformation, we will can use the following function:

1 .. . .
M) = / <kavk + Lk ®jmPrm + pe) dv +
D) \2

t
v / Ko o e dV . (16)
0 JD(7)
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In the following proposition we will prove a conservation law relative to the
measure defined (16).

Proposition 2.. The following conservation law takes place:
t .
M(t) — M(0) = / / (Pfk@k + TkiGrsPrs + PTT) dvdr +
0 JD(7)

t
+/ / . {(7’1«1 + Mkt) Dk + kb + QZTW} dAdr. (17)
0 oOD(T

Proof. This important conservation law can be immediately obtained
by integrating the identity (15) on the cylinder [0,¢] x D(t) and using the
divergence theorem and the initial conditions (14). B
We can prove the next results only if we impose some conditions. So, we
suppose that ¢, which is the specific heat, is strictly positive, the mass density
p is strictly positive, the heat conductivity tensor X,,,, is positive definite and
the internal energy e is positive, that is:

c>0, p>0;
ArtmnTriTmn + 2DkimnTriYmn + 2Fkimnr TriZmnr + BrimnYriYmn+
LG rimnr Ykt Zmnr + Chijmnr 2kij Zmnr +2 (Prim @kt + Qrim Ykt + Rtnm Zkin ) umt  (18)
+ K nUm tin +cw® >0, VZmn = Tnm, Ymn, Zmnr, Um, W;
Kmn€m&n = ko€m&m, VEm.

Here we denoted by ky an appropriate positive constant which is related to
the minimum eigenvalue of the tensor K,,,.
The next two inequalities are useful in proving the main results.

Proposition 3.. Assume that o, (t, ) is a function of class C* regarding the
time variable t and satisfies the condition:

am(0,7) =0, Vz € D. (19)

Then we can find a constant by > 0 such that it is fulfilled the next inequality:
t
/ / Krn O Oen dVdT > by Kpnma,dV, Yt > 0. (20)
0 JD(r) D(t)

Proof. First, because the function a,,(t,) is of class C!, regarding the
variable ¢, based on (19), we can find ¢; > 0 so that:

am(t,z) =0, V(t,z) € [0,¢1] x D. (21)
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We will prove the inequality (20) by reducing it to the absurd.
With other words, we suppose that the inequality is false on the interval
(tl,t2)7 to > tq, i.e.

t
/ KnnQm e, dVdr < bl/ K Qe dV, ¥t € (t1,12), (22)
0 JD(r) D(t)

such that we can deduce that:

KmnQma,dV >0, YVt € (tl,tg) . (23)
D(t)

Also, taking into account (21) and the Chauchy-Schwarz inequality, we deduce:

t
/ K mondV = KnQman,dV + 2/ / KnCman,dVdr <
D(t) D(t) t1 J D(T)

t 1/2 t 1/2
<2 / Ko, Ct, O, dV dT / / Kon o, dVdr ,
t1 D(T) t1 D(T)

and from this we obtain a Gronwall-type inequality:
t

Ko Om 0, dV < 4bq / Kinnma, dVdr, Yt € (t1,t2) . (24)

D(t) t1 J D(1)

If we derive in (24), we obtain

d t
— / Kinoman,dVdr | < 2by Knaman,dVd,
dt \ Ji, Jp) D(t)
from where we arrive to the conclusion that:
t
/ KimnQmoa,dVdr =0,
tq D(T)

such that, based on (18)3, we contradicted (23).
Given the start of the demonstration, we deduce that the inequality (20) is
true. W

Proposition 4.. For any solution u = (vg, ¢ri, T) of the initial boundary
value problem P, then takes place the next inequality:

/ [Aklmneklemn + 2Dpimneribmn + 2F pimnr €kt Xmnr+
D)

+Bklmn’$kl’$mn + Qlemnrﬁlemnr + Ckljm,nTXklemnr + (25)
+2 (Primert +Qrim bkl + RitnmXkin) Cm + Kpnaman] dV +

t
+2/ / Komn G G dVdr > 0.
t1 J D(T)
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Proof. Let us consider the aritmethic-geometric mean inequalities in the

following form:
Y
ab< = [
<l trr)

for suitable chosen parameters p.
We will this inequality for each product from the expression

(Prime€ri+Qrimbki + Riinm Xkin) Om

that appears in (25).

By conveniently choosing the parameters p, with this inequality and the Cauchy-
Schwarz inequality, we can raise this product with terms in which only the
elasticity tensors appear. In this way, we find the positive constants C; and
Cy for which we have:

/ [Aklmneklemn + 2Dklmnekl’$mn + 2Fklmn7‘elemnr+
D(t)

+Bklmnﬂklﬂmn + Qlemnrﬁlemnr + Ckljmanklemnr +
+2 (Pklmekl_Flem”fkl+Rkln'kaln) (6779) +Kmna'man] dv +

t
+2 / Ko indV dr > (26)
t1 D(T)

Z C'1 / [Aklmnek:lemn + 2Dklmnekl"£mn+
D(t)
+2Fklmnrelemnr + Bklmnﬁklﬁmn + 2lemnrﬁlemm" +

+Ckljmn7"Xklemnr] av + CQ :Kmnamandv~
D(t)

If we take into account the hypotheses (18), from (26) the desired inequlity
(25) is obtained and the proof of proposition is completed. ®

4. Main results

Our following main results are based, for the most part, on the auxiliary results
from previous section. In the first two theorems we prove in two different ways
the uniqueness of the solution of the mixed initial boundary value problem P.

Theorem 1.. We assume that the hypotheses (18) are satisfied. Then the
mized problem P admits only one solution.

Proof. Since the problem P is linear, the difference of its two supposed
solutions is also a solution, but which correspond to null initial data and
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homogeneous boundary conditions. Then, based on the proposition 2, we
deduce:

1 . t
/ (m’zm - Lipsjmm + pe) av + / / Ko dV dr = 0, (27)
D) \2 o Jp)

so that, considering the hypotheses (18), we obtain:
O (t, ) = 0, Gpn(t,z) =0, V(t,x) € [0,00) x D, (28)

and from this we deduce

Um(tvx) =0, ¢mn(tax) =0, V(t,x) € [0,00) x D, (29)

because the initial data are null.
On the other hand, if we take into account Eqgs. (16), (27) and (28), we are
led to the identity:

t
/ 1 (cT? + Kmnamon) dV + / KomnCmndVdr = 0, V(t,z) € [0,00) x D,
D) 2 0 JD(r)
from where, based on the hypothese (18), we deduce
T(t,z) =0, V(t,x) € [0,00) x D. (30)
Considering (29) and (30), the proof of Theorem 1 is complete. B

Theorem 2.. We assume that the hypotheses (18) are satisfied. Then the
mixed problem P admits only one solution.

Proof. The result can be obtained as a consequence of the Proposition 3
and the Proposition 4. The difference of two solutions of the problem P is also
a solution, but corresponding to null initial data and homogeneous boundary
conditions. As a consequence, we have

M(t) = 0, ¥t € [0, 00),

the function M (t) being defined in (16).
Based on (16), (18)-(20) and (25), we get

(’Ok’v Q.sklaT) (t,l’) = 07 V(t,I) € [07 OO) X Dv
so that, considering the null initial data, we deduce
(vkv ¢klaT) (tvx) = Oa V(t,:L’) € [07 OO) X Da

and this ends the proof of Theorem 2. R
Our next main results are regarding the continuous dependence of a solution
of the mixed problem P regarding the supply terms.
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Theorem 3.. We assume that the hypotheses (18) are satisfied and consider
the homogeneous form of the boundary conditions (13). Then, for any solution
(v, k1, T) of the mized problem P, we have the following estimate:

1/t 1
3 // p(fkfk+gklgkl+7'2) avdr
0JD(r) C

Proof. Taking into account the null boundary data and using the Cauchy-
Schwarz inequality in (17), we deduce

1/2

[M(2)]'/2 <[M(0)]'/2+ V>0, (31)

M(t) < M(0) +

1 1
t 1 2 ) ) 2
+/ </ P(fkkargklglir*T'Q) dV) (/ (POk DK+ Tk1 Pom Pim + CT2)dV) dr (32)
0o \/D(r) ¢ D(r)

If we take into account (16) and (19), from (32) we deduce the following
Gronwall inequality

. 1/2

M(t) < M(0) +/0 <2M(T) /D( )P(fkfk+gkzgkz+i7’2>dv> dr.  (33)
Now, we can use Gronwall’s lemma so that we arrive at the estimate (31),
which concludes the proof of the theorem. B
Before we approach our last result, we must specify that the result is valid only
in the situation where S3 = 9D, as such S§ = (), that is, the whole boundary
surface is thermally insulated.
Let us denote by Py the particular form of P which respect this situation.
According to Egs. (5) and (6), the supply therms are (fi, gk, 7).
To simplify writing, we introduce the following notations:

2

F(t) = (/0 /ID(T)P(fkfk-i-gkzgkz)dVdT) ,

t s
R(t) = / / / p*ridVdrds, (34)
0o Jo JpD(r)

2

G(t) = 2R(t) + 2 ( /0 t F(T)dT) ,

w = _/max|c|.
D

Theorem 4.. We assume that the hypotheses (18) are satisfied and consider
the homogeneous form of the initial conditions (13). If (vk, ¢r1,T) is a specific
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solution of the particular problem Pq for which the following conditions are
met:

/ e" W2 G(t)dt < o0,
lim e~ 72 /M (35)

t—o0

then we obtain the next estimation:

t e}

0< | M(r)dr<— [ e 32G(r)dr,Vt > 0. (36)

Proof. First, taking into account the hypotheses (18), fom (16) and (26)
we find:

t 1 o o
/ M(r)dr > 5/ (kavk + Ijk¢jm¢k:m) dv +
0 D(t)
1 t s
= / / Ko CemindVdrds > 0, Yt > 0. (37)
D(r
Also,
t —
/ M(r)dr =0, ¥t > 0 = (g, du, T) (£, 7) = 0, ¥(t,7) € [0,00) x D. (38)
0

Considering (16) and (26) we can obtain the estimate:

1 t
t)> = / / T?ddVT. (39)
2 Jo Jpr)

But we considered the case of null initial and boundary data, so that from
(19) we can write

/M )dT) // —cT?dVdr +
D(T)

Jr/ / / p et + Tngrsrs + prT) dVdrds, vVt > 0.  (40)
0 D(T)

Here, we take the aritmethic-geometric mean inequalities in the same form as
that proposed in Proposition 4, the Cauchy-Schwarz inequality and the the
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estimate (39) so that we obtain:

/0 CM(r)dr) < w? / / / Koo e dV d7ds + R(t) +
+/ (/ /D(T pvkvk—l—I]kgbjmgbkm) dVdT) ds,

that can be reformulated as:

t 1 t S
/ M(r)dr) < wPM () + / / Ko omindVdrds + R(t) +
0 D(r)

t /2,
+ (/0 /D(T) (pizkbk + Ijkq.sjm(lgkm> dVdT) /o F(r)dr. (41)

From (41), by using the aritmethic-geometric mean inequalities, we deduce
t
/ M(r)dr) < w?M(t) + R(t) +
0

1 [t o .
+5 / / (pvkvk + Ijk¢jm¢km) AVdr + (42)
0 JD(r)

1 t S
41 / / Koo endV drds.
4 Jo Jo Jp

If we analyze the estimates (37) and (42) we come to the conclusion that:
¢
/ M(r)dr) < w?M(t) + G(t), ¥t >0,
0

or, in another form, we have

d oo [ |
— T 2w?2 —_— T 2w? > > 0.
w7 (e 2 /0 M(7)dr + 50 /0 ez G(T)d’l’) >0, Vt>0 (43)

Now, we take into account (35)2 as such from (42) it follows that for all ¢ > 0
we deduce
¢
T M )dT + — eiﬁG(T)dT <

0
oS

e~ 72 G(1)dr

— 2
2w 0

and from here we arrive at the estimate (36), and the theorem is demonstrated.
|
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5. Conclusions

We have considered the initial boundary value problem specific to the ther-
moelasticity of type III for dipolar materials. We then proven four ancillary
results, namely four integral inequalities, in the four propositions of the study.
In section ”"Main results” we approached four qualitative results regarding the
solutions of the above proposed problem. In two of these (in the first two the-
orems) we obtained two results of uniqueness, proved in different ways. Also,
we proven two results which show that the solutions of the considered prob-
lem depend continuously with respect to the supply terms. We use different
procedures in the two theorems on continuous dependence, but we essentially
rely on the auxiliary results from Section 3 and Gronwall-type inequalities. It
is important to emphasize that all results are obtained by imposing on the
basic equations and basic conditions, average constraints that are common in
the mechanics of continuous solids.
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