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Stochastic orders for a multivariate Pareto
distribution

Luigi-Ionut Catana

Abstract

In this article we give some theoretical results for equivalence be-
tween different stochastic orders of some kind multivariate Pareto dis-
tribution family. Weak multivariate orders are equivalent or imply dif-
ferent stochastic orders between extremal statistics order of two random
variables sequences. The random variables in this article are not necce-
sary independent.

1 Introduction

Pareto distributions are popular models in finance, economics and related ar-
eas. Also, they are used to model random variables like risk, prices or income.
Many generalized models was publised and the multivariate case is very inter-
esting. Thus, Kotz et al. (2000) offered a continous multivariate distributions
course. Weak stochastic orders (or weak hazard rate order) are equivalent (or
imply) the stochastic (or hazard rate) order between extremal order statis-
tics. Shaked and Shantikumar (2007) and Zbaganu (2004) offered results and
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a course in this field. In the multivariate case appear new stochastic orders in-
equalities with a weak form, due to P (X ≤ x) and P (X ≥ x,X 6= x). Catana
(2016) proves some results which show us important difference between uni-
variate distribution and survial functions and multivariate distribution and
survial functions. Stochastic comparisons of two random vectors have been
extensively studied and discussed in the literature. Recently, Balakrishnan et
al. (2016) and Misra and Naqvi (2018) analized different multivariate stochas-
tic orders of some family distributions.

In nature parallel and series systems are very common phenomena. Parallel
and series system are 1-out-of-n and n-out-of-n system, respectively. A k-out-
of-n systems is a system which functions if and only if at least k out of its n
components function. Stochastic comparison of system lifetimes has always
been a relevant topic in reliability optimization and life testing experiments.
Several papers have dealt with comparisons among systems (largely on the
parallel and the series) with heterogeneous independent components following
a certain probability distribution with unbounded/bounded support, such as
exponential, gamma, Weibull, generalized exponential, generalized Weibull,
beta, Kumaraswamy, or log-Lindley. Ordering of the smallest Pareto order
statistics has practical appeal. Balakrishnan et. al. (1998) offered an order
statistics course. Samaniego (2007) also offered a system signatures course.

The multivariate Pareto distribution which we work in this article was
proposed by Mardia (1962) with the joint density function

fX(x1, x2, ..., xn) = a(a+ 1)...(a+ n− 1) ·
(

n∏
i=1

bi

)−1
·(

n∑
i=1

xi

bi
− n+ 1

)−(a+n)

· 1(b1,∞)×...×(bn,∞) (x1, x2, ..., xn) ,

xi > bi > 0, a > 0.
Arnold (1983) observed that the survial function of this distribution is

P (X ≥ x) =

(
n∑

i=1

xi

bi
− n+ 1

)−a
, xi > bi > 0, a > 0.

By the survial function continuity of this distribution it results P (X ≥

x,X 6= x) =

(
n∑

i=1

xi

bi
− n+ 1

)−a
.

Also, Arnold and Pourahmadi (1988) and Wesolowski and Ahsanullah
(1995) presented some results for this distributions when (b1, ..., bn) = (1, ..., 1) .

Preda et. al. (2016) offered a new distributions family and studied its
properties.
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Catana (2019) analized the weak hazard rate function of a bivariate uni-
form distributions family. Bancescu (2018) presented the likelihood order of
some classes of statistical distributions and Nadaralajah et al. (2017) anal-
ized different stochastic orders of smallest order statistics from some Pareto
distributions.

We present the structure of this article. In the section 2 there are presented
the preliminaries. In the section 3 we give results for different stochastic orders
between multivariate Pareto distributions. In the section 4 we prove some pa-
rameters conditions imply stochastic and hazard rate orders of smallest Pareto
statistics. In this case, the random variables are not neccesary independent.
In the last section we discuss the conclusions.

2 Preliminaries

We consider (Ω,F, P ) be a probability space, X : Ω→ Rn be a random vector
with n ≥ 2. For a random vector X we consider µX(B) = P (X ∈ B) be its
distribution on (Rn,B(Rn)), FX(x) = P (X ≤ x) its distribution function and
F ∗X(x) = P (X ≥ x,X 6= x).

If X : Ω→ R is a random variable, we consider FX(x) = 1− FX(x).
If X has density, we denote fX its density function.
For n ≥ 1, if F ∗X (respectively FX) is differentiable, we define the hazard

rate function r : Supp(F ∗X) → Rn, r(x) =
(
− ∂

∂xi
(lnF ∗X(x))

)
i=1,n

, where for

a function g : Rn → R, Supp(g) = {x ∈ Rn : g(x) 6= 0}.
We denote R+ = {x ∈ R : x > 0}.
For x = (x1, x2, ..., xn) ∈ Rn, with x(1) ≤ x(2) ≤ ... ≤ x(n), we denote x(i)

is the i-th ordered number.
Definition. (Shaked et al., 2007) Let x, y ∈ Rn. We say x is smaller

than y (and denote x ≤ y) if xi ≤ yi ∀i ∈ {1, 2, ..., n}.
Definition. (Shaked et al., 2007) Let x, y ∈ Rn. We denote min(x, y) =

(min(x1, y1), ...,min(xn, yn)) and max(x, y) = (max(x1, y1), ...,max(xn, yn)) .
Also, for x, y ∈ Rn, we denote x < y if xi < yi ∀i ∈ {1, 2, ..., n}.
Definition. We say that the positive random variable X is distributed

univariate Pareto(and denote X ∼ P (a, b) , where a, b ∈ R+) if

fX(x) = a
b

(
x
b

)−(a+1) · 1(b,∞)(x).

For x > b

FX(x) =
(
x
b

)−a
.
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Definition. We say that the positive n-dimensional random vector X is
distributed multivariate Pareto (and denote X ∼ MP (a, b) , where a ∈ R+ ,
b ∈ Rn

+) if

fX(x1, x2, ..., xn) = a(a+ 1)...(a+ n− 1) ·
(

n∏
i=1

bi

)−1
·(

n∑
i=1

xi

bi
− n+ 1

)−(a+n)

· 1(b1,∞)×...×(bn,∞) (x1, x2, ..., xn)

For x1 > b1, ..., xn > bn

F ∗X(x1, ..., xn) =

(
n∑

i=1

xi

bi
− n+ 1

)−a
.

Remark. If X ∼MP (a, b) then Xi ∼ P (a, bi) .
For completeness we present definition for different multivariate stochastic

orders and important results.
Definition. (Shaked et al., 2007) Let X, Y : Ω → R random variables.

We say that X is said to be smaller than Y in the
(i) usual stochastic order (written as X ≺st Y ) if FX (x) ≤ FY (x) ∀x ∈

R;
(ii) hazard rate order (written as X ≺hr Y ) if rX(x) ≥ rY (x) ∀x ∈

Supp(FX) ∩ Supp(FY ).
Definition. (Shaked et al., 2007) We say C ⊂ Rn is increasing if ∀x ∈ C

∀y ∈ Rn then x ≤ y ⇒ y ∈ C.
Definition. (Shaked et al., 2007) Let X, Y : Ω → Rd be two random

variables, d ≥ 2. We say that X is said to be smaller than Y in the
(i) usual stochastic order (written as X ≺st Y ) if P (X ∈ C) ≤ P (Y ∈ C),

for all increasing set C ⊂ Rd;
(ii) weak stochastic order (written as X ≺wst Y ) if F ∗X (x) ≤ F ∗Y (x) , for

all x ∈ Rn;
(iii) dual weak stochastic order (written as X ≺dwst Y ) if FX(x) ≥ FY (x),

for all x ∈ Rn;
(iv) weak hazard rate order (written as X ≺whr Y ) if rX(x) ≥ rY (x)

∀x ∈ Supp(F ∗X) ∩ Supp(F ∗Y );
(v) hazard rate order (written as X ≺hr Y ) if
F ∗X(x) · F ∗Y (y) ≤ F ∗X(min(x, y)) · F ∗Y (max(x, y)) ∀x, y ∈ Rn;
(vi) likelihood ratio order (written as X ≺lr Y ) if
fX(x) · fY (y) ≤ fX(min(x, y)) · fY (max(x, y)) ∀x, y ∈ Rn.
Theorem 2.1. (Shaked et al., 2007, Theorem 6.G.15., p. 315) Let X =

(X1, ..., Xn) and Y = (Y1, ..., Yn) be two nonnegative random vectors. Then
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(a) X ≺wst Y if, and only if, min (a1X1, ..., anXn) ≺st min (a1Y1, ..., anYn)
whenever ai > 0, i = 1, 2, ..., n.

(b) X ≺dwst Y if, and only if, max (a1X1, ..., anXn) ≺st max (a1Y1, ..., anYn)
whenever ai > 0, i = 1, 2, ..., n.

Theorem 2.2. (Shaked et al., 2007, Theorem 6.D.7., p. 294) Let X =
(X1, ..., Xn) and Y = (Y1, ..., Yn) be two nonnegative random vectors. If
X ≺whr Y, then min (a1X1, ..., anXn) ≺hr min (a1Y1, ..., anYn) whenever ai >
0, i = 1, 2, ..., n.

It is well known (Shaked et al., 2007):

≺st⇒ ≺wst,≺dwst,
≺hr⇒ ≺whr⇒ ≺wst

and

(X1, ..., Xn) ≺st (≺wst,≺dwst) (Y1, ..., Yn)⇒ Xi ≺st Yi,
(X1, ..., Xn) ≺whr (Y1, ..., Yn)⇒ Xi ≺hr Yi.

Theorem 2.3. (Shaked et al., 2007, Theorem 6.E.6., p. 300) Let X =
(X1, ..., Xn) and Y = (Y1, ..., Yn) be two random vectors. If X ≺lr Y then
X ≺hr Y.

Theorem 2.4. (Shaked et al., 2007, Theorem 6.E.8., p. 301) Let X =
(X1, ..., Xn) and Y = (Y1, ..., Yn) be two random vectors. If X ≺lr Y then
X ≺st Y.

Definition. A function K : Rn → [0,∞) is said to be multivariate to-
tally positive of order 2(MTP2) if K(x) ·K(y) ≤ K(min(x, y)) ·K(max(x, y))
∀x, y ∈ Rn.

Theorem 2.5. (Shaked et al., 2007, Theorem 6.D.1., p. 290) Let X =
(X1, ..., Xn) and Y = (Y1, ..., Yn) be two random vectors with common support
S which is a lattice. If F ∗X or F ∗Y is MTP2, then X ≺whr Y ⇒ X ≺hr Y.

Remark. For X = (X1, ..., Xn) and Y = (Y1, ..., Yn) be two random
vectors with common support S which is a lattice and fX (x) ·fY (y) ≤ fX (y) ·
fY (x) ∀x, y ∈ Rn x ≥ y. If fX or fY is MTP2, then X ≺lr Y.

(It is a same argument as the proof of theorem 2.5.)

3 Main results

Lemmas 3.1 and 3.2 give equvalence between usual stochastic order, hazard
rate order and distributions parameters of univariate Pareto distributions.
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Theorems 3.3 and 3.4 give implications between weak stochastic order and
parameters of multivariate Pareto distributions.

Lemma 3.1. Let X ∼ P (a, b) and Y ∼ P (c, d). Then X ≺st Y ⇔one of
the conditions is hold:

(i) a = c and b ≤ d;

(ii) a > c, b ≤ d and d ≥
(
ba

dc

) 1
a−c .

Proof. Let us prove ”⇒ ” implication.
FX(x) ≤ FY (x) ∀x > max(b, d)⇔ xc−a ≤ dc

ba ∀x > max(b, d). Let x→∞
and it results a ≥ c.

If d < b, then let ε > 0 such that d+ ε < b.

1 = FX(d+ ε) ≤ FY (d+ ε) =
(
d+ε
d

)−c
< 1, contradiction. Then b ≤ d.

If a = c then FX(x) ≤ FY (x) ∀x > d⇔ x
b ≥

x
d ∀x > d⇔ b ≤ d, which is

true.

If a > c then xc−a ≤ dc

ba ∀x > d⇔ x ≥
(
ba

dc

) 1
a−c ∀x > d⇔ d ≥

(
ba

dc

) 1
a−c .

Let us prove ”⇐ ” implication.
If x ≤ b then FX(x) = FY (x) = 1.

If x ∈ (b; d] then FX(x) =
(
x
b

)−a ≤ 1 = FY (x).

If x > d then x > d ≥
(
ba

dc

) 1
a−c ⇔

(
x
b

)−a ≤ (xd )−c ⇔ FX(x) ≤ FY (x). �
Lemma 3.2. Let X ∼ P (a, b) and Y ∼ P (c, d). Then X ≺hr Y ⇔ a ≥ c.
Proof. rX (x) = a

x and rY (x) = c
x , x > 0.

Then X ≺hr Y ⇔ rX (x) ≥ rY (x) ∀x > 0⇔ a
x ≥

c
x ∀x > 0⇔ a ≥ c. �

Theorem 3.3. Let X ∼ MP (a, b) and Y ∼ MP (c, d) . If X ≺wst Y
then one of the conditions is hold:

(i) a = c and bi ≤ di ∀i ∈ {1, ..., n};

(ii) a > c, bi ≤ di and di ≥
(

bai
dc
i

) 1
a−c ∀i ∈ {1, ..., n}.

Proof. X ≺wst Y ⇒ Xi ≺st Yi ⇒one of the conditions is hold:
(i) a = c and bi ≤ di;

(ii) a > c, bi ≤ di and di ≥
(

bai
dc
i

) 1
a−c

. �

Theorem 3.4. Let X ∼ MP (a, b) and Y ∼ MP (c, d) . If a ≥ c and
b ≤ d then X ≺wst Y.

Proof. Let x ∈ Rn, x > d. Then

(
n∑

i=1

xi
bi
− n+ 1

)−a
≤

(
n∑

i=1

xi
di
− n+ 1

)−a
≤

(
n∑

i=1

xi
di
− n+ 1

)−c
.

Thus F ∗X (x1, ..., xn) ≤ F ∗Y (x1, ..., xn) .
If x ≯ d then
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F ∗X (x1, ..., xn) =

(
n∑

i=1

(
xi
bi
− 1

)
· 1(bi,∞) (xi) + 1

)−a
and

F ∗Y (x1, ..., xn) =

(
n∑

i=1

(
xi
di
− 1

)
· 1(di,∞) (xi) + 1

)−c
But (

xi
bi
− 1

)
· 1(bi,∞) (xi) ≥

(
xi
di
− 1

)
· 1(di,∞) (xi)⇒

n∑
i=1

(
xi
bi
− 1

)
· 1(bi,∞) (xi) + 1 ≥

n∑
i=1

(
xi
di
− 1

)
· 1(di,∞) (xi) + 1⇒

(
n∑

i=1

(
xi
bi
− 1

)
· 1(bi,∞) (xi) + 1

)−a
≤

(
n∑

i=1

(
xi
di
− 1

)
· 1(di,∞) (xi) + 1

)−a
≤

(
n∑

i=1

(
xi
di
− 1

)
· 1(di,∞) (xi) + 1

)−c
.

Thus F ∗X (x1, ..., xn) ≤ F ∗Y (x1, ..., xn) . �
Theorem 3.5 gives equivalence between weak hazard rate order and param-

eters.
Theorem 3.5. Let X ∼ MP (a, b) and Y ∼ MP (c, d) . Then X ≺whr

Y ⇔
b ≤ d, bi

abj
≤ di

cdj
, d(n) ≥

(n−1)
(

bi
a −

di
c

)
n∑

j=1

di
cdj
−

n∑
j=1

bi
abj

,

n∑
j∈I\{i}

bi
a +

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
a −

di

c

)
≥

n∑
j∈I\{i}

bi
abj
dj +

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
abj
− di

cdj

)
bj

∀i, j ∈ {1, ..., n}, I ⊂ {1, 2, ..., n}.
Proof. For x1 > b1, ..., xn > bn it results

− lnF ∗X (x1, ..., xn) = a ln

(
n∑

i=1

xi
bi
− n+ 1

)
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and

(rX)i (x1, ..., xn) =
a

bi
· 1

n∑
j=1

xj

bj
− n+ 1

.

For x ∈ Rn
+ it results

(rX)i (x1, ..., xn) =
a

xi +
n∑

j=1
j 6=i

bi
bj

(xj − bj) · 1(bj ,∞) (xj)

and

(rY )i (x1, ..., xn) =
c

xi +
n∑

j=1
j 6=i

di

dj
(xj − dj) · 1(dj ,∞) (xj)

.

Thus

X ≺whr Y ⇔ (rX)i (x1, ..., xn) ≥ (rY )i (x1, ..., xn) ∀x ∈ Rn
+ ⇔

a

xi +
n∑

j=1
j 6=i

bi
bj

(xj − bj) · 1(bj ,∞) (xj)
≥ c

xi +
n∑

j=1
j 6=i

di

dj
(xj − dj) · 1(dj ,∞) (xj)

∀x ∈ Rn
+ ⇔

(
1

a
− 1

c

)
xi+

n∑
j=1
j 6=i

[
bi
abj

(xj − bj) · 1(bj ,∞) (xj)−
di
cdj

(xj − dj) · 1(dj ,∞) (xj)

]
≤ 0

∀x ∈ Rn
+.

Let us prove ”⇒ ” implication.
X ≺whr Y ⇒ X ≺wst Y ⇒ a ≥ c and b ≤ d.
For x > d

n∑
j=1

(
bi
abj
− di
cdj

)
xj ≤ (n− 1)

(
bi
a
− di

c

)
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Let xj →∞, j ∈ {1, ..., n} and it results bi
abj
− di

cdj
≤ 0⇔ bi

abj
≤ di

cdj
.

For x1 = x2 = ... = xn = x it results n∑
j=1

bi
abj
−

n∑
j=1

di
cdj

x ≤ (n− 1)

(
bi
a
− di

c

)
∀x ≥ d(n) ⇔

d(n) ≥
(n− 1)

(
bi
a −

di

c

)
n∑

j=1

di

cdj
−

n∑
j=1

bi
abj

.

For x ≯ d let I = {i : bi < xi ≤ di} and J = {i : xi > di}. Then

(
1

a
− 1

c

)
xi+

n∑
j∈I\{i}

bi
abj

(xj − bj)+
n∑

j∈J\{i}

[
bi
abj

(xj − bj)−
di
cdj

(xj − dj)
]
≤ 0

∀x ≯ d⇔(
1

a
− 1

c

)
xi +

n∑
j∈I\{i}

bi
abj

xj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
xj ≤

n∑
j∈I\{i}

bi
a

+

n∑
j∈J\{i}

(
bi
a
− di

c

)
∀x ≯ d⇔

n∑
j∈I\{i}

bi
a

+

n∑
j∈J\{i}

(
bi
a
− di

c

)
≥

max
x∈Rn

+

x≯d

(1

a
− 1

c

)
xi +

n∑
j∈I\{i}

bi
abj

xj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
xj

 =

n∑
j∈I\{i}

bi
abj

dj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
bj

Thus

n∑
j∈I\{i}

bi
a

+

n∑
j∈J\{i}

(
bi
a
− di

c

)
≥

n∑
j∈I\{i}

bi
abj

dj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
bj .
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Let us prove ”⇐ ” implication.
Let i ∈ {1, ..., n}, x ∈ Rn, x > d.
bi
abj
− di

cdj
≤ 0 and x(1) ≤ xj . Then(

bi
abj
− di

cdj

)
xj ≤

(
bi
abj
− di

cdj

)
x(1). It results

n∑
j=1

(
bi
abj
− di
cdj

)
xj ≤

n∑
j=1

(
bi
abj
− di
cdj

)
x(1) =

 n∑
j=1

bi
abj
−

n∑
j=1

di
cdj

 · x(1) ≤ (n− 1)

(
bi
a
− di

c

)
.

Then
n∑

j=1

(
bi
abj
− di

cdj

)
xj ≤ (n− 1)

(
bi
a −

di

c

)
.

Thus (rX)i (x1, ..., xn) ≥ (rY )i (x1, ..., xn) .
If x ≯ d then(

1

a
− 1

c

)
xi +

n∑
j∈I\{i}

bi
abj

xj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
xj ≤

max
x∈Rn

+

x≯d

(1

a
− 1

c

)
xi +

n∑
j∈I\{i}

bi
abj

xj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
xj

 ≤
n∑

j∈I\{i}

bi
abj

dj +

n∑
j∈J\{i}

(
bi
abj
− di
cdj

)
bj .

Thus (rX)i (x1, ..., xn) ≥ (rY )i (x1, ..., xn) . �

Remark. In this article
n∑

j∈I\{i}

bi
a = bi

a · card(I\{i}) and

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
a −

di

c

)
=
(
bi
a −

di

c

)
· card({1, 2, ..., n}\ (I ∪ {i})).

Theorem 3.6 shows that F ∗X and fX are MTP2.
Theorem 3.6. Let X ∼MP (a, b) . Then F ∗X and fX are MTP2.
Proof. It is obvoius

F ∗X(x)F ∗X(y) ≤ F ∗X(min(x, y))F ∗X(max(x, y)) ∀x, y > b⇔

(
n∑

i=1

xi
bi
− n+ 1

)(
n∑

i=1

yi
bi
− n+ 1

)
≥
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(
n∑

i=1

min(xi, yi)

bi
− n+ 1

)(
n∑

i=1

max(xi, yi)

bi
− n+ 1

)
∀x, y > b

(it is similar the case x ≯ b or y ≯ b for the inequality F ∗X(x)F ∗X(y) ≤
F ∗X(min(x, y))F ∗X(max(x, y)))

and

fX(x)fX(y) ≤ fX(min(x, y))fX(max(x, y)) ∀x, y ∈ Rn ⇔(
n∑

i=1

xi
bi
− n+ 1

)(
n∑

i=1

yi
bi
− n+ 1

)
≥

(
n∑

i=1

min(xi, yi)

bi
− n+ 1

)(
n∑

i=1

max(xi, yi)

bi
− n+ 1

)
∀x > b, y > b.

But (
n∑

i=1

xi
bi
− n+ 1

)(
n∑

i=1

yi
bi
− n+ 1

)
≥

(
n∑

i=1

min(xi, yi)

bi
− n+ 1

)(
n∑

i=1

max(xi, yi)

bi
− n+ 1

)
⇔

(
n∑

i=1

xi
bi

)(
n∑

i=1

yi
bi

)
≥

(
n∑

i=1

min(xi, yi)

bi

)(
n∑

i=1

max(xi, yi)

bi

)
⇔

n∑
i,j=1

xiyj
bibj

≥
n∑

i,j=1

min(xi, yi) ·max(xj , yj)

bibj
.

Let us prove xiyj+xjyi ≥ min(xi, yi)·max(xj , yj)+min(xj , yj)·max(xi, yi)
∀x, y ∈ Rn.

If xi ≤ yi, xj ≤ yj then

min(xi, yi) ·max(xj , yj) + min(xj , yj) ·max(xi, yi) = xiyj + xjyi.

If xi ≥ yi, xj ≥ yj then

min(xi, yi) ·max(xj , yj) + min(xj , yj) ·max(xi, yi) = yixj + yjxi = xiyj +xjyi.
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If xi ≤ yi, xj ≥ yj then

xiyj + xjyi −min(xi, yi) ·max(xj , yj)−min(xj , yj) ·max(xi, yi) =

xiyj + xjyi − xixj − yjyi = xj (yi − xi) + yj (xi − yi) =

(yi − xi) (xj − yj) ≥ 0

If xi ≥ yi, xj ≤ yj then

xiyj + xjyi −min(xi, yi) ·max(xj , yj)−min(xj , yj) ·max(xi, yi) =

xiyj + xjyi − yiyj − xjxi = xj (yi − xi) + yj (xi − yi) =

(yi − xi) (xj − yj) ≥ 0

Thus xiyj+xjyi ≥ min(xi, yi)·max(xj , yj)+min(xj , yj)·max(xi, yi) ∀x, y ∈
Rn.

⇒
n∑

i,j=1

xiyj

bibj
≥

n∑
i,j=1

min(xi,yi)·max(xj ,yj)
bibj

∀x, y ∈ Rn.

It results fX(x)fX(y) ≤ fX(min(x, y))fX(max(x, y)) and
F ∗X(x)F ∗X(y) ≤ F ∗X(min(x, y))F ∗X(max(x, y)) ∀x, y ∈ Rn.
Therefore F ∗X and fX are MTP2. �
Theorem 3.7 gives equivalence between hazard rate order and parameters.
Theorem 3.7. Let X ∼ MP (a, b) and Y ∼ MP (c, d) . Then X ≺hr

Y ⇔ b ≤ d, bi
abj
≤ di

cdj
,

d(n) ≥
(n−1)

(
bi
a −

di
c

)
n∑

j=1

di
cdj
−

n∑
j=1

bi
abj

,

n∑
j∈I\{i}

bi
a +

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
a −

di

c

)
≥

n∑
j∈I\{i}

bi
abj
dj +

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
abj
− di

cdj

)
bj

∀i, j ∈ {1, ..., n}, I ⊂ {1, 2, ..., n}.
Proof. It results from theorems 3.5, 3.6 and 2.5. �
Theorem 3.8 gives equivalence between likelihood order and parameters.
Theorem 3.8. Let X ∼MP (a, b) and Y ∼MP (c, d) . Then X ≺lr Y ⇔

b ≤ d, bi
bj(a+n) ≤

di

dj(c+n) ,
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d(n) ≥
(n−1)

(
di

c+n−
bi

a+n

)
n∑

j=1

di
dj(c+n)

−
n∑

j=1

bi
bj(a+n)

∀i, j ∈ {1, ..., n}.

Proof. Let us prove ”⇒ ” implication.
X ≺lr Y ⇒ X ≺st Y ⇒ X ≺wst Y ⇒ b ≤ d and
X ≺lr Y ⇒ fX (x) fY (y) ≤ fX (y) fY (x) ∀x, y ∈ Rn x ≥ y.
But

fX (x) fY (y) ≤ fX (y) fY (x) ∀x, y ∈ Rn x ≥ y ⇔

∀i ∈ {1, ..., n} xi 7→ fY (x)
fX(x) is increasing on {x ∈ Rn : x > d} ⇔

∂

∂xi

fY (x)

fX (x)
≥ 0 ∀i ∈ {1, ..., n} ∀x > d.

For x > d
∂

∂xi

fY (x)

fX (x)
=

∂

∂xi


c(c+ 1)...(c+ n− 1) ·

(
n∏

j=1

dj

)−1
·

(
n∑

j=1

xj

dj
− n+ 1

)−(c+n)

a(a+ 1)...(a+ n− 1) ·

(
n∏

j=1

bj

)−1
·

(
n∑

j=1

xj

bj
− n+ 1

)−(a+n)

 =

c(c+ 1)...(c+ n− 1) ·

(
n∏

j=1

dj

)−1

a(a+ 1)...(a+ n− 1) ·

(
n∏

j=1

bj

)−1 · ∂

∂xi

(
n∑

j=1

xj

dj
− n+ 1

)−(c+n)

(
n∑

j=1

xj

bj
− n+ 1

)−(a+n)
=

c(c+ 1)...(c+ n− 1) ·

(
n∏

j=1

dj

)−1

a(a+ 1)...(a+ n− 1) ·

(
n∏

j=1

bj

)−1 ·
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(
n∑

j=1

xj

dj
− n+ 1

)−(c+n)

·

(
n∑

j=1

xj

bj
− n+ 1

)−(a+n)

(
n∑

j=1

xj

bj
− n+ 1

)−2(a+n)
·

 a+ n

bi

(
n∑

j=1

xj

bj
− n+ 1

) − c+ n

di

(
n∑

j=1

xj

dj
− n+ 1

)
 .

Thus
∂

∂xi

fY (x)

fX (x)
≥ 0 ∀x > d⇔

a+ n

bi

(
n∑

j=1

xj

bj
− n+ 1

) ≥ c+ n

di

(
n∑

j=1

xj

dj
− n+ 1

) ∀x > d⇔

n∑
j=1

(
bi

bj (a+ n)
− di
dj (c+ n)

)
xj ≤ (n− 1)

(
bi

a+ n
− di
c+ n

)
∀x > d.

Let xj →∞, j ∈ {1, ..., n} and it results bi
bj(a+n) ≤

di

dj(c+n) .

For x1 = x2 = ... = xn = x it results

 n∑
j=1

bi
bj (a+ n)

−
n∑

j=1

di
dj (c+ n)

x ≤ (n− 1)

(
bi

a+ n
− di
c+ n

)
∀x > d(n) ⇔

d(n) ≥
(n− 1)

(
di

c+n −
bi

a+n

)
n∑

j=1

di

dj(c+n) −
n∑

j=1

bi
bj(a+n)

.

Let us prove ”⇐ ” implication.
Let i ∈ {1, ..., n}, x ∈ Rn, x > d.

bi
bj(a+n) −

di

dj(c+n) ≤ 0 and x(1) ≤ xj . Then(
bi

bj(a+n) −
di

dj(c+n)

)
xj ≤

(
bi

bj(a+n) −
di

dj(c+n)

)
x(1). It results
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n∑
j=1

(
bi

bj (a+ n)
− di
dj (c+ n)

)
xj ≤

n∑
j=1

(
bi

bj (a+ n)
− di
dj (c+ n)

)
x(1) =

 n∑
j=1

bi
bj (a+ n)

−
n∑

j=1

di
dj (c+ n)

x(1) ≤ (n− 1)

(
bi

a+ n
− di
c+ n

)
.

Thus
n∑

j=1

(
bi

bj(a+n) −
di

dj(c+n)

)
xj ≤ (n− 1)

(
bi

a+n −
di

c+n

)
.

Then ∂
∂xi

fY (x)
fX(x) ≥ 0.

But fX and fY are MTP2. It results X ≺lr Y. �

4 Corollaries

Corollaries 4.1 and 4.2 show that some conditions for multivariate Pareto
distributions parameters imply univariate stochastic order or hazard rate order
between extremal statistic orders of two random variables sequences. Corollary
4.3 gives sufficient conditions to have usual multivariate stochastic order.

Corollary 4.1. Let X1, ..., Xn random variables with (X1, ..., Xn) ∼
MP (a, b) and Y1, ..., Yn random variables with (Y1, ..., Yn) ∼ MP (c, d) . If
a ≥ c and b ≤ d then min (a1X1, ..., anXn) ≺st min (a1Y1, ..., anYn) whenever
ai > 0, i = 1, 2, ..., n.

Proof. We apply theorem 3.4 and theorem 2.1. �
Corollary 4.2. Let X1, ..., Xn random variables with (X1, ..., Xn) ∼

MP (a, b) and Y1, ..., Yn random variables with (Y1, ..., Yn) ∼ MP (c, d) . If

b ≤ d, bi
abj
≤ di

cdj
, d(n) ≥

(n−1)
(

bi
a −

di
c

)
n∑

j=1

di
cdj
−

n∑
j=1

bi
abj

,

n∑
j∈I\{i}

bi
a +

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
a −

di

c

)
≥

n∑
j∈I\{i}

bi
abj
dj +

n∑
j∈{1,2,...,n}\(I∪{i})

(
bi
abj
− di

cdj

)
bj

∀i, j ∈ {1, ..., n}, I ⊂ {1, 2, ..., n},
then min (a1X1, ..., anXn) ≺hr min (a1Y1, ..., anYn) whenever ai > 0, i =

1, 2, ..., n.
Proof. We apply theorem 3.5 and theorem 2.2. �
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Corollary 4.3. Let X ∼ MP (a, b) and Y ∼ MP (c, d) . If b ≤ d,
bi

bj(a+n) ≤
di

dj(c+n) ,

d(n) ≥
(n−1)

(
di

c+n−
bi

a+n

)
n∑

j=1

di
dj(c+n)

−
n∑

j=1

bi
bj(a+n)

∀i, j ∈ {1, ..., n} then X ≺st Y.

Proof. It results from theorems 3.8 and 2.4. �

5 Conclusions and future research

In this article we proved that the weak stochastic order implies some condi-
tions between parameters and the simply order between parameters implies
weak stochastic order. Also, we proved that the weak hazard rate order and
likelihood order are equivalent with some conditions of parameters. In a future
research we will analyze stochastic orders for other multivariate distributions.

References

[1] Arnold B.C. (1983). Pareto Distributions, Silver Spring, Maryland: In-
ternational Cooperative Publishing House.

[2] Arnold B.C., Pourahmadi M. (1988). Conditional characterizations of
multivariate distributions. Metrika, 35, 99-108.

[3] Balakrishnan N., Barmalzan G., Haidari A. (2016). Multivariate stochas-
tic comparisons of multivariate mixture models and their applications.
Journal of Multivariate Analysis, 145, 37-43.

[4] Balakrishnan N., Rao C.R. (1998). Order Statistics: Applications. Hand-
book of Statistics 17, North-Holland, Amsterdam.

[5] Bancescu I. (2018). Some classes of statistical distributions. Properties
and Applications. Analele Stiintifice ale Universitatii Ovidius Constanta,
26(1), 43-68, DOI: 10.2478/auom-2018-0002.

[6] Catana L. I. (2016). A property of unidimensional distributions which is
lost in multidimensional case. Gazeta Matematica, Seria A, 3-4, 39-41.

[7] Catana L. I. (2019). Multivariate weak hazard rate order according to
hazard rate function. Gazeta Matematica, Seria A, 1-2, 27-30.



STOCHASTIC ORDERS FOR A MULTIVARIATE PARETO DISTRIBUTION 69

[8] Kotz S., Balakrishnan N. , Johnson N.L. (2000). Continuous Multivari-
ate Distributions, Volume 1: Models and Applications, Second edition. A
Wiley-Interscience Publication.

[9] Mardia K.V. (1962). Multivariate Pareto distributions. Annals of Math-
ematical Statistics, 33, 1008-1015.

[10] Misra N., Naqvi S. (2018): A unified approach to stochastic comparisons
of multivariate mixture models, Communications in Statistics - Theory
and Methods, 0, 1-17, DOI: 10.1080/03610926.2018.1445859

[11] Nadarajah S., Jiang X., Chu J. (2017). Comparisons of smallest order
statistics from Pareto distributions with different scale and shape param-
eters. Ann Oper Res, Springer.

[12] Preda V., Bancescu I. (2016). A new family of distributions with a general
generic distribution for reliability studies. Log-concavity and application,
International Journal of Risk Theory, Alexandru Myller Publishing Iasi,
1(6), 13-38.

[13] Samaniego F. J., System signatures and their applications in Engineering
Reliability, Springer (2007).

[14] Shaked M., Shanthikumar J. G. (2007). Stochastic orders. New York:
Springer.

[15] Wesolowski J., Ahsanullah M. (1995). Conditional specification of multi-
variate Pareto and Student distributions. Communications in Statistics-
Theory and Methods, 24, 1023-1031.

[16] Zbaganu G. (2004). Mathematical methods in risck theory and actuar-
ial(in roumanian language). Editura Universitatii Bucuresti.

Luigi-Ionut CATANA,
Faculty of Mathematics and Computer Science,
Mathematical Doctoral School, University of Bucharest,
Str. Academiei nr. 14, sector 1, C.P. 010014, Bucharest, Romania.
Email: luigi catana@yahoo.com



STOCHASTIC ORDERS FOR A MULTIVARIATE PARETO DISTRIBUTION 70


