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Adaptive algorithm for solving the SCFPP of
demicontractive operators without a priori
knowledge of operator norms
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Abstract

In this paper, we study the split common fixed point problem in
Hilbert spaces. We find a common solution of the split common fixed
point problem for two demicontractive operators without a prior: knowl-
edge of operator norms. A strong convergence theorem is obtained un-
der some additional conditions and numerical examples are included
to illustrate the applications in signal compressed sensing and image
restoration.

1 Introduction

Let H be areal Hilbert space. The convex feasibility problem (shortly, (CFP))
is defined as follows:

m
find z* € H such that z* € ﬂ Cs,

=1

where m > 1 is an integer and each C; is a nonempty closed convex subset of
H.

Key Words: common solution, demicontractive operator, split feasibility problem, split

common fixed point problem, Hilbert space.
2010 Mathematics Subject Classification: Primary 47H09 ; Secondary 49MO05.
Received: 12.12.2018

Accepted: 31.01.2019

153



ADAPTIVE ALGORITHM FOR SOLVING THE SCFPP OF DEMICONTRACTIVE OPERATORS 154

A special case of the problem (CFP) is the following split feasibility problem
(shortly, (SFP)):
find z* € C such that Az* € Q,

where C and Q) are two closed convex subsets of two Hilbert spaces H; and
Hs, respectively, and A : Hy — Hs is a bounded linear operator.

Byrne [2] introduced a very popular algorithm {z,} that solves the problem
(SFP):

Tp+1 = Po(x, —vA*(I — Pg)Axy,)
for each n > 0, where Pc and Pg are metric projections onto C' and @,
respectively, A* denotes the adjoint of the mapping A : H; — Hy and 7 €
(0, %) with A being the spectral radius of the mapping A*A.

If C = F(T) and Q = F(S), then, from the problem (SFP), we have the split
common fixed point problem (shortly, (SCFPP)) which is defined as follows:

find a point «* € F(T') such that Az* € F(S),

where F(T), F(S) stand for the fixed point sets of the mappings 7' : H, — Hq,
S : Hy — Hs, respectively, and A : Hy — Hs is a bounded linear operator.
We denote the set of solutions of the problem (SCFPP) by

Di={y*cC: Ay € Q}=CnA Q).
Let T: Hi — H; and S : Hy — Hs be two mappings such that

C:=FT)={a"e€H :Tae* =x"} #0
and

Q:=F(S) = {a* € Hy : Sa* = 2*} # 0.

In this paper, we prove a result on the existence of solutions of the split
common fixed point problem (SCFPP) for two demicontractive mappings
T:Hy — Hyand S: Hy — Hy with C := F(T) # () and Q := F(S) # 0 and
obtain the solution by a new algorithm {z,}.

Censor and Segal [3] introduced, in finite-dimensional spaces, the following
algorithm {z,,} for solving the problem (SCFPP):

Tpy1 = T(xn +7AYS — I)Axy,) (1.1)

for each n > 1, where 7 € (0, %) with ~ being the largest eigenvalue of the

matrix A'A (A? is matrix transposition).
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Moudafi [18] proved some weak convergence theorems in Hilbert spaces when
two mappings T and S are quasi-nonexpansive mappings by using the following
relaxed algorithm {z,, }:

Yn = Tp + TA*(S — I) Az,

Tn+1 = (1 - an)yn + OlnTyn
for each n > 1, where «,, € (0,1) and 7 € (0, %) with v being the spectral
radius of the operator A*A and g € (0,1).

Moudafi [17] also proposed an iterative algorithm {,} to solve the problem
(SCFPP), where S and T are demicontractive mappings as follows:

{un =x, +T7A*(S — I)Az,,

Tp1 = (1 — ap)un + anTuy,

for each n > 1, where a,, € (0,1) and 7 € (0, 177“) with ~ being the spectral
radius of the operator A*A and g8 € (0,1).

In particular, it was noted that the problem (SCFPP) is equivalent to solving
the following fixed point problem

r=x—71((x —Tz)+ A*(I - S)A)z, (1.2)
where 7 > 0 is a constant and T and S are directed operators.

Based on the fixed point equation approach, Wang [24] suggested the following
algorithm {z, }:

Tust = on — (w0 — Twa) + A*(I = §)Aa),

where 7' : R — R" and S : R" — R" are two directed operators and the step
1

max{0, || A}

theorems of the sequence {z,} to a solution of the problem (SCFPP).

size T is in the interval (07 and proved some weak convergence

In 2006, Marino and Xu [15] introduced a new iterative which combines the
viscosity approximation method and is defined as follows:

Tn+1 = (I - anA)T-rn + an’}/f('rn)

where {a,,} is a sequence in (0, 1) satisfying suitable conditions. They proved
that {x,, } converges strongly to a fixed point x of T' which solves the variational
inequality

(A=~flz,x —2) <0, zeF(T).
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Equivalently, Pppy(I — A+~ f)z = .

Inspired by the work mentioned above, we propose a new self-adaptive algo-
rithm for solving the (SCFPP) with two demicontractive mappings in Hilbert
spaces. We prove a strong convergence theorem for our proposed algorithm
and present some numerical examples to illustrate our main results and their
applications.

2 Preliminaries

Let T : H — H be a mapping. A point x € H is said to be a fixed point of
T provided that Tz = z. In this paper, we denote by F(T') the fixed point
set of T'. The symbols — and — denote the strong convergence and the weak
convergence, respectively. The mapping T : H — H is said to be:

a) quasi-nonexpansive if

Tz — Tp|| < ||z —pl|, for all x € H and p € F(T).
b) strictly pseudocontractive if there exists k € [0,1) such that
1T = Tyl? < llo — yl* + k(@ — ) — (Tx — Ty)|?, for all z € H.
¢) pseudocontractive if
ITe = Tyl2 < o — yl* + & — y) — (T2 — Ty)|, for all z € I
d) demicontractive (or k-demicontractive) if there exists k < 1 such that
| Tz — Tp||?> < ||z — p||® + kllz — Tz||?, for all z € H and p € F(T). (2.1)

Remark 2.1. Tt is clear that, in a real Hilbert space H, (2.1) is equivalent to

k
5 |z — Tx|?, forallz € H and p € F(T). (2.2)

(t —p,x —Tx) >

Now, we give some definitions and lemmas needed to prove our main results.

Definition 2.2. A mapping T': H — H is said to be demiclosed at 0 if, for
each sequence {z,} in H, the conditions that the sequence {x,} converges
weakly to y and the sequence {Tz,} converges strongly to 0 imply Ty = 0.

Lemma 2.3. Let H be a real Hilbert space. Then the following results hold:

1) llz+yl* = [zl + 2(z,y) + [lyl|*, for all z,y € H.
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2) llz —yl? = llzl? — 2z, y) + lly||?, for all 2,y € H.
3) llaw + (1 — a)yl? = allz? + (1 — @)llyl2 = a1 — @)z — |2, for all
z,y € H and a € R.

Lemma 2.4. [25] Let {a,} be a sequence of nonnegative real numbers satis-
fying the following relation:

Ap+41 S (1 - an)an + QpOp

for each n > 0, where {a,,} is a sequence in (0,1) and {0, } is a sequence in R
such that

(a) Yoy an = o003
(b) limy, o0 0 <0 0r D07 |opan| < co.
Then lim,, ,~ a, = 0.
Lemma 2.5. [16] Let ¢ > 1. Then the following inequality holds:
1 1 .
ab< ~a?+ 1 "pa—1
q q

for arbitrary positive real number a and b.

3 The Main Results

In this section, we first construct an iterative algorithm for solving the SCFPP
under the following hypotheses.

(A1) H; and H, are two real Hilbert spaces;
(A2) A: H; — Hs is a bounded linear operator with its adjoint operator A*.

(A3) D : H; — H; is a strongly positive bounded linear operator with coeffi-
cient » > 0.

(A4) f:Hy — H; is a k-contraction;

(A5) S: Hy — Hy and T : Hy — Hj are two demicontractive operators with
coefficients 3 € [0,1) and p € [0, 1), respectively;

(A6) S: Hy — Hy and T : Hy — Hs are Lipschitz continuous with Lipschitz
constant L > 1.
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We use 2 to denote the solution set of problem SCFPP, that is,
Q:={u" v €F(S) and Au" e F(T)}.

Algorithm 3.1. Choose an arbitrary initial guess xg. Assume x, has been
constructed. If
|zn — Sz, + A*(I — T)Az,|| =0,

then stop; otherwise, continue and construct z,4; via the formula:
Yn = Tp, — pplTn — Stp + A*(I — T)Axy],
Tpn+1 = Oén"}/f(l'n) + (I - anD)yna

where 7 € (0,min{1 — 3,1 — u}) is a positive constant and p, C (0,00) is
chosen self-adaptively as

|0 — Szl + || Az — T Az, ||
=0, .

lxn — Sy + A*(I — T) Az, ||?

Pn
We need two lemmas to complete the convergence analysis of our proposed
algorithm. The first lemma shows that the proposed algorithm is well defined.

Lemma 3.2. If the equality
len, — Szp + A*(I — T)Ax,|| =0,

holds for some n > 0, then x,, is a solution of problem (SCFPP).
Proof. For any z € S, we have

|xn — Sap + A (I = T) Axy |||z — ||

> (xy — Sxp + A (I —T)Axy) (@) — 2)

= (xp — STy, xp — 2) + (A"(I —T)Azp, )y, — 2)

= (xp — STy, xp — 2) + (I = T) Ay, Ax,, — Az)

>1-F5

-2
Since 3, u € [0,1), we deduce z,, € F(S) and Ax,, € F(T). O

L—p
2 — Sza|? + — = T) Az, .

Lemma 3.3. If the sequence {z,} satisfies

— 2 Az, — T Az, |?)?
lim ([|[wn — Szsl|® + || Azp Tn|?)

=0
n—oo ||xy — Sz, + A¥(I — T) Az, |2

then
lim ||, — Sx,|| = lim (I —T)Ax, =0.
n—roo n—oo
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Proof. By our hypotheses, we have

(lzn = Szal? + || Az, — T Az, |?)?
|z — Sxy + A*(I — T) Az, ||?
(lzn = S| + [[Azn, — T Az, )
7 2([lzn = Sanll? 4 AP — T) Azn?)
(lzn = Szn|® + [[Azy, — TAz, |*)?
~ 2max(L, [|A[P)([len — Szal]® + || Azn — T Azp?)
e, — Sx,||? + || Az — T Az, )
a 2max(1, [[A?)

Taking n — oo, we have

lim |z, — Szy,|| = lim (I —T)Az, = 0.
n— 00 n—oo

Theorem 3.4. Assume the following conditions are satisfied
(i) oney pn =00 and 377 | pi < 00;

1 r
1) 0<r< —,0<y< —.
) r -~ <y

Then the sequence {z,} generated by Algorithm 3.1 converges strongly to a
solution u* of problem SCFPP, where u* = Po(I — D + ~vf)u*.
Proof. Setting w,, = x,, — Sx,, + A*(I — T)Ax,. Analogously, we have

(X — Sy + A*(I = T) Az, xp, — u™)

(X — Sy, xp —u™) + (AT = T)Axy, 2 — u™)

= (T — STy, Ty —u*) + (I —T)Ax,, Az, — Au™)
1-p
2

Smin{1 8,1~ (e — Sl + (1~ T)Ar ).

<wn7 Tn — U'*>

(3.1)

v

L—p
|@n, — S ||* + —5 I - T)Az,|?

v

From y, = ©, — ppltn — S, + A*(I — T)Ax,] and (3.1), we have
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[yn — |1 = [l&n — pnwn — u*||®
<|lzn — U*H2 = 2pp (W, Ty, — u*) + pinnHz

< llon = wl1* + phllen — Swn + A*(I = T) Az, |®
1 .
= 2pngmin{l = 5,1 = p}(llen — Swall® +[|( = T)Azn||?)

(lzn = Swall® + |[( — T)Azn|?)?
lzn — Szp + A*(I — T) Az, |2

(3.2)
In particular, we have ||y, — v*|| < ||z, — v*|. In what follows, we divide the
proof into four steps.
Step 1. Show that {z,} is bounded. To see this, we observe

|Zn+1 — '] = lanyf(zn) + (I — anD)yn — u*||
= llany(f(zn) = Du*) + (I — D) (yn — u’)||
< an(YI[f (@n) = f()]] + 17 f (u*) = Du™[]) + (L = anr)|[yn — 7|
< apvkllen —ut|| + anlyf(w?) = Dut|[ + (1 — anr)[lyn — v
< (1= an(r = ky)llzn — v + anllvf(u") — Du”||

7S (u*) — Du”]|

< (L= an(r = k)llen = w'll + anlr = k) ==

* 7D *
< e {7, LDy
(3.3)

_ u*”7 ||7f(u*) — D’U,*” }

gmax{on p—my

Therefore {z,} is a bounded sequence. Furthermore, {y,} and {f(z,)} are
also bounded sequences.
Step 2. Show that the following inequality holds:

pt1 < (1 - an)an + anby (34)

where we define a,, := ||z, — u*||? and
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2(1 — apvk " . *
b 1= mﬁf(u ) = Du*, zp 11 —u”)
1—anr ([lan — Szl +||(1 — T) Az |*)?

an(r —k) |lzn — Szp + A*(I — T) Az, ||

(3.5)

Indeed, it follows that

Znt1 = w*[I* = llanyf(yn) + (I = anD)yn — u*||?
= lleny(fyn) — Du™) + (I = anD)(yn — u*)|
< (I = anD)(yn — u")|* + 200 (7 f (yn) = Du*, 2ng1 — u*)
< | = anDI[lyn — u*|I* + 20m (v f (yn) — DU, g1 — )
< (1= anr)?[lyn — w*[* + 20m (v f (yn) — Du*, wnpy — u*)
<A —anr)llyn — U*H2 + 200 (v f(yn) — Du*, Tpi1 — u’).

(3.6)
From Lemma 2.5, we have
(Vfyn) — Du* wng1 —u®) = (v f(yn) — v f(u"), 2ngr —u’)
+ (vf(u") = Du*, 241 —u”)
< VEllyn — u*|[lens — u”||
+ (yf(u") — Du*,xpyq — u") (3.7)

1 * 1 *
< k(G lyn = w2 + Sllen - w2)
(1 (") = DU i — ).

Substitute (3.7) into (3.6), we have

@t =2 < (1= anr)llgn = w12 + 200 (7K (5 g = w12 + 5 llonss — u*|?)

+ (') = Du s — )

< (1= ann)llyn = w | + cnykllyn — u*|* + anvkllzns — o

+ 2an(yf(u") = DU, wngq — u”)
an(r — k) .2
<1l ———)||yn —
- ( 1 —ay,vk )||y vl
Oén(T — ’Yk:) 2(1 — anfyk)
1—ayvk r—nk

(vf(u") = Du*,wpp1 — u”).
(3.8)
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By inequality (3.2), this yields

* «@ (T—’}/k) *
I =P < (1= G2 Yl — P

17047{}/]{1 T*”yk <’Yf(u) Du y Tn41 u >

< (1 I G W)Hxn |

1- an’yk
— D _
) )

L—ayr ([ — Swn|® + [|( — T)Azn|?)?
an(r — k) ||xn — Szp + A*(I — T) Az, ||?

(3.9)
Hence, the desired inequality at once follows. Step 3. Show that —0 <
lim,_so0ob, < 400 for some § > 0, which indicate that lim,_.,.b, is finite.
Since {zy} is bounded, we have

b §<r7k<vf(u )= Du* 2 — %)
< 202290 by ) = Du e - o] (310
< 400

so that this implies —6 < limy,_00by, < +00. We next prove lim,_,oob, > —9.
To this aim, we processed by contradiction. Assume that lim,_eobn < —6,
which implies that there exists ng € N such that b, < —¢ for all n > ny, it
follows from that

Ap41 < (1 - an)an + anbn

<(1—ap)ay, —ayd

= a, — ay(ay +96) (3.11)
<a, an (1l — 'yk)é.
- 1 —apvk

for all n > ng. By induction, we have

(1 —yk)d 30,
<a, — Fisme L), 3.12
et = o ( L=k i, (312
Hence, taking lim as n — oo in the last inequality, we have
_ _ (1— k)T o
LMy, oon < limy, oo [ano — ( " Z?:no Oai z)} = —00 (3.13)
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which clearly contradicts the fact that {a,} is a nonnegative real sequence.
Thus, lim,, ,.b, > —4d and it is finite.

Step 4. Show that {z,} converges to z. Since lim,, b, is finite, we can
take a subsequence {nj} such that

Ty, —ooby = lim by,

k—oco
. 2(]- - an"/k) * * *
= e A (3.14)

L—anr (Jn, = San,|” +|( = T)Azg, ||*)*)
an(r = k) @n, — Swn, + A1 = T) Az, |2

Since (yf(u*) — Du*,xp, 41 — u*) is a bounded real sequence, without loss of
generality, we may assume there exists the limit:

lim (yf(u*) — Du*, xp, +1 — u*). (3.15)
k—oco
Consequently, from (3.14), the following limit also exists:

1—anr (e, = Son, |* + (1 = T) Az, |[*)?

W an(r = AR) [rm — Sitmy, - A*(I —T) Ay |2 (3.16)
which implies that the sequence
1 (e = Sa 21 = T) Az )2 5.17)
an(r —vk) |lzn, — Sz, + A*(I —T)Ax,, ||?
is bounded. So, by condition «, — 0, we have
Jlim (”x;:k__sg ;:;1121?;21”?2 =0. (3.18)
By Lemma 3.3, we have
nllgloo |Xn, — Sn, | = n;{lgloo Az, —TAx,, | =0. (3.19)
By the definition of x,,, 11, we deduce that
len;C |Tn, — Yn,ll = kli)ngo P n, — Sxn, + A*(I —T)Az,, ||
gy (@ = Swa P 4110 = D) Awy 22 _ 0 (3:20)

k—oo  ||p, — S, + A*(I = T)Ax,, ||?
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which further implies

||xnk+1 - znk” = Hankﬂ)/f(xnk) + (I - ankB)ynk — Ty, ”
< ap, ”'Vf(xnk) — Dz, H + (1 - a”k’r)”ynk — Tny [ (3‘21)
— 0.

Since we have shown that the sequence {z,,} is bounded. This implies that any
weak cluster point of {x,,+1} also belongs to 2. Without loss of generality,
we assume that {z,,41} converges weakly to z € Q. Now by (3.14), we infer
that

— 2(1 — apvk
lim,_so0bp, = lim w(fﬁ(u*) — Du*,xp, 41 —u")
2(1 — apvk) )

= W(w’(u*) —Du*,x—u") <0

due to the fact that u* = Po(I — D 4+ vf)u* and (2.3). Finally, applying
Lemma 2.4 to (3.4), we arrive at ||z, — «*|| — 0, which ends the proof. O

In the cases f(z,) = u, we have the algorithm as follows

Algorithm 3.5. Choose an arbitrary initial guess u, xg. Assume x,, has been
constructed. If
len — Sy + A*(I — T)Ax,|| =0,

then stop; otherwise, continue and construct x,; via the formula:

Yn = T, — pplTn — Stp + A*(I — T) Az,
Tpy1 = apyu + (I — ay D)y,

where v € (0,min{l — 3,1 — p}) is a positive constant and p, C (0,00) is
chosen self-adaptively as
|lzn — Sxnll? + || Az — T Az ||
n — O‘n .
r [@n — Szn + A*(I — T) Az, |2

Corollary 3.6. Assume the following conditions are satisfied
(1) XopZ1pn =00 and 377, pj; < oo;

. 1
() 0<r<—,0<y<m

n

Then the sequence {z,} generated by Algorithm 3.5 converges strongly to a
solution u* of problem SCFPP, where u* = Py (u* — Du* 4+ u).
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4 Numerical experiments

In this section, we construct a numerical example to illustrate the algorithm
(3.1) and convergence analysis of the sequences of our main result. All codes
were written in Matlab 2018a and run on Dell i-5 Core laptop.

Example 4.1. Let H; = Hy = (R? || - ||2). Define the mappings S : R? — R?
and T : R? = R? by

S(z1,91) = (—3z1,y1) and T(z1,131) = —5(z1,v1), Vi, ;1 €R

First, we show that S is a %—demicontractive mapping. if = (z1,y1) € R?
and p; = (0,a) € F(S), then

1Sz — p1|5 = [|(=3z1,91) — (0,0) I3
= (=3)*|z1* + |y —af
=921 |* + |y1 — 1|
= |&1]* + |y1 — af? + 8z |

8

= |l —pull3 + T6(16|$1|2)
1

= llo = pall3 + llz— Szl3.

Thus, S is a -demicontractive mapping.
Second, we show that T is a %fdemicontractive mapping. if x = (x1,y1) € R?
and ps = (0,0) € F(T), then

| T2z —pa|3 = || — 5(x1,91) — (0,03
= 25[x1|* + 25y, |?

= |z + |31 + 24(|2z1|* + |y [*)

24
= ll& = p2ll3 + 35 36(|za]” + [911%)

2
= |z = p2l3 + llz = Tall3.

Thus, T is a %—demicontractive mapping. Next, we define the mappings
f:R? 5 R2% A:R? - R?and D:R? - R? by

1 Y1 1 Y1
e y) = (), Al yn) = 8z, p1), D(wn,y) = (%)
88 272
Then f is a %fcontraction, A is a bounded linear operator on R with adjoint

operator A* and D is a strongly positive bounded linear operator with coeffi-
cient £ = % In Algorithm (3.1), we set 0,, = 0.15, v = 0.1 and a,, =

s V:cl,yl eR.

1
10n+4100 "
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We compare with Moudafi in [27], by set v = 0.0018 and «,, = W}HOO' Then,
we have the results in Table 4.1 and Figure 4.1.
Table 4.1: Result of Example 4.1.
(x1,91) Algorithm 3.1 Moudafi
No. of Iter. 6 15
(-9,9) Approximation  (-0.000000, 0.000000)  (-0.000000, 0.000000)
|Znt1 — znll2 0.000000 0.000000
Time 0.036015 0.025440
No. of Iter. 6 15
(20, 10) Approximatio  (0.000000, 0.000000)  (0.000000, 0.000000)
|Znt1 — znll2 0.000000 0.000001
Time 0.027071 0.015959
No. of Iter. 6 14
(=6,—2)  Approximatio  (0.000000, -0.000000)  (-0.000000, -0.000000)
[Tt — T2 0.000000 0.000001
Time 0.036619 0.015571

4.1 Compressed sensing

Compressed sensing is a very active domain of research and applications, based
on the fact that an K-sample signal z with M < N < K. The sampling matrix
A € RMXN (M < N) is stimulated by standard Gaussian distribution and
vector z = Axg + b, where b is additive noise. The most common form of
disorder technique is I regularization as:

1
in {=|Az — 2| , 4.1
Jnin {7 Az — 2|" + of|z]:} (4.1)
where is « a positive parameter and || - ||; denotes the sum of the absolute

values of the components. By means of convex analysis, one is able to show
that a solution to the constrained least squares problem:

1
min {=||Az — z||*} subjet to ||z <t, (4.2)
zeRN "2

for any nonnegative real number ¢, is a minimizer of (4.1) (see [9]). Clearly
problem (4.2) is a particular case of problem (SFP) where C = {z € RV :
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Figure 4.1: Result of Example 4.1.
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lz]|1 <t} and @ = {z}. and thus can be solved by the proposed algorithm.
In this case, Pc is the projection onto the closed l;-ball in R™ (see [7]).

Algorithm 4.2. Choose an arbitrary initial guess xg. Assume z, has been
constructed. If
|z — Poxn + A" (Ax, — 2)|| = 0,

then stop; otherwise, continue and construct z, 1 via the formula:
Yn = Tn — pn[xn — Pexpn + A*(Axn - Z)]7
Tn+1 = anfy.f(xn) + (I - anD)yna

where v € (0,1) is a positive constant, o, € (0,1) and p,, € (0,1) is chosen
self-adaptively as

_, lon = Powall? + | 4wy — 2
P O~ Poan + A*(Azn — 2)|2

Theorem 4.3. Let {z,,} be the sequence generated by Algorithm 4.2. If the
sequence {p,, } satisfies Y > | p, = coand > -, p2 < oo, then {z,,} converges
weakly to a solution u* of split feasibility problem .

Proof. Take S = Pc and T = Pg in Theorem 3.4. O

In our experiment, we set the hits of a signal x € RY is N = 2!2. There exist
K = 50 spikes with amplitude +1 distributed in the whole domain randomly.
Then we set the observation dimension M = 2'° with white Gaussian noise
of variance €2 = 10~%. The process is started with initial signal zy = A*z and
finishes with 400 iterations. The restoration accuracy is measured by means
of the mean squared error: MSE = M, where x* is an estimated signal
of x. All codes were written in Matlab 2018a and run on Dell i-5 Core laptop.

We compare the performances of Algorithm 4.2 by f(x) = éx, D(z) = %x, on =
0.15,v = 0.1 and o, = with Byrne’ s algorithm [2] by v = 0.1 are

reported in Figure 4.2.

1
10n+100"

4.2 TImage restoration

We apply the algorithm 4.2 in the paper to image restoration. The observation
model can also be described as (4.1), we wish to estimate an original image
x from an observation z, while matrix A represents the blur operator ('mo-
tion’,15,60), and b is random noise. The signal to noise ratio (SNR) is used to
measure the quality of the restored images. They are defined as follows:

T — Ty
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Original signal (N= 4096, k= 1024, 50 spikes)

1 =
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Byrne’s algorithm (MSE = 4.659578e-04, 400 iterations, CPU = 5.55 s)
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I T T
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-1

Figure 4.2: From top to bottom: original signal, reconstruction signals respec-
tively by Algorithm 4.2 and Byrne’ s algorithm

where x, z and x, are the original image, the observed image and estimated
image at iteration n, respectively. The process is started with initial signal
xo = Az +0b and finishes with 100 iterations. All codes were written in Matlab
2018a and run on Dell i-5 Core laptop.

We compare the performances of Algorithm 4.2 by f(x) = %x, 5
0.2,y=0.9 and a,, = m with Byrne’s algorithm [2] by v = 0.9 are re-
ported in Figure 4.3 and Figure 4.4.

D(z) =12, 0, =

5 Conclusions

In this article, we proposed a new iterative scheme for finding common solu-
tions of demicontractive operators. Under some suitable conditions imposed
on parameters, we proved some strong convergence theorems of the proposed
algorithm and, finally, we presented some numerical results to show that our
algorithm performs better than some existing methods.
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(¢) Algorithm 4.2 (SNR=50.30, 100 iter,(d) Byrne’s algorithm (SNR=46.35, 100
CPU=8.63s) iter, CPU=5.01s)

Figure 4.3: Result of restoration image size 192 x 256: (a) original image, (b)
blur and noisy image, (c) restoration by Algorithm 4.2 and (d) restoration by
Byrne’ s algorithm
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