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Estimates of the Laplacian Spectrum and
Bounds of Topological Invariants for
Riemannian Manifolds with Boundary

Luca Sabatini

Abstract

We set out to obtain estimates of the Laplacian Spectrum of Rieman-
nian manifolds with non-empty boundary. This was achieved using stan-
dard doubled manifold techniques. In simple terms, we pasted two copies
of the same manifold along their common boundary thereby obtaining
a Riemannian manifold with empty boundary and with a C°—metric.
This made it possible to adapt some estimates of the spectrum depen-
dent on the volume or genus of the manifold as calculated in recent
years by several authors. In order to extend further estimates that de-
pend on the curvature, it is necessary to regularize the metric of the
doubled manifold so that the new metric is isometric to that of each
copy and such that the curvature has a finite lower bound. Controlling
the curvature in this way also makes estimates of topological invariants
available.

1 Introduction

It is well-known that an explicit calculation of the Laplacian Spectrum of a
Riemannian manifold is, in the broadest terms, impossible. Among the classes
of compact Riemannian manifolds, few allow an explicit calculation of the spec-
trum, which usually occurs in the presence of high levels of symmetry (e.g.
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the sphere (S™;can) ) or in some flat manifolds such as the torus (7; flat).
This is the reason why it is sometimes sufficient to obtain some information
by calculating, when possible, a lower and/or upper bound of each eigenvalue
with particular attention to the first non zero one. Latterly, several authors
contributed a number of the estimates for compact connected Riemmanian
manifolds with empty or non-empty boundaries. M. Berger, P. Gauduchon,
and E. Mazet have proposed a broad view on this subject in their famous and
pioneering book ([1] (1987)). All of these estimates depend on the geometry of
the manifold via the diameter, the volume and the sectional curvature. Some
of these estimates require no special assumptions regarding the lower bound of
Ricci curvature, however in others, this lower bound is necessary. In this paper
we extend these estimates to compact connected Riemannian manifolds with
non-empty boundary. These were obtained using standard doubled manifold
techniques. By pasting two isometric copies of the same manifold along their
common boundary we get a compact connected manifold (M{M;gtg) with
empty boundary. The metric of the doubled manifold is naturally of C°—class
and CY—limit of C*°—metric defined on it (see Lemma 2.1) which makes it
possible to directly apply all results that do not require assumptions about
the curvature (see Section 3) to the doubled manifold. For other estimates,
fixing a lower bound of Ricci curvature, the highest level of metric regularity
in the doubled manifold is necessary. Although if it is always possible to get
a C°°—metric on M{M via a regularization, the necessary and inalienable
lower bound of Ricci curvature might be lost in the doubled manifold in the
neighbourhod of the common boundary. If the boundary OM is convex (see
Definition 4.1) no particular problems arise in the doubled manifold because:

Main Theorem A: Let (M,0M) be a Riemannian manifold with convex
boundary, then there exists a sequence of C°—metrics {gx}ren on MM ,
converging in the CY topology to gtg and preserving the lower bound of the
sectional curvature oy, i.e.

min(oyg, ) > (og)
where the minimum s achieved on all the 2-planes tangent to M.
If the boundary is not convex, regularization is still possible, however the
new metric of MM depends on the geometry and the curvature bounds of

the boundary OM . This is proved in the second main result regarding the
modified metric of the doubled manifold:

Main Theorem B: Let (M,0M, g) be a compact Riemannian manifold with
sectional curvature bounded from below (o, > —k* ) for some real k, with the
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non-empty boundary whose injectivity radius and main curvature are such that
injgpr > a, honm < 1.

for some real numbers a > 0 and n > 0; then there exists a metric g on
(M,0M) such that gg is C on MEM and such that

2
sinh (ke
< (k4a)> g<g<

sinh (7)

ka n ka\17""? (sinh (%) e
R _— . 1 —_— . 72 .
[cosh( 1 ) + sup (1, k) sinh ( 1 )] <sinh(’m)> g

1
and
4k

= tanh? (k)

These theorems make it possible to extend all results requiring a lower
bound of Ricci curvature to compact connected Riemannian manifolds with
non-empty boundary, separating those for which the boundary of (M,dM, g)
is convex (Section 4.1) and thereafter to those for which the boundary is not
(Section 4.2). It is clear that much of the present article is to prove the two
Main Theorems A and B that, despite their complexity, only play a functional
role. The proof is shifted to the end of the text (Section 6) so as not to inter-
rupt the presentation of the results concerning the estimates of the Laplacian
spectrum and the bounds of topological invariants.

The knowledge of the spectrum of a Riemmanian manifold has not only
theoretical importance but also has many potential uses: it is well known
that the free oscillation frequencies of elastic bodies are strictly dependent on
the shape and (obviously) on the material from which the body is made. The
structural theories of elastic bodies enable the modelling of an elastic structural
element such a Riemmanian manifold with suitable metric, depending on the
material. See e.g. [13] on how to use the present results to get informations
about vibration frequencies of linear elastic membranes.
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2 The double of the manifold

2.1 Definition of the double of a manifold (M§M, gfg)

Let (M,g) be a Riemannian manifold with compact and differentiable bound-
ary OM ; from the disjoint union My IT My of two copies of the manifold M ,
and the canonical maps v, and s of M on M; and M, , we get the double
MEM of (M,0M) as the quotient manifold of M; IT My via the equivalence
relation: 1 (z) ~ () if and only if x € M . In other words, we define the
doubled manifold as (M x {1,—1})/ ~, where the equivalence relation ~ is
defined as:

(x,1) ~ (y,j) if and only if (x =y and i = j) or (x =y € M and any 1, j)

The two boundaries identified in this way yield a (n— 1)—hypersurface named
the equator of M#M . The manifold M§M can be equipped with a structure
of C'*° manifold in the following way:

let p: (M x {1,-1}) — MtM be the canonical surjection, U C p(OM x
{-1}) = p(OM x {1}) an open neighbourhod in MM , and N the g—unitary
inward normal field of M, then the local chart ® is defined as:

_ (expy[t - N(x)],1) if t>0
®(t,2) = { Z(eziz[—ﬁN(az)],—l) it t<0

If € < inj,, (inj,, the injectivity radius of M), the exponential normal
map is a diffoeomorphism of ]0,e [xdM on its image in M, and the changes
of charts are C*°—maps. In what follows, we shall denote p(z) = p(x,+1).

Let j : M — M x {1} be the isometric immersion of M in M x {1} and
let ¥: M{M — MH#M be the symmetry that swaps the two copies of M in
M$4M with respect to the equator: (M x {1}) = (M x {—1}). The map j
induces the metric g; = j*(g) on M x {1}, (resp. the metric g_1 = ¥*(g1)
on M x {—1}). The passage to the quotient with respect to the equivalent
relation ~ induces the metric gfg on MEM .

Lemma 2.1. The metric gg, as defined above on MM is C° but not C*;
moreover it is a C°—limit of C*™°—metrics g defined on MM .

Proof. Let i; be the canonical injection of OM in | —¢,e[xM given by
it(z) = (t,x). The metric g; = i} [P*(gfg)], defined on M , admits left and
right derivatives which are generally different. Let N be the inward normal
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to the boundary and let X be any tangent vector to dM . Recalling that
g+1 = (p+1)*(9lg) and that d [(pl%) 0P| (%) ==+N, we get:

2,1 (@ (989))] (10 (0, X)(0,Y)
= iN~g(X,Y)

= [g(VxN,Y) + g(X,VyN)]

= +2T5 (X,Y)

% |t:i0 gt(X7 Y)

being Ilgps the second fundamental form of the equator (viewed as a hyper-
surface embedded in M#M ). Save the exceptional case when II = 0, there
is a finite jump between the left and the right derivatives of g. The second
assumption follows from a classic argument of density of C°°—functions con-
verging in the C° topology toward a C°—function using a sequence g — gfig
of C'*°—metrics converging to the metric gfig in the C° topology. |

2.2 General inherited properties

Let (M,g) be a compact C° Riemannian manifold of dimension n, the
metric ¢ and the Laplace operator are written as g = Z” gijd;vi ® da?
and A = y/detg—!- % (\/detg Sgi . %) in a local system of coordinates
(xt,22,...,2™). It is well known that the Laplacian is a self adjoint elliptic
operator having a discrete sequence of positive eigenvalues going to infinity:
0< X <A <A <. <)\ <---. Moreover, each eigenspace E();) has
finite dimension, the direct sum of them is dense in C°°(M) and the Hilbert
space L?(M,dv,) (dv, is the Riemannian measure on M) has a Hilbertian
base of eigenfunctions.

Classic Lemma 2.2. For C%—metrics on (M#M,gg) the spectrum of the
Laplacian coincides with the critical values of the functional

S dul?, dv

MM | gtg®Vatig

ur— R(u) = 2 g
fMuM Uus Avggg

defined on Ho = H1(M,g) \ {0}. The critical points are calculated using the
min-max principle or the max-min principle, i.e.

2
anM |d"|gugdvgﬁg

Ai(M3M, gtg) = infe,,, maxyee\qop “F

2
fMuM |dulgyedvgtg

= Supgi lnfueﬁ,f\{O} anM u2 dvgﬁg

being €; C Hy any vectorial subspace of dimension i in Hy .
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Proof. See [6], Theorem 4.62. O

Lemma 2.3. With the assumptions of the Classic Lemma 2.2 we get:
(i) diam (MM, ghg) = limy o diam (MM, gy);

(if) Vol(M#M, gig) = limy,— oo VOI(MEM, gi.);

(iii) A;(MBM, gilg) = limp— 400 A (MYM, gi);

(iv) h(arg,gig)(B) = limg s 4 o0 Aeargnr,g) (B) (R is here the isoperimetric pro-
file of the manifold (M§M, gtg)).

Proof of (i) and (ii). These proofs are trivial because the volume and the
diameter are both C? invariants.

Proof of (iii). Let {gr}ren be a sequence of metrics converging to the met-
ric ¢ in the C°—topology and let C; < Cy be two strictly positive constants
such that Cig < gx < Cag. For any f € H*(M#M) we have:

ox / Frdv, < / Fidv,, < CF / Fidvy;
MM MM MyM

n
2

CP C
| irPasy < [, < [Py
2 Jmim M¢M 1 Jmim
and . .
cz? C3
CTI_HRQ(JC) < Ry, (f) < CTa_le(f)'
2 1
The use of the min-max principle yields
o c
@Ai(g) < Ai(ge) < F)\i(g)'

We conclude that keeping C% = (7 = Cj such that limg_, 1, Cr = 1 and
making the limg_ 1 o0 Ai(gr)-

Proof of (iv). Let Q C MEM be a piecewise regular boundary subset of
MM and let € be a strictly positive constant, we define

1
Volg,(09Q) = El_i>%1+ - Volggg {x € Q s.t. dggg(x,00) < e}.



ESTIMATES OF THE LAPLACIAN SPECTRUM AND BOUNDS OF
TOPOLOGICAL INVARIANTS FOR RIEMANNIAN MANIFOLDS WITH
BOUNDARY. 185

Let Q. be the subset of M#M as Q. = {x € Q s.t. dggg(x,0Q) < e}. If any
sequence of €5 — 07 is such that (1 — &;)%gr < gtig < (1 + &x)%gx, we get

{x €N st dg (x,0Q) < T c

€
+Ek}CQEC{xEQS.t. dg, (z,00) < }

1—€k

For any integer k we deduce that,

) (1 _ €k)n+1 ) (1 + Ek)n+1
El_lf(% fvolqﬁg (€2) < Voly, (092) < 51—1>r61+ f\blgﬁg(ga) )
then Volgy, (0 Q) = limg_ 1o Volg, (992). O

Definition 2.4. Let N the inward unit normal to the boundary OM ; a func-
tion u € C°(M,0M,g) solves

e the Dirichlet problem when
Au=0
ulop =0

e the Neumann problem when

{ Au =0

ou _

éW|aM =0.
Classic Lemma 2.5. Let (M,0M,g) be a Riemannian manifold with non-

empty boundary and (M{M, gfig) its double; then

(i) the spectrum of (M$M,gttg) is the union of the Dirichlet and of the Neu-
mann spectra of (M,0M,g) :

{\ (MM, gig) |i € N} = {AP(M); i € N\{0}} U{AN(M);|i €N},
each eigenvalue has to be counted with its own multiplicity;

(ii) there exists a Hilbertian base of eigenfunctions such that the restriction
to each copy of M is an eigenfunction of the Dirichlet or Neumann
problem.
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Proof. Let ¥ : M§M — M{M be the symmetry that swaps the two copies
of M with respect of the equator; for every f € C*°(M#M) this symmetry
acts on each eigenspace E) of the Laplacian of (M#M, gfig) in a stable manner
because

A(foX)y=AfoX.

Since ¥ is an involution map, each eigenspace FE) breaks into a direct sum
of two parts:

It is clear that each element of EY (resp. of E)) satisfies the Neumann
condition BN‘ = 0 (resp. the Dlrlchlet condition ulsaps = 0) for (M, g),
thus the spectrum of (MgM, gflg) is included in the union of the Dirichlet and
Neumann spectra of (M,0M,g), i.e

{Ni(MM, gig) |i € N} C{AP(M); |i e N\ {0}} U {A¥(M);|i € N},

On the other hand, each u € C°°(M) verifying the Neumann conditions
Ay = 0 and g}{,bM = 0 (resp. the the Dirichlet conditions Au = 0 and
u|yp; = 0) can be extended by symmetry to a function of C'(M$M) class

such that Au = Au. Thereby the inverse inclusion is
{AP(M);]i e N\ {0}} U{AN(M); |i € N} C {\;(MEM, gtg)|i € N}.

and equality follows from the double inclusion. This equality also proves the
existence of a Hilbertian base of eigenfunctions. Moreover, the restriction of
each element of this Hilbertian base to each copy of M#M is an eigenfunction
for the Dirichlet or the Neumann problem. O

Example (Classic) 2.6. The sphere (S!,can) is the double of the Rieman-
nian manifold with boundary [0, 7].

e The Dirichlet spectrum of [0,7] is X2 = {k? |k € N\ {0}}, the multi-
plicity of each eigenvalue is 1 and the eigenspace associated to k? is given
by E[0 ™l = Span (sin kt);



ESTIMATES OF THE LAPLACIAN SPECTRUM AND BOUNDS OF
TOPOLOGICAL INVARIANTS FOR RIEMANNIAN MANIFOLDS WITH
BOUNDARY. 187

e the Neumann spectrum of [0,7] is &V = {k? |k € N}, the multiplicity
of each eigenvalue is 1 and the eigenspace associated to k? is given by
E,[Cg’w] = Span (cos kt);

e the spectrum of (S!, can) is thus w8 = {k*| k € N}, the zero-eigenvalue
has multiplicity 1 and each strictly positive eigenvalue has multiplicity
equal to 2; counting each eigenvalue with its multiplicity, for &£ > 1 we
get EE; = Span(sin kt, cos kt), or equally £5' = P ULV,

Classic Lemma 2.7. Let (M,0M) be a Riemannian manifold with non-
empty boundary and M{M its double, we have:

(i) dim H{(M{M) = dim H*(M,0M) + dim H* (M), where H*(M,0M) is the
i—th group of relative cohomology of (M,0M) and H'(M) is the i—th
group of cohomology of (M,0M);

(ii) if the dimension of M is 2 and the boundary is connected, then the genus
v of the double is such that ~v(M§M) = 2v(M).

Proof. See [9], (2011).

3 Estimates depending on the passage to the limit for a
sequence of C"°—metrics

Remark 3.1. In what follows we shall denote by AP (M, g) (resp. AN (M, g) )
the first eigenvalue of the Dirichlet spectrum (resp. the first non-zero eigen-
value of the Neumann spectrum,).

The first estimation, valid for 2-dimensional Riemannian manifolds only,
depends on its genus v ; P. Yang and S. T. Yau - in 1980 - proved the following

Theorem 3.2. (Yang- Yau, [14]) Let g be any metric on a compact surface
(M, g) of genus v, then there exists an explicit function C depending on the
genus v only such that

A1(g) - Vol(g) < C(v)
0

The passage to the limit of the metric gets the following extension immediately:

Theorem 3.3. Let (M,0M,g) be a two-dimensional compact Riemannian
manifold of genus v and with non-empty and connected boundary, then for
any metric g on M one gets

. 1
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when the constant C, which is the same of Theorem 3.2, depends on the genus
v only.

Proof. From Lemma 2.7 (ii) we have y(M#M) = 2vy(M); moreover, let
gr be a sequence of C'°° metrics on M#M converging to the metric gffg in
the C%—topology. The Theorem 3.2 gets

A (MM, gi,) - Vol (MM, g,) < C(27).

This inequality is still valid when g; is replaced by gfig because, for the
Lemma 2.3, both A(gx) and Vol(gx) go to the limit:

C(27) = M (MEM, gig) - Vol (MEM, gtg)
O

If the Euler characteristic of (M,9M) is strictly positive, Hersch proved -
in 1970 - the following

Theorem 3.4. (Hersch, [8]) Let g (resp. can ) be any Riemannian metric
(resp. the canonical metric) on S? such that Vol(g) = Vol(can), if 0 = \o(g) <
M(g) < ... < N(g) < ... is the sequence of eigenvalues of the Laplacian of
(S2,9), each one counted with its own multiplicity, then

1 1 1 1 1 1
+ + > + + ;
A(g)  Aa(g)  As(g) — Ai(can)  As(can)  As(can)

the equality occurs if and only if the sphere is endowed with the canonical
metric.

Moreover, recalling that for the canonical sphere (S2,can) the first non-zero
eigenvalues are equal, A1(can) = A2(can) = As(can), the following corollary
is a direct consequence.

Corollary 3.5. With the same assumptions of Theorem 3.4 we have

A1(g)Vol(g) < A1(can)Vol(can).

Also in this case it is possible to obtain an extension of the Hersch Theorem
for compact surfaces with non-empty boundary and diffeomorphic to a 2-
dimensional disc (B?,0B?), via a simple passage to the limit of the metric;
we get the following optimal result:
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Theorem 3.6. Let (M,0M) be a compact Riemannian surface with non-
empty boundary, diffeomporphic to the disk (B?,0B?), if g is any metric
such that Vol (g) = 3Vol (S, can) and if Xi(g), i =1,2,3, are the smallest
etgenvalues appearing in the union of the Dirichlet and Neumann spectra of
(M,0M), each one with its own multiplicity, and if A\;(can), i =1,2,3 are
the three smallest eigenvalues of (S?,can), then

1 1 1 1 1 1 3

+ + > + + =2,
A(g)  Xa(g)  As(g) = Ai(ean)  Aa(can) — Az(can) 2
Proof. Assuming that (M, M) is diffeormorphic to (B2, 9B?) implies that
MM is diffeomorphic to S?. Let g; be a sequence of C>°—metrics on M#M

converging to gfg in the C°—topology; according to the Hersch Theorem 3.4
it follows that

VOI(SQ,can).[ 1 . 1 . 1 ]> 1 L 1 L 1
Vol (gx) M(gr)  Aalgr)  As(gr)] = Ai(ean)  Ao(can) — Ag(can)

We proved in the Lemma 2.3 that \;(gx) and Vol (gx) go to the limit C?,
pushing £ — +o0o and applying this Lemma we get

Vol (S{can).[ 1 n 1 . 1 } S 1 n 1 n I
Vol(gtg) [ M(gfg) ~ Aa(gfg) ~ As(gig)] — Aalcan) = Ay(can) ~ As(can)’

the use of the Classic Lemma 2.5 and the normalization Vol (gfg) = Vol (can)
conclude the proof. O

4 Results depending on the lower bound of Ricci curva-
ture

Estimates from below the first eigenvalue have been obtained from several
authors for Riemannian manifolds with empty or non-empty boundaries with
Dirichlet or Neumann data on the boundary, under the the strong and un-
avoidable condition of the finite lower bound of Ricci curvature. It is clear
that, gluing two isometric copies of the same Riemmanian manifold with non-
empty boundary along their common boundary, the Ricci curvature can reach
negative values that are still high in a neighbourhod of the junction, it just
depends on the shape of the boundary. We give here the following definition:

Definition 4.1. A Riemmanian manifold with non-empty boundary (M, OM,g)
18 said to be with convex boundary if the second fundamental form of the
boundary Ilgns is negative definite with respect to the inward normal N.
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The lower bound of the first eigenvalue for Riemannian manifolds with
empty and non-empty boundary with Dirichlet data was obtained in 1980 by
Li and Yau [10] . These results are valid for both convex and non-convex
boundaries, the inequality is, however, stronger in the convex case. In 1986
Meyer [11] obtained an analogous estimation for the first eigenvalue of the
Laplacian on a Riemannian manifold with non-empty boundary with Neu-
mann data, in the case of both convex and non-convex boundary. In his work
he pointed out the blow up of the estimate when the injectivity radius of the
boundary vanishes if the boundary is non-convex.

The new metric obtained in the doubled manifold (MM, gg) has to obey
the necessary Ricci curvature bounded from above condition and reflect the
different behavior of convex or non-convex boundary. Thanks to the Main
Theorems A and B proved in the last Section, we obtain the new C2—metric
on the doubled manifold such that

e if the boundary is convex, the control from below the curvature imme-
diately follows (Main Theorem A);

e if the boundary is not-convex, the control of the curvature is still ob-
tained, but takes into account the geometry of the boundary via its
curvature and injectivity radius, which is consistent with the Meyer’s
results (Main Theorm B).

Thanks to this regularization, it is possible to extend the following re-
sults concerning n-dimen-sional compact Riemannian manifolds to compact
Riemannian manifolds with non-empty boundary .

Theorem 4.2. (Payne and Weinberger (1957), [12]; Li and Yau (1980), [10];
Meyer (1986), [11]; Gallot (1983), [3], [4] and [5]) Let (M,g) be a C*
compact Riemannian manifold of dimenision n, and § and D two strictly
positive constants such that Ricciyz > —(n—1)6%g and diam(M,g) < D, then
there exists a constant C , that depends only on the product 6 - D, such that
the first non-zero eigenvalue of Laplacian is greater then this constant:

A1(g) - diam 2(M, g) > C(5- D).

Theorem 4.3. (Gromov (1981), [7]; Gallot (1983) [4]) Let (M, g) be a com-
pact n-dimensional Riemannian manifold, and § and D two positive numbers
such that Ricciyz > —6*(n — 1)g and diamy(M) < D, then there ezists a
constant C, that depends on the product 0 - D and on the dimension n, such
that
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dim H*(M) < n-exp(né- DC(5 - D)).

Remark 4.4. In what follows we shall assume that the manifold MM is
already equipped with the suitable metric gfg .
4.1 Riemannian manifolds with convex boundary

All the above presented results are also extended here to n-dimensional Rie-
mannian manifolds with non-empty and convex boundaries.

Theorem 4.5. Let (M,0M,g) be a n-dimensional Riemannian manifold with
conver boundary and § and D two strictly positive real numbers such that
Ricciyg > —(n—1)6% - g and diam(M) < D, then there exists a constant C
that depends only on the product § D and on the dimension n such that

AN(M,dM, g) - diam?(M,dM, g) > C
AP (M,0M, g) - diam? (M, OM, g) > C'.

Proof. We consider the double M#M; from the Main Theorem A there
exists a sequence of C*° metrics {gx},y converging in the C°—topology to
gtg, such that min(c,, ) > min(o,) for every k € N; this implies Riccig, >
—(n —1)6%- g . The use of the Theorem 4.2 to the manifold (M#M, gz,) gets

M (MEM, gi) - diam®(MEM, gi) > C(5 - Dy,)
Pushing k to infinity we have
M (MM, gttg) - diam®(MEM, gg) > C(8 - Dygy)
from the fact that diamgs, < 2diam and for the Lemma 2.3 we get

AN(M,dM, g) - diam?(M,dM, g) > C
AP (M, oM, g) - diam? (M, oM, g) > C.

which concludes. O

The following Proposition extends the results of the Theorem 4.3 to com-
pact Riemannian manifolds with non empty and convex boundary:
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Theorem 4.6. From the assumptions made in the Proposition 4.5 it also
follows that

dimH" (M, R)(M) + dimH"(M,0M) < n -exp(ndD - C(6D))

where C, which is the same as in Theorem 4.3, is a constant that depends on
the product 6D only.

Proof. From the Main Theorem A on MM there exists a sequence of
C° —metrics gy converging in the C°—topology to the C°°—metric gfg, such
that minog, > o4 for all k, then there exists a sequence of C'*°—metrics gy,
such that Riccig, > —(n —1)6?g. From the Classic Lemma 2.7 and the The-
orem 4.3 we deduce dimH'(M,R)(M)+dimH*(M,0M) = dimH'(M§M) <
n-exp(ndD - C(6D)) where C is the constant of Theorem 4.3. O

4.2 Riemannian manifolds with non-convex boundary

Similarly, we extend here all estimates, for which a control from above the
curvature is necessary, to Riemannian manifolds with non-empty and non-
convex boundaries.

Theorem 4.7. Let n > 2 be an integer and let D and a be two strictly positive
real numbers; let n and k be two real numbers. For every compact connected
n-dimensional Riemannian manifold (M,0M,g) whose diameter is bounded
from above by D and the sectional curvature is bounded from below by —k?,
and has a non-empty boundary OM whose injectivity radius is bounded from
below from a, and the main curvature is bounded from above by n, i.e.

diam(M) < D, g > —k2, injg > a, and h <wn;

then there exists a constant C', that depends on n, D, k, a and 7, such

that
AP (M, g) - diam®(M, g) > C'(n, D, k, a,1)
A (M, g) - diam® (M, g) > C'(n, D, k, a,7).

Proof. As in the Main Theorem B, on the manifold M#M , the metric gfg
%. We can then apply Theorem 4.2 to the compact
an. 1
manifold with empty boundary (M#M, §s), getting

is such that o5 >

- o 2k - D
A (M$M, g4g) - diam®(M$M, gig) > C (m(kf)>
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and

AlD(Myg)'diamQ(M7g)>C<2k~2a>
tanh(T) (41)
A{V(M’g)'diamz(Mﬂ)ZC(tm

where C' is the constant as in Theorem 4.2. For the sake of simplicity we now
call

w(a, k) = (%) , v(a, k,n) = {cosh (lla) + sup (1, %) . sinh (T)}

and applying the Main Theorem B we obtain

u(a, k)% g < g <vla,k,n)*" 2ula,k)** g

From the results of Lemma 2.3 we get the following estimates:

diam(M, §) < diam(M, g) - v(a, k,n)" " - u(a, k)" 2

and ) )
/\1(.6) < u(a, k)n - ’U(CL, ka 77)” s )\1(9)

Putting the previous inequalities in (4.1) we obtain

AP (MEM, g4g) - diam® (M, g) > C'(n, D, k,a,n)

AN (MM, 343 - diam?(M, ) > C'(n, Dk, a,1) (42)

The inequalities from 4.2 show the existence of the constant C’ that de-
pends on n, D, k, a and 7 as in the statement, and concurrently give a
lower bound of the first non-zero eigenvalue of the Laplacian of the manifold
(M,0M,g) . a

Theorem 4.8. With the same assumptions of the Theorem 4.7, we have:

dim H* (M) + dim H*(M,0M) < n -exp(n - C'(n, D, k,a,n))
where C’'(n,D,k,a,n) is a constant that depends only on n, D, k, a, 1.
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Proof. The proof is the same as in Proposition 4.6, but, because of the
regularization of the metric, in this case the constant C’ is given by

4k
C'(n,D,k,a,n) =C | ————— D -ula, k)" 2 -v(a,k,n)" !
( D=0 n gy D e vla k)
where C' is the constant of Theorem 4.3. O

5 Concluding remarks

Despite the fact that it is impossible to directly compare the results of The-
orems 4.7 and 4.8 with the previous results of Li and Yau [10] and Meyer
[11] due to the high complexity of the involved constants, we emphasize here
that the above presented method of proof is however significantly different
from the classical gradient methods used by previous authors. The method
of the double manifold shows indeed that we can obtain eigenvalue estimates
for the manifold with boundary from a related manifold without boundary,
namely its double. The unitary approach of the double makes it possible to
get the estimates for both Dirichlet or Neumann data on the boundary; the Li
and Yau approach did indeed obtain estimates only for Dirichlet data, whilst
Meyer obtained only for Neumann data. Moreover, using the doubled mani-
fold techniques it is possible to get estimates of other quantities such as the
isoperimetric profile or the heat kernel.

6 Appendix: Proofs of the Main Theorems

We present here how to get a C° metric on the doubled manifold (M$M, g4g)
with a suitable control from below the sectional curvature with the strong
assumption that the map (M{M, gig) — (MEM, gflg) be a local isometry in
a consistent neighbourhod of the equator.

6.1 Comparison of the principal curvatures of hypersurfaces

Lemma 6.1. Let (M,0M,g) be a compact Riemannian manifold with non-
empty boundary OM and § and k two real numbers such that

Ricciy > —(n —1) - §%g and oy > —k2.

Let a (resp. 1) be the lower bound of the injectitvity radius of the boundary
(resp. the upper bound of the mean curvature of the boundary). Let Hy =
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{x € M s.t.d(x,0M) =t} be the hypersurface at t distance form the boundary
and let hy be its second fundamental form. Let hpin(t) and hpmqz(t) be the
manimal and maximal eigenvalues of hy, then, for every e € ]0, %[ and in
every point of Hy we get:

(i) for every t € [0, %]

—(n—1)- < trace(h;) < (n—1)-sup(l,n);

tanh (%5)
(ii) for every t € [e, 4]

4]

—(n—1) b tanh(ed) ;

< trace(h) < (n —

tanh (%)

(iii) for every t € [e, %]

k k
- < h’rnin t S hmuw t S T N
tanh (4) ~ ®) ®) tanh(ek)
(iV) - tanhk(%k) S hmin(t) S
k
Boman (1) < (n — 1) - sup(1, ) I
(0% (=) smp(ln) + (= 2) (s

Proof of (i). Left inequality: Let ¢ be the geodesic, normal to the bound-
ary OM in ¢(0) € OM and parametrized for the arc length. The geodesic
disk By, centred in c¢(a) and with the radius (a —t) is tangent to H; at the
point ¢(t). The geodesic ¢ yields the minimal distance between c¢(a) and Hy,
thus the hypersurface H; is external to the disk B;. The principal and the
mean curvatures of H; take their lower bound in the principal and the mean
curvatures of 0By .

Let ®: S"7!x]0,+00[ be the inverse of a normal chart at c(a), let
P*v, = a(u,t)du - dt be the volume form (a(u,t) = t""1J(u,t), J(u,t)
is the density of the volume form in normal coordinates) and let b = QT
From the Bishop Comparison Theorem we deduce:

trace(0B;) = —(n — 1)%/ 2—(n-1)- W -
5 1)
S sy = Y
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Right inequality. Let 9(¢) be the volume form at point (z,t) = exp,(t- N(x)),
~ n—1
dvy = Y(t)dz dt and let I(t) = [cosh ot + @ - sinh (525} where 7n(z) is the

mean curvature of the boundary at the point ¢(0). The Heinze-Kéarcher The-
orem gives:

4

757

If 2 €[-1,1], we set § = ig;}ﬁgg, and since tanh is an increasing function of
its argument, we get

trace(hy) =

sinh 0(R + t)
T o~ )6
coshd(R+1t) — (n=1)

On the other hand, using the same arguments as in the proof of the left
inequaility, if 7 ¢ [—1, 1], we get:

trace(hy) < (n—1)-6

cosh (R + 1) cosh(0R)

trace(hy) < (n—1)-0 mg(nfl)wy

Proof of (ii). Right inequality. The geodesic disk B’(t), centred at ¢(0) and
with radius ¢ is tangent to H; in the point ¢(t), it lies within H;. The
Comparison Theorems of Bishop and Rauch give, for every t € [s, %} ,

0 0
trace(ht) S (n — ].) . m S (n — ].) . m
Proof of (iii). Left inequality. Let J(t) be a Jacobi field along the geodesic
¢(t), starting from ¢(a), and normal to the boundary M and let Jy and g
be respectively the Jacobi field and the metric, corresponding to J(t) and g,
on a reference space of constant sectional curvature equal to —k2. From the
Rauch Comparison Theorem we get:

The right inequality follows from the right inequality of (ii) remembering that,
for every t € [E, %}

k

hmaz S T 1.7 1N\ "
tanh(ek)
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Proof of (iv). Right inequality. It is enough to emphasize that hya.(t) + (n —
2) hmin(t) < trace(h:), the use of the lower bound of trace(h:) and the lower
bound of A, (t) as obtained above completes the proof of this Lemma. [

Lemma 6.2. Let (M,0M, g) be a n—dimensional Riemannian manifold whose
sectional curvature belongs to the interval [—1,1], with non-empty boundary
OM whose injectivity radius is greater than a strictly positive real constant a.
Let Hy = {x € M s.t. d(x,0M) =t} be the hypersurface at t—distance from
the boundary (t < a ) and let hy be its second fundamental form (with respect
to the inward normal). Running z all over Hy, if

o Npmaz(t) is the mazimum among the biggest eigenvalues of hy and
® Nnin(t) is the minimum among the lowest eigenvalues of hy,

then, for every t < a we get

B (1) < Nmaz(0) + tanh ¢
max

himin(0) — tant
= 1+ hinax(0) - tanh ¢ and min () 2 hn

~ 1+ hpmin(0) - tant’
(6.1)

Proof. Let x € H; be a point of the hypersurface H;. Let ¢ be the
normal geodesic to the boundary 0M, passing in x and parametrized for the

arc length. Let hp,q.(t, ) be the biggest eigenvalue of h; in the point z. For
any Jacobi field along ¢ and normal to it we have:

g(V, V)

Let V be the Jacobi field which achieves the sup (this sup is attained because
the Jacobi fields along the geodesic ¢ form a linear space of finite dimen-
%. Taking V so that ||V (0)| = 1, we have
IV'(0)|| = DV (0)]] = |£(V)|| and £ is here the Weingarten operator of
OM in the point ¢(0); we set |[L(V)|| =1 < hmaz(0) . To get such a compar-
ison, we consider the corresponding geodesic ¢y and the Jacobi normal field
Vo along the geodesic ¢ such that [|[Vp]| =1 and ||V{|| = n on the hyperbolic
space of the same dimension. This field is given by

Pmaz (t, ) = sup

SiOn)7 then hyae (t,l') =

Vo(t) = (n - sinht + cosh t) v(t)

being v(t) the parallel transport along ¢¢ of the vector v(0) and such that
g0(v(0),¢(0)) = 0. From the Rauch Comparison Theorem, the condition o, >
—1 implies that
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9(‘7/»‘7) < 90(‘7(;,‘70) (n-cosh t+sinh t) (n-sinh t4cosh t)
g(V,V) —= QO(VOaVO) (n-sinh t+cosh t)?
n-cosh t+sinh ¢

nsinh t+cosh ¢
n+tanh ¢

1+n-tanht”

The function (¢, Apmaz(0)) — 71?2};::?8‘2251& is

e an increasing function of h,q.(0);
e an increasing function of ¢ if hy,q.(0) < 1 and

e a decreasing function of f if huq.(0) > 1.

The condition hmq.(0) > n gets, for all x € H,

B (£, 2) < 7+ tanht < tanht + Ry (0)
1+n-tanht = 1+ hyee(0) - tanht

which proves the first inequality of (6.1).

Using as a reference space the sphere (S*~!, can) rather than the hyperbolic
space (H""! can) we prove the second inequality of (6.1); with the same
notations, in (S*~!, can) the Jacobi field is given by Vo = (1-sint+cost) v(t).
We get

n —tant
hmin(t, ) > ———;
min(t,) 2 1+1n-tant’

the map. (£ hmin(0)) — 1552 M5y

increasing function of Ay, (0) ; we obtain, for all = € H,

is a decreasing function of ¢ and an

n —tant S Pomin(0) — tant
14+ n-tant = 1+ hppmin(0) - tant

proving the second inequality of (6.1). |

6.2 Comparison of metrics

The aim of this section and of the next one is to get a C°°— metric g
with a control from below the sectional curvature on the doubled manifold
(MM, gtg). This new metric will allow us to prove the Main Theorems A
and B at the end of the next section.
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Let a > 0 be the lower bound of the injectivity radius of the boundary
OM and let N(z) be the inward unit normal at z to M. We consider the
exponential map ¥ : OM x [0,a]— M, U(x,t) = exp,(t - N(z)) and the
canonical embedding i; of dM in OM x [0,a[ which identifies M with
OM x {t} and we define g, = i} [*g]. In the coordinates system stated by
U, an analogous theorem of the Gauss Lemma (see, e.g. [2], p. 69) makes it
possible to write g as (U*g) |, = (dt)* ® g¢ .

Let I be a strictly positive constant such that 0 <1 < g, and let Ms C M
be the cylinder Mg = {m €M st diyom < %} endowed with the metric g
as defined above. Let lastly ¢; : [0,+00[— [0,+00[ be a C°°-function
enjoying the following properties

p.1 ¢;(0) =1;

p.2 ¢\™(0)=0 forall n>1;
p.3 ¢(t) =t forall t > ¢
p.4 ¢)(t) >0 forall t > 0;
p-5 0<¢" <7

In the next developments, the constant [ will assume values suitable to the
specific case.

The perturbed metric g is given, in general, by

ilu :{ (d)* & gs,0)],, on My
R B on M\,

With these assumptions we get %‘t:o 9oty = ¢(0) - %‘t:@(o) g = 0. The

induced metric §g, 1G4, is of class C? for reasons of symmetry; moreover, since
all derivatives of ¢; vanish in ¢ = 0, the metric gg, 874, is C*.

Remark 6.3. The metric g yields a C°°—metric on MiM if and only if OM
is totally geodesic. Deriving in the vectorial space of symmetric 2-tensors on
oM , we get %|t:0 gt = 2I1gpr, being Ilgpr the second fundamental form of
oM .

Proof. Let (x,t) € OMx [0,a| be a point of M and (8%1, cey %, %) be
the field given by a system of coordinates. The metric g yields a C*—metric

onijMifamdonlyif%~g(a 6)

8@ ’ 8wj
fact,

=0 for all ¢ and j. We have, in
(2,0)
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9. (0 9 _o(p, 2 9
ot I\ow; 0y )|~ I\ H 0w 0,

The goal is now is to give an estimation of the curvature of gg,; to do so,
we compare the metric g, with a second metric g,, given by

CACRIOR

_ {W@gt for e<t<g
9o, =
l 96, =96 =9 on  M\M

at the point ¥(z,t) € M \ M..

In this context we take [ =¢ < §, ¢-(0) =& > 0. The metric g,_is defined
only on M \ M. because ¢ admits the inverse only in [e, +oo].

Proposition 6.4. The manifold (M, gs) is isometric to (M \ M., 7).
Proof. Let ® : M — M \ M, be the map given by:

U (z, e (t)) on Ma _
‘I’(‘I’(x’t)):{ Id on  M\M,

in the chart given by ¥, i.e. %"y(m By = d ¥ (21[(0,1)], we denote by 2 the

derivation with respect to ¢, which gives us

3]
o (57) =0 3

U (z,¢(t))
and

. 0 0 _ 0 0
(‘I) 'g¢5)|\P(z,t) (ata 8t> = g¢5|\P(z,¢5(t)) (Qbfs(t) : Eﬂﬁls(t) . 8t>

1 0 0
= ————— - 0L(t)’ =1 = Gyl <7>
o-(6= (0(1))? o\t ot
Moreover, let Y be a vectorial field tangent to OM : Y|g(54) = d W[z (v,0),
(v is a tangent vector to M ). We have ®,Y =Y and [®*-g, | (Y,Y) =
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Go. (YY) . The metrics ®*g and gy assume the same values on the (%, Y)
couple, because % and Y are orthogonal both for the metric g,. and g,_

and the map @, preserves the orthogonality.

6.3 Comparison and control of the curvatures

In what follow we suppose that all geodesics are parametrized for the arc
length.

Lemma 6.5. Let a and € be two strictly positive constants such that injg,, >
a and 0 <e< g ;let q: [57 %] — RT be a C! strictly positive function and

g=dt*® ¢ and g= dt* & g,

1
¢ (t)
two different metrics drawn in Ma \ M. by the coordinate frame equipped
by W. If R and R are the corresponding Riemann curvature tensors, then,
for every vector X, Y, Z, U, V tangent to the hypersurface Hy at t—distance

form the boundary OM , if hy is the second fundamental form of Hy for the
the metric g in relation to the inward normal % , we get

(i) R(X,2,v,2)=R(X,2,V,2) - %ht(X,Y);

(i) R(X,Y,Z, 2)=R(X,Y,ZZ);

(iii) R(X,Y,U,V) =

R(X,Y,U,V) = (1= ¢*(t)) [(X,U) - hy (Y, V) = hy (X, V) - by (Y, U)] .

Preliminary observations on the demonstration of the Lemma 6.5. Let D

(resp. D) be the Levi-Civita connection associated with the metric g (resp.
with the metric §). We shall compare the respective Riemann curvature
tensors in the point W(x,t) € Ma \ M.. Let ¢ and ¢ be the geodesics for
the metric g and for the metric g, both geodesics are normal to H; and pass
at point ¥(z,t). The Gauss Lemma ensures that ¢ and ¢ are orthogonal to
every hypersurface Hy. Let a be the re-parametrization of the goedesic given
by «(0) =0 and &(s) = g(a(s)), since ¢(s) = ¥(x,s), we have

o(s) = c(a(s)) = U(a(s), z) and ¢ = qla(s))-é(als))
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Let y be a vectorial field on M , if m € OM is a point of M , by means of
the parallel transport along the generatrix ¢ — (m,t) we get a second vector
field on the cylinder OM x [0,a[, still noted with abuse of notation as .
Considering the field Y = W, (y) on M, , consequently the map ¢~ Y|(.()
is a Jacobi field along the geodesic ¢, still noted by Y, with abuse of notation.
The map ¢+ Y|z is a Jabobi field along the geodesic ¢ , in fact Y is the
field %—Ij along ¢ given by the variation g— geodesic H(t,s) = ¥(a(t),z(s)),
where 2/(0) =y. We get:

D:D.:Y + R(Y,¢)é =0 and D:D:Y + R(Y,é)¢ = 0.

We emphasize that

D,Y=D,Y,
: 91 _ 8y _ (v 8\ _ o o\ _
in fact [V, 53] = 0, g(Yi55) = 9(Vogz) = 0 and g(Dyvgp,57) = 5V -
9(&,2)andg(Dy2,2)=1Y -5(&,2). For every vector Z on OM we
get
d 0
@gt(xz):&g(xz)zg(D%Y,Z)—&-g(Y,D%Z):29<D%Y,Z)

for the symmetry of the second fundamental form. In the same way

d 0 _ s B —
0¥, 2) = 55(v.2) =25 (DY, 2) =29 (DY, 2)
because on H;, g and g are coincident and D oy and Z are tangent to H;.

We get
— — 0 0
D%Y:D%Y and DYE:DYQ.
If f is any C! function, replacing Y by f-Y the previous result still remains
true, we have indeed
of

Da(fY) =2, Y +[-DgY =Da(fY).

As a consequence, every vectorial field £ such that, for every (z,t), §u (s,
is tangent to H;, results in
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Do
ot ot

§=Dat and Do (E%g) =D, (D%g) =D, (D@g) .

The field £ = ¢(¢) - % on Ma satisfies &) = ¢(s) and yields

D:D:Y =Dy 2 Dyy2 Y = q2(t)D% DY +q(t)d'(t)D o Y.

Proof of (i) follows directly from the preliminary considerations: since D;Y
and R(Y,¢)¢ are tangent to H; we get
R(X,¢Y,¢) = g(R(Y,0)¢, X)=g(-D;D;Y, X)
= g(~qq' - DY, X) +g(—¢*DeDeY, X)
= g(=qq"  Dyé, X) + g(R(Y,¢)é, X) - ¢°
= —q'qg(Dy%,X) +¢* R (X, %,K %) )

Proof of (ii). Since [2,X] =0 and D;Y = D;Y, recalling that D.Y and
Z are tangent to H;, we have:
E(X, A Y) =g (EXECK Z) —-g (EC‘EX}/, Z)
_ . 9 _ .
=X-g(D:Y,Z) —g(D:Y,DxZ) — 50 (DxY,Z) +39(DxY,D:Z)

= X g(DeY,2) ~ g(DeY, (Dx 7)) — 5 -4(Dx¥)T, 2) + ¢(Dx¥) T, i),

being ()T the tangential component to H;. The metrics g and § are coin-
cident on H; and they induce the same connection D7 :

(Dx2) =D%Z=(Dx2)".

As a consequence we obtain

R(X,é,2,Y) =

0
X -9(D:Y, Z) — e -9(DxY,Z)+ g(DxY,DsZ) — g(D:Y; Dx Z) =

R(X,¢,2Y)
proving the (ii) equality.
Proof of (iii). This equality follows from Gauss’s Theorema Egrequim. Let R

be the Riemann curvature tensor induced by the metric g on the hypersurface
H;. On H; we have g =g and consequently
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Ry(X,Y, U, V) = R(X,Y,U, V) + (X, U) - (Y, V) = (X, V) - he (Y, V)

and

Ry(X,Y,U,V) = R(X,Y,U, V) + h(X,U) - he (Y, V) — he(X, V) - by (Y, V)
being h; the second fundamental form of the hypersurface H, for the metric

g:

ot
because D¢ X = D;X is tangent to H; and [q%,X} =0. We get

_ — 0 _
hW(X,Y)=7g <DXa7Y> = §(Dq.éX,Y) =q-(X,)Y)

R(Xax U,V) = Rt(X7 Ya Ua V) - q2[ht(Xa U) : ht(Y7V) - h’t(Xﬂ V) : ht(Y7 U)]

=R(X,Y,U,V)+ (1= ¢*) [m(X,U) - e (Y, V) = he (X, V) - he(Y, )]
]

We are now able to compare the sectional curvatures, this is done in the
following

Lemma 6.6. With the same notations as Lemma 6.5, let & (resp. o ) be the
sectional curvature, at distance t from the boundary OM , for the metric g
(resp. g). If humin(t) and hpma.(t) are respectively the minimal and mazimal
eigenvalues of the second fundamental form of the hypersurface H; for the
metric g, we have

& > min {(1 = ¢*(t)) - hinas(t), (1 — (1)) - Biin(£)), hrmaz (£)(1 — ¢*(t)) - hmin(t),0}
+min {¢*(t) - 0,0} — 2max {q(t) g(t)max (1), ¢’ (£) 4(t) hamin (1), 0} .

Proof. The joint use of previous Lemma and the Riemann curvature tensor
symmetry properties give, for all real constants «, (5:

0 0 0 0
R(X b)Y+ 600 g X tasal) .Y 45400 51 ) =
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R(X—I—oz-q(t)-a,

0 0 0
SV B A X baal) Y a0 )+

(6.2)
F(1=g*()[he(X, X) -7 (Y, Y) = h{ (X, Y)] = (1) a(t) he(BX —aY, X —aY).

On a n—dimensional Euclidean space, let h be any symmetric bilinear form
whose eigenvalues are 7; ; in an orthonormal eigenvectors base {e;}i=1,., we
have

k k
X:Z:Ei-ei and Y:Zyi-ei
i=1 i=1

and

h(X, X)-h(Y,Y)-h*(X,Y) = <Zm 1> Z% y] - anmmkl‘l

k=1

Z nin; (@i — %‘Z/i)z-
1<J

If X +aqgéand Y + 5 qé are g—orthogonals, we get:

1 = §(X+age, X +aac,)-G(Y + Bgé,Y + Bqé) — G (X + age, Y + Bgé)?
[9(X, X)+a?] - [g(Y,Y) + 2] — [9(X,Y) + af]
= g(XaX)g(Yay)_g(X7Y)2+g(/BX_aY7BX_O‘Y)

and as a consequence
0<g(X,X)-g(Y.Y) - g(X,Y)* <1 0<g(BX —aY,fX —aY) <1

Moreover, since the n—1 relative eigenvalues of g to g are equal to 1 except
one which is equal to ¢*, we get

o if g(t) <1,
¢*(t) < g (X + agé, X + agé,) - g (Y + B¢, Y + Baé,)
—g(X 4+ age,Y + Bge,)? <1
o if q(t) > 1,
1<g(X+agé, X +age,) g(Y + Bqge,Y + Bqe,)

—g (X +aqé,Y + Bgé,)? < ¢3(t) .
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and

(X, X)-h(Y,Y)* = h(X,Y)?
< sup {h2ins honaa } [R(X, X) - (Y, Y)? — h(X,Y)?],

min’ '‘m

h(Xv X) : h(Y7 Y)2 - h(Xa Y)2
> inf {A2ins Moz BminPimaz, 0} [R(X, X) - A(Y,Y)? = h(X,Y)?] ,

himin - 9(BX — aY, BX — aY) < h(BX — aY, fX —aY)
< hmaz ' g(ﬁX - OZK 5X - CEY)
All the combined results prove the Lemma. a

We now have all the tools to prove all the results concerning the control of
the curvature and consequently the first main result of this section.

Main Theorem 6.7. Let (M,0M) be a Riemannian manifold with convex
boundary, then there exists a sequence of C°—metrics {gitren on MEM
and converging in the C° topology to gfig, such that

min(cyg, ) > (og)
where the minimum s achieved on all the 2-planes tangent to M.

Proof. Let a be the injectivity radius of the boundary and let H; =
{x € M s.t.d(X,0M) =t} be the hypersurface of M at {—distance from the
boundary OM . It is assumed that its second fundamental form is negative
definite for all ¢ < 5.

Let ¢ be the function ¢, :]0,4+00] —=]0,+00 ], 0 < e < &, enjoying the
properties p.1 - p.5 (see p. 199); for all ¢ € [0,a[ the corresponding metric
splits as g = dt? @ g,, . Based on these assumptions, we obtain

¢*(t) = [¢e(ez ' ()))* <1

and
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Making use of the (6.2) formula of Lemma 6.6 we get

R(x+a.q<t>-;,

Y Balt) g X b al0) Y 48 o) 5 )

ot’ ot’
+(1=* (1)) [he(X, X)he(YV,Y) = hF (X, V)] = (£)-q(t)-hy (BX — Y, BX — aY)

=R (X baalt) G Y B a): g X bara(t): Y+ 5ua)- 5 )

— 0 0 ) o
2R(X+a~q(t)~&,Y+B-q(t)~&,X+a-q(t>~m,Y+6-q(t)-at)

and because hyqq(t) and hpn(t) are both negative and hyaz(t) - Bmin () >
0, we showed that, for every ¢ < a, min(o,, ) > min(o,). The ¢+ ¢. —t
map is a decreasing function; and consequently we get 0 < ¢ —t < ¢ for all

t € [0,a[ and also that gy is close to g for the C? -topology. We conclude
the proof sending ¢ to 07 . O

Lemma 6.8. Let (M,0M,g) be a compact Riemannian manifold with bound-
ary and n >0, § and k three real numbers such that
htom <1, Riccigz—(n—l)~52-g, ng—kQ;
then, for every 0 <e < 5 we have:
(i) the assumption Riccig > —(n—1)-62-g implies that
dvg < [cosh((k) + sup (1, g) . sinh(és)] dvg

(ii) the assumption o, > —k?* implies that

(Smh.[k (5 —2)] )2 g (6.3)

-2 [sinh (he)]""

s (k (5 )]

< g < |cosh(de) + sup (1, g) -sinh(és)}
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Proof of (i). Let ¢ be the geodesic normal to the boundary. At point
¢(t) = (z,t) the volume forms for the metrics g and § are given respectively by
dvg = 9(t) dz dt and dvg = 9(¢(t)) dz dt. Given that the Bishop Comparison

Theorem assures that 9(t) = [cosh(6t) + % sinh(6t)] "~! and that the function

Y is decreasing we deduce that

53

Ilo®)] _ Ve(t)] _ [cosh(d(t +¢)) + 5 sinh(3(t +¢)) n
It) T 0 cosh(dt) + 7 sinh(dt)

We replace £ on the left side of the previous inequality chain with sup [1, %]
obtaining a decreasing function which attains its minimum in ¢ = 0, proving
the inequality in (i).

Proof of (ii). Let J be the set of all Jacobi fields normal to the geodesic ¢,
ie. JeJs g(J'(t),d(t)) =0 for all t. At point ¢(t) = (x,t) we have

o S0, T6(0)

ser g(J(1), 9(J(1))
Vector J is indeed the image of a vector X, tangent to M via the tangent
map to the chart U : M x]0,a[— M, U(x,t) = exp,(t-N(z)). We consider
the vector field J(t) = sinh[k(a — t)]u, u being a unit vector field normal to
¢ in the reference space of sectional curvature identically equal to —k%. We
get

g (J[p(t)],
g(J (),

where the first inequality comes from Rauch Comparison Theorem, while the
others derive from the fact that function %‘ is a decreasing function, (see the
proof of Lemma 6.1). This chain of inequalities proves the left inequality of
(ii). Let {u;},_, , be the relative eigenvalues of § tog; we have p; =1
and pu; > (W) for ¢ > 2; from what has just been proved in (i) we
2
have []7_,p; > [cosh(dt) + %Simh(&t)]%_2 . This inequality shows an upper
bound of each eigenvalue u; and consequently proves the inequalities chain in
(ii). |



ESTIMATES OF THE LAPLACIAN SPECTRUM AND BOUNDS OF
TOPOLOGICAL INVARIANTS FOR RIEMANNIAN MANIFOLDS WITH
BOUNDARY. 209

Main Theorem 6.9. Let (M,0M,g) be a Riemannian manifold with non-
empty boundary and let k, a and n be three real numbers such that

Og > _k27 injBM >a> Oa h@M < UR

Then there exists a metric g on (M,0M) such that gtg is C on MM
and such that
2
Sinh( a)
g< g 6.4
<sinh(’€ )) 9=9 (64)

ka n ka\1?"~* (sinh (%) o
R _— . ] —_— . 72 .
< [cosh<4)+sup (Lk) smh(4>} <sinh(’1‘1)> g

=

SR

and

4k?

L
% = tanh? (’1—“)

(6.5)

Proof. The (6.4) inequalities are easily derived from (6.3) inequalities set-
ting € = 7.

If the boundary OM is convex, the (6.5) inequality arises from Proposition
6.7:

4k>

RX,)Y,X,Y)> -k g(X,V)> ——————
( )2 K g(X¥) 2~

-g(X,Y).

On the contrary, if the boundary is not convex, we set [ = ¢ and we consider

the function ¢ : [0,+00[— [0,+o0] enjoying as usual the properties p.1
and p.2 (see p.199). To do this, it is necessary to have gb/% (%) =1 and thus

fO% ¢a''(s)ds = 1. Its second derivative ¢a’ has to satisfy the following
properties:

o 637 € C=([0, +oo);

e the support of ¢a '""is compact and also contained in the open }0, 3 [;

o [Zos"(t)dt =1;

° quﬁ%”(t) < 2 and

Qi
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e its graphic must be symmetric with the right z — = 0.

It follows that gb’% (&—s)+ gf)/% (s) =1 and that fO% gf)/% (s)ds = ;50 pa(t) =
T+ fot gZ)’% (s)ds remains. From Proposition 6.4 it follows that on M \ M« the

metric § = dt2 @ Je(t) is isometric to the metric 5 @ g¢. Moreover

dt?
CACHRION
we emphasize here that, for every ¢, we have

0 < qS’% (t) < 1
0 < al)=di(e3' ) < 1
0 < a(t)-d(t)=9¢"(¢3'() < 3
Exploiting the results of Lemma 6.6 we get
7 >0+ (1= ¢*(t) himashmin — 2q(t) - ¢'(t) hmaa. (6.6)

The use now of Lemma 6.1 yields for every t € [%, %}

k k2

Fmaa < tanh (%) and el tanh (%‘1) - tanh (%)

(6.7)

Remembering that tanhz < z, putting the (6.7) inequalities in the (6.6) we
achieve,

— 4k?
0= T T (ka)
tanh (T“)
which ends the proof of the Theorem. O
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