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Abstract

This paper introduces a weighted entropic copula from preliminary
knowledge of dependence. Considering a copula with common distri-
bution we formulate the weighted entropy dependence model (WMEC).
We give an approximator for the copula function of this problem. Also,
we discuss some asymptotical properties regarding the unknown param-
eters of the model.

1 Introduction

”The copula function methodology has become the most significant new tech-
nique to handle the co-movement between markets and risk factors in a flexible
way” said Cherubini et. al in the introduction of their book Copula Methods
in Finance from 2004 [8].

Copula function has emerged as a useful tool for modeling stochastic de-
pendence. These functions can model and explain the asymmetric dependence
between random variables without looking at their marginal distributions- this
being one of the main advantages of copula over density function. In essence, a
copula is a multidimensional probability distribution with uniform marginals.
For these reasons copula functions have been studied intensely over the years
since their discovery: Embrechts, P., Lindskog, F., McNeil, A.J., [15]; Kolve,
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N., dos Anjos, U., Mendes, B. [22]; Mikosch [24]; Cherubini, U., Luciano, E.,
Vecchiato, W. [8] and not only.

The last decade has seen an explosion of manuscripts on the applications
of copulas, especially to financial issues. These applications include mod-
elling financial contagion [31], portofolio selection using a multivariate regime-
switching copula to capture asymmetric dependence [12] or studies involving
asymmetric pattern in volatility [26] and not only.

Among the many densities in statistical literature [5, 27], one special case
of densities represent the maximum entropy densities first proposed by Jaynes
(1957) [20]. These densities are obtained by maximization of an information
criterion subject to mass and mean preserving constraints, denoted by M E.
The principle of maximum entropy can be viewed as a criterion to select the
best probability distributions compatible to some set of constraints. Applica-
tions of M E can be found in various fields of computer science, in statistical
learning, especially natural language processing [13, 17]. The M E method was
applied to obtain new classes of Lorenz curves by maximizing Tsallis entropy
under mean and Gini equality and inequality constraints [28]. For more details
on entropy optimization we sugest the reader to see [29].

The foundation of information theory was laid out by Shannon’s 1948 paper
where he introduced the well-known Shannnon entropy which gives us the level
of uncertainty of a random variable. Since then the field of information theory
has exploded and many more entropies have been introduced: Tsallis entropy
[34, 35, 36] which is along with Tsallis statistics used in various applications
[33], weighted entropy introduced by Bellis and Guiagu [6, 16] as a measure of
useful information contained by a random variable, by taking into account both
the probabilities and the values of the random variables, weighted cumulative
paired interval entropy [4, 30] and many more. Some applications of the
concept of entropy can be found in [1, 2, 3] where it has been used in the
context of divergence rates for Markov chains, and in [27] in determining the
level of uncertainty of statistical models used in reliability. For more details
regarding information theory see [11].

In 2007, Dempster et. al [14] have discussed the problem of constructing
empirical copulas from relative entropy. Some applications of maximum en-
tropy copula can be found in [18] where it has been used to model multi-site
streamflow dependence and in [21]. By applying the M E principle to copula
functions, Chu and Satchell [10] have proposed a maximum entropy copula
obtained by maximizing the bivariate Shannon entropy. Having limited in-
formation, they proposed a theoretical problem in order to obtain relative
entropy measures of joint dependence. The constraints considered concerns
to the need for uniform marginal distributions and to measures of association
and rank correlations.
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Considering the context described above we introduce a weighted entropy
dependence model using copula functions.

The paper is organized as follows. In Section 2 we introduce the weighted
entropy dependence model while in Section 3 we give an approximator for the
copula function of this model. Section 4 is dedicated to the asymptotic prop-
erties of the unknown parameters the of WM EC model. Section 5 concludes
this paper.

2 Weighted entropy dependence model

The study of copula functions and the role they play in probability theory and
mathematical statistics is a subject still in its infancy. There are still many
open issues and many things to discover.

In recent years, several studies have been conducted in the field of finan-
cial economics, as they have the potential to model and explain asymmetric
dependence between random variables, separate from marginal distributions.

The copula is proposed by Sklar [32] as a method of constructing common
distributions with given marginals. The advantage of copula functions is that
the dependence of random variables can be parametrically specified, regardless
of their marginals.

A bivariate copula C(-,-) is defined over [0, 1]? with values in [0, 1] and
has the following properties [25]:

1. C(z,0) =C(0,y) =0, C(z,1) =z and C(1,y) =y for every z,y € [0,1]

2. C(xz,y) is 2-increasing, i.e., C'(z2,y2)—C(x2,y1)—C(x1,y2)+C(x1,91) >
0 for every x1,2,y1,y2 € [0, 1] such that 21 < 29 and y; < yo

The Sklar’s theorem links a C'(u, v) copula of a common distribution F(z,y)
by the relation F(z,y) = C(Fi(z), F2(y)), where F} and F» are marginals. We
have

2 u, v
Flo.y) = (B (@) BUDA@ RO cwr)=Tow) )

Using the ME method we introduce a new maximum entropy copula prob-
lem. In 2016, Chu and Satchell [10] constructed a maximum entropy copula
(MEC) by maximizing the bivariate Shannon entropy under some set of con-
straints. The problem proposed by them is

11
ProblemEM : maximize W(c) = —/ / c(u,v)log c(u,v)dudv (2)
o Jo
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subject to

/O 1 /0 ' v dudy = 1 (3)

/Ou /01 c(z,v)dedv=u, YV wue€]l0,1] (4)
/Ol/ov c(u,y)dudy = v, ¥ vel0,1] (5)

/01 /01 h(u, v; On )e(u, v)dudv = 0 (6)

where h(u,v; 0;\/) is an arbitrary function used to impose constraints con-
cerning the copula function with respect to measures of association and rank
correlations [10].

Considering the problem above and how it was constructed, we introduce
a new dependence model defined by the optimization problem:

Problem WME

1 fxY) 1
f1(X) f2(Y)

Beasll ™

minBx v {w(F (X), F2(Y)) |

s.t.
Exyyla(X,Y)] = po

where f is a two-dimensional density, f; and fy are unidimensional densi-
ties corresponding to the random variables X and Y, respectively, and log is
the natural logarithm, supp(f1) = {x € R: fi(z) # 0}, supp(fz) = {z € R:
fa(x) # 0}, and a is an arbitrary function so py < oo. Function w(u,v) is a
positive and bounded weight function. Also, we suppose that the expectations
exist.

The main goal of this paper is solving problem (7). The solution is a
weigthed maximum entropy copula, denoted by WM EC. We assume for the
rest of the paper that WM EC' is a differentiable function so that its copula
density exists.

From Sklar’s theorem, the optimized function reduces to:

CH"(c) = —Ew,yv) {w(U,V)[logc(U, V) = 1+ ¢(U, V)" ']} (8)
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where (U, V) is a random vector on [0, 1]? with c(u,v) probability density
function.

Taking into account the optimized reduced function, the WM FE problem
can be reformulated in the following manner:

M@ﬂﬂ#ﬁﬁ:—Ewyﬂwaﬁvm%CWWﬂ—1+CWHQ4B, (9)

with restrictions

EwwnI(U€0,1], Ve[o,1])] =1 (10)
Euw[I(U € [0,u), V €[0,1]))] =u, (V) ue[0,1], (11)
Ewuwn[I(U €[0,1], V €[0,v))] =v, (V) ve[0,1], (12)

Ew ) [a(U, Vi A)] = 0. (13)

where E(y,yy is calculated in relation to the density of the random vector
(U, V), that is to say with respect to ¢(u, v), here I being the indicator function.

Relation (10) implies that ¢(u, v) is a joint density on the unit circle. Rela-
tions (11) and (12) imply that the marginals of c(u,v) are Upg 1) distributions,
i.e. uniformly distributed on the interval [0,1]. Relation (13) imposes a con-
straint on the joint behaviour of U and V. This constraint concerns measures
of association and rank correlations. To be observed that we can have more
than one constraint like (13).

A measure of association is defined as p = fol fol a(u,v)dC(u,v), where
a is a bivariate function such that |p| < oo. This measure is also referred
as copula-based measure of dependence. This measure of association can be
R; S;
N'N

the ranks of (X;,Y;) in a sample of size N. For example, if we have constraints

N
1
estimated by the rank statistic p = N Z a( ), where (R;, S;) represents
i=1

concerning Spearman correlation, we take a(u,v;is) = a(u,v) = wv, u,v €
[0,1]. Throughout this paper, we sometimes omit s for brevity - we write
a(u,v; \).

The following lemmas we use in the next section where we give an approx-
imator for WM EC.
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Lemma 1. /9] We consider
Euny{I(Uel0,1], Velab)}=8-a

Ewawy {I(U € [a,b], V €[0,1))} = 5 —a, (14)

where o and B are arbitrary numbers from [0,1], a« < § and a < b.
Using a dyadic sequence from [0,1], (14) is equivalent to:

E(U,V) {I(U € [.7 ’ 2—m) (.7 + 1) ’ 2_m]7 Ve [07 1])} =

. -m —m 1
(V) =0,1,...,(2™ — 1) and m is large enough.

Lemma 2. [19] [Du Bois- Reymond] Let b(t) be a continuous function on the
interval [to,t1]. Suppose that the following equality holds for any continuous
function v(t) with mean zero value (i.e. f:ol v(t)dt =0) :

/ ! b(t)u(t)dt = 0.

Then, b(t) = b = const. Conversely, if b(t) = const, then fttol b(t)v(t)dt = 0.

Lemma 3. [23] The indicator function I, .)(y) can be approzimated by a
continuous function @4y, x), defined as:

\/% /_y exp{—(v — z)?s%/2}dv.

O, (y,x) has the following properties:

y(y,r) =

lim <I>S(y, l‘) - I(,J’OO)(y),

§—00
. 0Ps(y,x)
i gy = 0o,

where 0(-) is Dirac’s delta function.
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3 An approximator for WMEC model

In this section we give an approximator for the copula function of the weighted
maximum entropy problem (WM E). In order to obtain the approximator of
WM EC we use definite integrals.

Theorem 4. WMEC, ¢(u,v) can be approrimated by an approximator,

Cpr n(u, ), for m, n large enough, with

~w —1
cm,n(“’?v) = Bm,’ﬂ(uﬂ ’U) {E(Z1,Z2)[Bm7n(zl7 ZQ)]} ) (16)

where

(Z1,Z3) ~ Upp 132, i-e. (Z1,Zs) is bivariate uniform distributed on [0, 1]2

and
By = exp{— Z 1, (@(n(g - 27" —w) + ¢(—n((j +1)27™ —u)))+
7=0

~

HHz,i(D(n(G-27" =)+ o(=n((G+1)- 27" —v)))] = i1 ama(u, v; ) —aoc(u, v)},

with
O = {11,055 H1,2m 1, [12,05 -+ 2,2 1}

which contains the minimum values of the following potential function:

2m 1

Dm,n(é\my}:) = E(Zl,ZQ) exp{ — Z (w(ZhZQ))—l [ﬁlu(ﬁb(n(J L9—m _ Zl))
7=0
+o(-=n((G+1)27" = Z1)) —1+27")
(G- 2™ = Z)) + (—n((+1)-27™ = Zy)) —1+27™)

— fivama(Z1, Zo; N) — ao?(Z1, Zs) }

for given ag and ¢(u,v), where ¢(x) = \/% ffoo exp{—%yQ}dy.

Proof. Using Lemma 1, the Lagrangian function associated with the WMFE
problem can be expressed as follows:
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L(C7 9m§/)‘\) =
= —Ewvy {w(U,V)logc(U, V) =1+ ¢(U, V)" '} = 1,1

= > AmiBz z {I(Ziej-27",(i+1)- 27", Zo € [0,1]) - [e(Z1, Z2) —27 "]}

=0

+M2,jE(Z1,Zz) {[(Zl € [071}, VARS [.7 . 2—m, (.7 + 1) . 2—m]) . [C(Zl’Z2) - 2—m]}}

—paem - Bz zy0(Z1, Z2; A)
= E(z,,25){w(Z1, Za)[log c(Z1, Zo) — 1+ c(Z1, Z2) '] + 1, —1[c(Z1, Z2) — 1]

2™ —1

+ D Amg HZelj-277, (i +1)-277)

tpoy I(Ze€f-27",(G+1)-27"D} - [e(Z1, Z2) —27™]

+ /Ll,zma(Zl, Za; )\) . C(Zl, Zz)}.

where (Z1, Z3) ~ U 132, i-e. (21, Z2) is bivariate uniform distributed.
Taking the first derivative of Lagrange function L(c, 8,,, A) with respect to
c we get:

2™m—1

E(Zl,Zz){w(Zl,Zz)IOgC(ZhZ2)+M1,—1+ >l I(Zy € 527, (G+1)-27")+
7=0

o I(Za € [j-27™, (G +1) - 27™))] + py.amal( 21, Zz;X)},

Define
2m—_1
dp(u,v) = w(u,v)loge(u,v)+pr -1+ Z {mjI(welj-27™, (G+1)-27")+
j=0

iz I(v € [-27™, (G + 1) - 27} + g amalu, 5 ),
then applying Lemma 2 to the function
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where ¢(u, v) is an arbitrary copula density so that,
E(z,,2:)[€(Z1, Z2) = 1] =0

we obtain the following representation:

2™m -1
G (u,0) = exp{—(u1,—1 —ao) = > {pI(we[j-27",(j+1)- 27"+
=0

iz I(v € [j-277, (G +1) - 27"} = pgma(u, v; A) — agé(u,v)}. (17)

where aq is a generic constant.
By replacing (17) in relation (10), the leading term 14p; 1 —ay is canceled
out and we get:
Cmn(u,v) = By, (u,v) - By (u,0) (18)

where

B (1) = exp { = (w(u, 1) ™ (1,1 — ao)

2m 1
— (wu,v)) " Y A Iwej-27" (G +1)-27™)
§=0

+az i I(velj-27" (G +1)-27"])}
— i1,2m (w(u, v))*1 a(u,v; @) — ag (w(u, v))*1 (u, v)}

(because f[o 12 Cm.n(u, v)dudv = 1, according to (10) )

and
1

B;,n(’uﬂv) = (E(Zl,Zz) (BmJl(Zh Z2>))_
By (15) we obtain that

Bfn,n(u,v) : E(Zl,Zz)(I(Zl € [.7 : 27m’ (.7 + 1) : 27m]7 Zs € [0’ 1])B’mv”(21722)) =2""

B:n,n(uvv) : E1(Z1,Z2)([(Z2 € [] . 27’m’ (] + 1) : zim]v Z1 € [07 1])Bm,n(Z1,Z2)) =2""

o~

B;’;I’n(u, 'U)'E(Zl,ZQ)(a(Zla ZQ, )\)Bmyn(Zl, ZQ)) = 0 fOI‘ all ] = O, ceey (2m_1)
(19)
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So (18) can be rewritten as follows:

om _1
/C\m,n(ua U) = _B:;z,n(uv U) Z (ﬁ17j27m + ﬁQ,jzim)
=0

om _q

xexp{ D7 {iiny - (W)t Iwej- 27, (j+1)-27") —27")
j=0

+ iz (wu,0) I e [j-27m, (G +1)-27) =277

— 1 2ma(u, v X) — apc(u,v) (w(u, v))_1 }
The potential function can be written as follows:
Dy (0, ) = / / exp{Am + Bm — firoma(u, v, ) — ao (w(u,v)) " &(u, v) }du dv
0 0
where
2™ 1
~ —1 . —m . —m —m
Am ==Y g (w(u,v)) - Twe [j-277 (j+1)-277]) —27™)
j=0
and
om_q

Bp=— Y fia (w(u,v) " - I(we[j- 27 (j+1)-27"]) —27™)
=0

Then, (19) is equivalent to the following system of equations:

OD 1 (O, N)

=0
O
DOy N) 0
Opz,j
Dy, N) _ 20)

3#1,27"
forall j =0,...,(2™ —1).
We remark that since the second order derivative of Dy, (0., A) is the
covariant matrix of
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{(w(Zl, 22))71 HZielj-27m (G +1)-277),

(w(Zl, Zz)) T lZelj2m (1) 27, (w(Zl, ZQ)) 2. 2, X)}Q_j_l

Dm,n(é\m7 X) is positively defined.

We obtain that the solutions of the equation (20) are its minimum values
Dm,n(gm,X),Which depends on A, ag and &(u, ).

Since the potential function Dm,n(é\m7 X) and WM EC (18) are not smooth,
according to common practice, they must be smooth.

From Lemma 2, for n large enough, we have an integral representation for

2™m—1

> pg I 2 G+ 1) 27,

Thus, following the results from [10], Lemma 2 leads us to the following:

Iuelj- 270G+ -27")=1-T(u<j-27") = I(u>(j+1)-27™)

j.2—7n
n
=1- lim — exp{—(z — v)?n?/2}dz
Jm e [ (=@ w?n/2)
—(G+1)-27m
n
— lim — exp{—(z + v)?n% /2 dz
dm [ ep{-r et
— 00

=1 lim $(n(j- 2™ —w) — lm $(~n((+1)- 27" — u).

n— oo

So,

2m 1
> omg-Iwelj-2Tm (G+1)-27") =
j=0

L= lim ¢(n(j- 27" —w)) = lim o(—n((j +1)- 27" ).

Immediately, we get:
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Don ém,X = ex Al w(u,v -1 1j w,v n(j-27"" —u
0= [ e 3 (ol o)™ s )0t )
Fo(en((G+ 12 —w) 1) +277)

1)
+ pia,g (w(u,0) 7 (S(n(j - 27" =)
12~

-~

— p12ma(u, v; X)) — apc(u, v)}dudv.

and then we have:

By, ~ exp{ Z g ($(n(G-27™ =) + ¢(—n((j + 1)27™ = w))) (w(u,v) "

7=0
+ 2,5 ($(n(j - 27" = 0)) + $(—n((F + 127" = )] (w(u,v)) ™
— fir zma(u, 03 A) (w(u,0)) " = age(u, v) (w(u,v) "'}

Now, we can write

gvfz,n(uv U) = B'r*n,n(u7 U) . Bm,n(uv U)
which can be symmetrized by taking p; ; = pe ; for all j =0, ..., (2™ — 1)

and by considering a(u, v; X) to be a symmetric function.
To complete the demonstration, we have to proof that the WMEC ap-

proximator,
(u,v) / / (u,v)dudv,

is the second order increasing. Let [ul, uy + A] X [v1,v1 + A] be a closed range
included in [0,1]%.
We can observe that, because ¢, »(u,v) is a positive function, then:

Co (w1 + A0 +A) = C2 (g + A,v1) — C8 (g, v1 + A) + C2 (ug, 01)

(21)
ur+A vi+A
= / / Conn (1, V) dudv (22)
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which is also non-negative.
Now, for m and n large enough, we get the WM EC's. O

4 Some asymptotical properties

From constraint (13), we have some unknown parameters that we need to
estimate. These unknown parameters are represented by é\s. In order to
estimate 65 we use a random sample of size s.

Let D,,(u, ) be the approximate potential function with dependence pa-
rameters 6, according to Section 3, where jis and 1° denote the minimal val-
ues of D,,(u,0) for § = 0, and 6 = 6°, respectively. The Hessian matrices of
D, (1, 0) are Hy (11, 6) = VDo (11, 0) and Ha (12, 60) = V o D (1, 0).

Following the line from [10] and [9] for our model, we will consider the
following hypotheses:

cy. b, 560 c Int(A), where A is some non-empty compact set and Int(A)
is the set of interior points of A. The dimension of the set A is equal to
the number of dependent constraints.

The set

B={peR¥™W/G, D,(u6) =0,V0c A} (23)

is also non-empty and compact, where dim(B) is equal to the number of
Lagrange multipliers in the expression D, (u,6).

So, the number of marginal constraints is dim(u) — dim(A4).

C¥. The map from A to B is a difeomorphism (i.e., there is a continuous
bijective correspondence).

C¥. Dp(p,0) is a strictly convex function of p for all # and uniformly con-
tinuous (in probability) in 6,
ie.

sup Dm(u,gs) — Dm(,u,Ho)‘ 20, as
HEB

55—90’ 2.

C}’. The vector of dependence parameter estimates is asymptotically normal
such that

s =A%) & 50, W),

where ¥ is an asymptotic variance-covariance matrix of 6.
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The assumption C3’ states that the relationship between A and B is a bi-
jective correspondence relation (i.e., for a given set of dependence parameter
estimates 1,9\5 in A there exists uniquely a set of Lagrange multipliers fis in B
which contains a unique subset of the Lagrange multipliers that determining
the dependence constraints). The assumption ensures that the potential func-
tion has uniquely minimal values for a given set of parameters. Conversely,
these minimal values are uniquely determined by a set of parameters.

Theorem 5. Considering C’ — C}’, we have

fis = 1, (24)

~ d - Y
Y2 (s — p°) 5 5(0, Hy (10, 0°) Ho,p (10, 0°) W HY L, (10, 0°) H 3 (10, 6°)).
We note that g and g means the convergence in probability and law

(distribution), respectively.
In particular, if dependent restrictions are linear in parameters, i.e. a(u,v;6)
=a(u,v) — 0, the potentially associated function of the problem WEM is:

2m_1
Dm(/’l/; 9) = /[ E eXp{/,(/l)71 =+ Z (w(u’ U))_l[,uLk(q)(k' _ 2nu>
0.1 k=0
+P2Mu—k—1)—1+2"7)
+ N’2,k(q)(k - va) + (I)(va — k- 1) — 14+ 27m)]
— K/ (a(u,v) — 0) }dudv — piy 1, (25)
where A = {p1,-1, 111,00 2,05+ s B ks B2, ks o0 5 B ,2n—1, p2,2n—1, K} and

t1,—1 corresponds to the restriction

/ c(u, v)dudv = 1.
[0,1]?

Considering Hs ,,(6°, \) = I, we obtain
Theorem 6. If (25) satisfies C* — C}’, then we have:

fis & .

$'2(fi — p°) 5 5(0, Hy  (u°, 6°)1WT H b (4, 60°)),

where 1 is a diagonal matriz of size dim(u®) x dim(6°).
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The previous theorem suggests that the efficiency of estimators [i, increases
as we use more marginal restrictions. However, if we add too many marginal
restrictions, the efficiency of the estimators may decrease as this may increase
the probability of the covariance {u,v, a(u, v;0s)} in D, (u, 6s) to be negative.
Therefore, the Hessian matrix H Ln(po, 6°) contains some negative elements
that can cause the asymptotic dispersion s'/2 (fis — u°) to decrease excessively.

5 Conclusions

In this paper we propose a maximum entropy copula by maximazing a weigthed
entropy. Based on the work of Chu and Satchell [10] we introduce a new de-
pendence model, namely the weighted maximum entropy model, denoted by
WME. This problem has as solution a copula function- the weighted max-
imum entropy copula, denoted by WMFEC. We approximate this solution
using sets of definite integrals. Also, we discuss some asymptotical properties
of the unknown paramaters concerning measures of association.
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