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Positive bounded solutions for nonlinear
polyharmonic problems in the unit ball

Habib Maagli and Zagharide Zine El Abidine

Abstract

In this paper, we study the existence of positive solutions for the
following nonlinear polyharmonic equation (—A)™u+Af(z,u) = 0in B,
subject to some boundary conditions, where m is a positive integer, A is
a nonnegative constant and B is the unit ball of R" (n > 2). Under some
appropriate assumptions on the nonnegative nonlinearity term f(z,u)
and by using the Schauder fixed point theorem, the existence of positive
solutions is obtained. At last, examples are given for illustration.

1 Introduction

The goal of the paper is to study the existence of positive continuous
bounded solutions for the following nonlinear elliptic higher order problem :

(=A)"u+ Af(z,u) =0in B,

z_llgrélaB(l_‘l.lZ)m—l - @(g)a

where m is a positive integer, B = {x € R" : |z| < 1} is the unit ball of R"
(n > 2), 0B = {z € R": || = 1} is the boundary of B, A is a nonnegative
constant, ¢ is a nontrivial nonnegative continuous function on dB and f :
B x [0,00) — [0, 00) is continuous.
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The polyharmonic operator (—A)™, m € N*, has been studied several
years later. Indeed, in [5], Boggio showed that the Green function G,, ,, of the

operator (—A)™ on B with Dirichlet boundary conditions u = a%“ =...=
%u =0 on 0B, is given by :

[z,y]
9 Te—y] (1/2 _ 1)777,71
Gm,n(may) = km,n |$ - y| " n/l Td’/a

where ky, ,, is a positive constant, a% is the outward normal derivative and for
2y in B, oyl = o -y + (1 [2f2) (1 - [yP?).

In [2], the estimates on the Green function G, of (—A)™ on B and particu-
lary the 3G—theorem (see [2], Theorem 2.8), allowed the authors to introduce
a large functional class called Kato class denoted by K, , (see Definition 1
below). This class plays a key role in the study of some nonlinear polyhar-
monic equations (see [2, 3, 6, 10]). For related results we refer to the recent
monograph [12] and the papers [7, 9, 11, 13, 14, 15].

Definition 1. (See [2] ) A Borel measurable function q on B belongs to the
Kato class Ky, , if q satisfies the following condition :

. 5(y)\" B
OIAIEH) <:1€12 LﬂB(m,a) <6('/E)> Gm’"($7 y) |q(y)| dy) =0

Here and always 6(x) =1 — |z| is the Euclidian distance between x and OB.
As typical example of functions belonging to the class K, ,,, we quote
Example 1. (See [3] ) The function q defined on B by

1
(3(2) (log 72,

is in Ky, if and only if A <2m and p € R or A =2m and p > 1.

q(z) =

Before presenting our main result, we lay out a number of potential
theory tools and some notations which will be used throughout the paper. Let
© be a nontrivial nonnegative continuous function on 0B, we denote by H¢
the bounded continuous solution of the Dirichlet problem

{ Au=0 in B,
U/oB = P-

We set w the function defined on B by

wiz— (1—|z>)"  He().
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We remark that the function w is a bounded continuous solution of the problem

(=A)™w =0 in B,
1415%33% = (). (1.2)

For simplicity, we denote by

Co(B) = {v continuous on B and lim wv(x)=0}.
z—£(€0B
We also refer to V;, g the m—potentiel of a nonnegative measurable function
g on B by

Ving(z) = / G, 9) g(y)dy, @ € B.
B

Recall that for each nonnegative measurable function g on B such that g and

Vin,ng are in Llloc(B)v we have

(=A)™(Vin,ng) = g (in the distributional sense) .

We assume that the function f satisfies the following assumptions :
(H,) f: Bx[0,00) — [0, 00) is continuous and nondecreasing with respect
to the second variable.
[ w)
w

(H,) The function ¢ = belongs to the Kato class K, ».

Theorem 1. Assume (Hy) — (Hz). Then there exists A\g > 0 such that for
each X € [ 0,\g), problem (1.1) has a positive continuous solution u satisfying
for each x € B

A

<1 - /\> w(z) <u(z) <w(x). (1.3)

0
We remark that for m = 1, we find again the result of [1] which was our
original motivation for deriving our study.

Remark 1. Note that problem (1.1) is a perturbation of problem (1.2). In
view of (1.8), we see that the behavior of the obtained solution is not affected
by the perturbation term.

The outline of this paper is as follows. In Section 2, we state some already
known results on the Green function G, and the functions in the class K, ,
that will be used in our study. Section 3 is devoted to the proof of Theorem
1. The last section is reserved for some examples.

Finally, we mention that the letter ¢ will be a positive generic constant
which may vary from line to line.
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2 Properties of the Green function G,,, and the class
Km,n

To make the paper self contained, this section is devoted to recall some
results established in [2, 4, 8, 10] that will be useful for our study.

Proposition 1. If x,y € B such that |x — y| > r > 0, then there exists ¢ > 0

such that 5(2)6 .
Grn(z,y) < c%.

Proposition 2. Let q be a function in K,, , then
Gm n b) Gm n bl
(i) The constant ag = sup / n(@,2)Grmin (2, 9)
z,yeEBJB Gm,n(zyy)
(i1) The function x — (5(z))?>™ 1q(z) is in L*(B).
(#i1) For each nonnegative harmonic function h in B, we have for x € B

lg(2)|dz is finite.

/B G, 9) (1 [92)™ ") la(v) | dy < arg(1 — 2™ h(z).

(iv) For each zo € B, we have

. 6(y)>m—1
lim Sup/ ( Gm,n T, q d —0.
a0 (fGB BNB(z0,0) \0(T) (z,v)lq(y)| dy

m—1
(v) The function x — /B (géi%) Gmn(2,y) lq(y)| dy is in Co(B).

3 Proof of Theorem 1

We begin this section with the following lemma which plays a key role in the
proof of Theorem 1.

Lemma 1. If f satisfies (Hz), then

> 0. (3.1)

f(w)

Proof. Since f satisfies (Hs), then the function ¢ =
w
Kato class K, . It follows from Proposition 2 (4i¢) that for each z € B,

belongs to the

Vi (f(w)) (@) = Vinn(q w)(z) < g w(z).
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This gives that for each z € B,

This implies that

Now, we are ready to prove our main result.

Proof of Theorem 1. Let A be the non-empty closed convex set given by

0

A—{UGCO(B):(l—;\)wgvgw}.

We define the operator 7" on A by
Tv=w— AV, (f(.,v)).

We aim to prove that T has a fixed point in A. First, we shall prove that TA
is relatively compact in Cy(B). Since w € Cy(B), it is enough to show that
the family

{Vinn (f(,0)) ;v € A}

is relatively compact in Cy(B).
Let v € A, then by hypothesis (H;) we obtain that

0<Vimn (f(,v)) <Vin (f(»w)) = Vm,n(q W)’ (3'2)
Applying Proposition 2 (iiz), we get
0 S Vm,n (f(,’U)) S aq HwHoo :

Thus the family {Vi, » (f(.,v)), v € A} is uniformly bounded.
Now, we aim at proving that {V,,. (f(.,v)), v € A} is equicontinuous on B.
Let xg € B and € > 0. By Proposition 2 (iv), there exists a > 0 such that

5(2/)>m1 e
0 < su / ( G2, dy< — = (33
zeg BNB(zo,2c) 6(5) 7 ( y>q(y) Y 2m HH()DHOO ( )
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Let z, 2’ € BN B(xg, a), then for each v € A, we have

Vi (f(50)) () = Vi (£(0)) ()]

< / G (23 9) — G2 )] ()0 (y)dy
B
< 2| Hy| /B (G (2, 9) — G (' )] (6())™ ™ a)dly
< ol Hg| / G () — G+ )] (5())™ " a()dly
BNB(zo,2a)
o Hy / G (@,9) — G (@, )] (G0 () dy
BNB¢(xp,2a)
= Il + IQ.

From (3.3), we get that

- 3\
m—1
r el [ (55) Geale ety

v gl | (52 ) G p)a(y)dy

BNB(zo,2a) (5($l)

I

IN

IA

(S m—1
2" |Hell Sup/ <@)> Gmn(2,9)q(y)dy
z2€B J BNB(z0,2c) 8(2)

< ¢

On the other hand, if |y — xo| > 2« then |y — 2| > « and |y — 2’| > «a. So by
applying Proposition 1, we reach

|G (2, y) = G (2, ) (5()™ q(y)

(Gmn(z,y) + Gm,n(wlv Y)) (5(3/))7”_1(]@)

Ojcn ((0(x)8(y)™ + (8(z")3(y)™) (5(y)™ *q(y)
(6(9)*™ a(y).

Now, since for y € BNB(xg, 2¢t),  + G, n(x, y) is continuous in BNB(zo, &)
and from Proposition 2 (ii) the function y — (6(y))*™ " ¢(y) is in L*(B) then
we deduce by the dominated convergence theorem that

INIA

IN

I, > 0as |z —a'| = 0.

Thus {Vy,n (f(.,v)),v € A} is equicontinuous on B.
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Next, we claim that V,,, ,, (f(.,v)) (z) = 0 as x — £ € 9B uniformly in v € A.
Let £ € 9B and € BN B(&, «). Then for each v € A, we have from (3.2)

Vinn (f(50)) () 2" Hell, /B G, y) (8(y))™ " aly)dy

IN

IN

| ol / Gonn(,y) (55)™ " a(y)dy
BNB(£,2a)

L2 Hol / G () (6(4))™ " q(y)dy
BNBe(¢,2a)
d(y)

m—1
2m-t IIHcpHoosup/ (5) Gmn(z,9)q(y)dy
z€B J BNB(£,2a) (2)

2 / G (,9) (5(5))™ " a(y)dy.
BNBe(£,2q)

IA

By applying Proposition 2 (iv), we obtain that

m—1
2" Y He sup/ ((S(y)) Gmn(z,9)q(y)dy — 0 as a — 0.
z€B J BNB(£,2a) 6(2)

For y € BN B°(&, 2a), we have |x — y| > «. Hence, it follows from Proposition
1 and Proposition 2 (i) that

L |y / G, (5(5))™ " a(y)dy

BNB<(&,2a)
< o [ G0t atan ) @) 0as o ¢

Therefore by Ascoli’s theorem, we conclude that the family {V,,, », (f(.,v)), v € A}
is relatively compact in Co(B).
For v € A, we have from (3.2)

W—=AVipn (f(L,w)) <Tv < w.
This implies from (3.1) that

A
<1—/\0>w§T7}§w.

Combining this with the fact that Twv € Cy(B), we deduce that TA C A.
Now, we prove the continuity of 7" in A in the supremum norm. Let (vg)k

be a sequence in A which converges uniformly to a function v in A. Then for
k € N and each x € B,

IToy() — To(z)]| < /B Gonn(@29) 1 0(9)) — £y 0(9)] dy.
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On the other hand, from the monotonicity of the function f, we have for k € N
and (z,y) € B2,

G (@, y) | f (s 0k (y) — f(y,v(y))] 2G (7, ) f(y, w(y))

2G (2, y)q(y)w(y).

IAIA

Since by Proposition 2 (i), / Gmn(z,)q(y)w(y)dy < oql|lwll,, < oo, we
conclude by the continuity of f with respect to the second variable and the
dominated convergence theorem that

|Tv(z) — Tv(x)] — 0 as k — co.

Consequently, since TA is relatively compact in Cy(B), we deduce that the
pointwise convergence implies the uniform convergence, namely

|Tv, — T, — 0 as k — oo.

Thus we have proved that T is a compact mapping from A to itself. Hence
the Schauder’s fixed point theorem implies the existence of © € A such that

u=Tu,
that is
u=w—AVy. (f(,,u). (3.4)

Tt is clear that u is continuous and satisfies (1.3) and it remains to verify that
w is a solution of (1.1).

Since 0 < f(.,u) < 2™ 1 ||Hel| (6(.))™ ' ¢ then by Proposition 2 (ii), we
obtain that f(.,u) € L},.(B) and from (3.4), we have V,,, , (f(.,u)) € L},.(B).
Hence, we have in the distributional sense

(=A)" Voo (f(,u)) = f(.,u) in B.
Now, applying (—A)™ on both sides of (3.4), we obtain that
(=A)"u = —\f(.,,u) in B.
Finally, we have

u(z)
1m 3
z—>§eaB(1 — |:c\ )mfl

Vinn (f(, ) () '

e—6€0B (1 — |z[>)m—1

=9 -

Since for x € B, we have

Vm,n(f(,u))(x) — 5(y) m—1
0 Ll <omtargl, [ ($2) Gl natin
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we deduce by Proposition 2 (v) that

Vinn (f(w)) () _

2—¢€0B (1 — |z|)m—1

Hence ()
u(z
im ———— = )
2—6€0B (1 — |z|*)m—1 #(8)
This ends the proof. O
4 Examples

We take up in this section some examples illustrating our main result.

Example 2. Let ¢ be a positive continuous function on 0B. Let p be a nonneg-
ative measurable function satisfying for each x € B, p(x)

< c
= (6())* (log(5&y)»
with A < 2m and p € R or A = 2m and p > 1. We consider g : [0, 00) — [0, 00)
nondecreasing and continuous function such that for each ¢ > 0, there exists
n > 0 satisfying
g(t) <nt, Vtel0,d].
Then by Theorem 1, there exists Ao > 0 such that for each A € [0,\g), the
problem
(—A)™u+ Ap(x)g(u) = 0 in B,
u>01in B,
; u(x) _
vty pTereT = P8
has a positive continuous solution u satisfying (1.3).

Example 3. Let ¢ be a positive continuous function on 0B. Let p be a non-
negative measurable function satisfying for each x € B, p(x) < W with
A < 2m and [ be the function defined on B x [0,00) by f(z,u) = p(z)u®
with o > 1. Therefore by Theorem 1, there exists Ag > 0 such that for each
A €0, o), the problem

(=A)™u + Ap(x)u” =0 in B,
u >0 in B,

- wz)
L et = ¢,

has a positive continuous solution u satisfying (1.3).
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