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A local minimum theorem and critical
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Abstract

In this paper the existence of two positive solutions for a Dirichlet
problem having a critical growth, and depending on a real parameter, is
established. The approach is based on methods which are totally varia-
tional, unlike the fundamental result of Ambrosetti, Brezis and Cerami
where a clever combination of topological and variational methods is
used in order to obtain the same conclusion. In addition, a numerical
estimate of real parameters, for which the two solutions are obtained, is
provided. Our main tool is a local minimum theorem.

1 Introduction

In the classical and seminal paper of Brezis and Nirenberg (see [9]), Dirichlet
problems with a critical growth are investigated. This study presents several
difficulties since the critical growth of the nonlinearity leads to the fact that
the associated functional is not sufficiently regular. Indeed, the Palais-Smale
condition, as well as the weak lower semi-continuity of the associated functional
may fail because of the fact that the embedding H{(€2) in L%(Q) is not
compact. To be precise, consider the problem

N+2
—Au=u~N-2+g(u) in €,
u>0 in Q (D)
ulo =0,
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where ) is a non-empty bounded open subset of the Euclidean space (RY,|-]),
N > 3, with boundary of class C', and ¢ : R — R is a non-zero continuous

lower-order perturbation of u™5% in the sense that 0 < g(u) < pu® for all
u € R, for some 4 > 0 and 0 < s < %, for which a typical example is
g(u) = plul®. Brezis and Nirenberg in [9] (note the embedding H}(Q) —
L% (Q) is not compact) starting from the well-known nonexistence result of
Pohozaev [11] for which (D) has no solutions when g = 0 proved that (D)
admits at least one solution provided that g is linear or superlinear at zero.
In particular, they established that, when g(u) = plu|®, problem (D) admits
a solution for suitable values of u, provided that 1 < s < % Hence, a
lower-order perturbation, which is linear or super-linear at zero, can reverse
the situation highlighted by Pohozaev.

Subsequently, Ambrosetti, Brezis and Cerami in the seminal paper [1] proved
that even if the lower-order perturbation is sublinear at zero, that is, 0 < s < 1,
the problem admits again solutions for suitable value of u that, indeed in this

case, are at least two. In particular, they proved the following result.

Theorem 1.1. (See [1, Theorem 2.3]). Fiz 0 < s < 1. Then, there is A > 0
such that for each p €]0, A[ problem

Ntz .
—Au=u¥-2 4+ pu® in €,
w>0 in €,
ulon =0,

admits at least two weak solutions.

Moreover, they also proved that if © > A, the previous problem admits no
solution (see [1, Theorem 2.1]). Their proof is a clever combination of topo-
logical and variational methods. Precisely, they determine the existence of
a first solution by using the method of sub- and super-solutions and then,
through a deep reasoning, prove that this solution is the minimum of a suit-
able functional and apply the mountain pass theorem so ensuring the existence
of a second solution. However, in their proof, no numerical estimate of A is
provided.

The purpose of this paper is to give an alternative proof of Theorem 1.1
which is exclusively variational. Moreover, thanks to this novel variational
proof, a precise numerical estimate of A is provided and we can solve specific
problems in which the result of Ambrosetti, Brezis and Cerami cannot be ap-
plied (see Example 4.1 and Remark 4.4). Our main tool is a local minimum
theorem established in [3] (see Theorem 3.1). Here, we apply one of its conse-
quence given in [4] (see Theorem 3.3). For completeness and clarity we recall
their proofs in Section 3. From Theorem 3.3 we establish an existence result
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for one positive weak solution for the problem which is a local minimum of the
associated energy functional and where a numerical estimate of A is provided
(see Theorem 4.1). It is worth noticing again that the solution ensured by
Theorem 4.1 is directly obtained as a local minimum, contrary to [1, Theorem
2.1], where the solution is ensured by the method of sub- and super-solutions.
Finally, Theorem 4.2 ensures the existence of a second solution, by starting
from the fact that the first solution is a local minimum also for a modified
suitable functional and then applying the mountain pass theorem exactly as
in [1].

The paper is arranged as follows. Section 2 presents basic definitions and
preliminaries. In particular, a consequence of the Ekeland variational principle
built in a non-smooth framework (see Lemma 2.1) is recalled. In Section 3,
the local minimum theorem is reported (Theorem 3.1) and special cases are
pointed out (Theorems 3.2 and 3.3), while in Section 4 a Dirichlet problem
with critical nonlinearities is investigated. To be precise, a type of Palais-
Smale condition for the energy functional associated to an elliptic Dirichlet
problem is proved (Lemma 4.1), existence results of one and two solutions are
established (see Theorems 4.1 and 4.2) and an example for which ([1, Theorem
2.1]) cannot be applied, is pointed out (see Example 4.1).

2 Preliminaries

Let (X,]|-]|) be a real Banach space. We denote the dual space of X by X*,
while < -,- > stands for the duality pairing between X* and X. A function
I: X — R is called locally Lipschitz when, to every u € X, there corresponds
a neighbourhood U of u and a constant L > 0 such that

|7 (v) = I(w)| <L|v—w| for all v,w e U.

If u,v € X, the symbol I° (u; v) indicates the generalized directional derivative
of I at point u along direction v, namely

I -1
I° (u;v) := limsup (w+tv) (w)

w—u,t—01 t

The generalized gradient of the function I at u, denoted by OI (u), is the set
oI (u) == {u* € X*:<ut v ><1I (u;v) forallve X}.

A function I : X — R is called Gateaux differentiable at v € X if there is
¢ € X* (denoted by I'(u)) such that

lim I(u+tv)—1I(u)

t—0+ t

=I'(u)(v) Yo € X.
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It is called continuously Gateaux differentiable if it is Gateaux differentiable
for any u € X and the function v — I'(u) is a continuous map from X to its
dual X*. We recall that if I is continuously Gateaux differentiable then it is
locally Lipschitz and one has I° (u;v) = I'(u)(v) for all u,v € X.
Now, let &, ¥ : X — R be two continuously Gateaux differentiable func-
tionals and put
I=o—-T.

Fix ri,7y € [—00,400], with 71 < r2, and we say that the functional I veri-
fies the Palais-Smale condition cut off lower at r1 and upper at ro (in short
[ml(PS)lr2l-condition) if any sequence {u,,} such that

(a) {I(up)} is bounded,
(8) dm_ ) x- =0,

() 11 < ®(up) <r2 VYneN,

has a convergent subsequence.
When we fix 7o = —o0, that is, ®(u,) < r2 Vn € N, we denote this type of
Palais Smale condition with (PS)["2). When, in addition, 75 = 400, it is the
classical Palais Smale condition.

Now, we recall the following consequence of the Ekeland variational prin-
ciple built within a non-smooth framework (see, for example [3, Lemma 3.1]).

Lemma 2.1. Let X be a real Banach space and let I : X — R be a locally
Lipschitz function bounded from below. Then, for all minimizing sequence of
I, {up}nen C X, there exists a minimizing sequence of I, {vp}tneny C X, such
that

I(v,) < I(up) VneN,
I°(vn;h) > —en|lh|| Vhe X, VneN, where e, —0".

3 A local minimum theorem and some consequences

The main result of this section is the following local minimum theorem.

Theorem 3.1. Let X be a real Banach space and let ®,¥ : X — R be two
continuously Gateauz differentiable functions. Put

[=d-T
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and assume that there are xg € X and r,7r2 € R, with r1 < ®(x0) < ra, such
that
sup U(u) <1y — @(x0) + ¥(20), (3.1)
u€®1(]r1,m2()

sup U(u) <ry—®(xo) + U(xo). (3.2)
weP—1(]—o0,r1])
Moreover, assume that I satisfies ["1(PS)["2]-condition.
Then, there isug € ®~1(|r1,r2[) such that I(ug) < I(u) for allu € ®=1(Jry,2[)
and I' (ug) = 0.

Proof. Put
M =1y — ®(x9) + (o), (3.1%)
() EP(u) <M
WMW%_{M if W(u) > M,
r o <I>(u) if ‘I)(’LL) >
7 (u) = { 1 if ®(u) <y,

J=3" —,,.

Clearly, J is locally Lipschitz and bounded from below. Now, given a sequence
{tn}nen € X such that lim,, o J(u,) = infx J, owing to Lemma 2.1 there is
a sequence {vp tneny € X such that lim, o J(v,) = infx J and J°(v,;h) >
—en||h]] for all h € X, for all n € N, where ¢, — 0. If J(z9) = infx J
then x( satisfies the conclusion. In fact, if u € ®~1(Jry,72[) from (3.1) one
has U(u) < M and J(u) = I(u) for all u € ® 1(Jry,72[); hence I(xg) =
J(zo) < J(u) = I(u) for all u € ®~1(Jry,ra]). So, we assume infy J <
J(xo). Therefore, there is a v € N such that J(v,) < J(xo) for all n > v.
Now, we claim that r; < ®(v,) < 7o for all n > v. On the one hand,
one has ®(vy,) — Uar(vn) < D" (vy) — Upg(vy) < D(xg) — U(z0); P(un) <
U (vn) + @(x0) — V() < M 4 D(xg) — ¥(x0) = 19, P(V,) < 72. On the
other hand, arguing by contradiction, we assume ®(v,,) < r1. Therefore, one
has 71— U (vy,) = @ (vy) =¥ (vy) < P(x0) =¥ (20); ¥(vy) > r1—P(x0)+¥(z0)
and, from (3.2), one has ®(v,) > ry, that is a contradiction. Hence, our claim
is proved.

Therefore, one has J(v,) = I(vy,) and J°(v,; h) = I'(v,)(h) for all n > v.
Hence, nlgrolo I(v,) = nlgréo J(vy) = i%fJ and I'(v,)(h) > —eu||h]|, that is

limy, o0 [|I'(v,)||x+ = 0. Since I satisfies ["1/(PS)I"2l-condition, then {v,}
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admits a subsequence strongly converging to v* € X. Thus, I(v*) = infx J <
J(u) = I(u) for all u € ®~1(Jry,73[), that is

I(v*) < I(u) (3.3)

for all u € ®~(Jry, r2|).
Since 11 < ®(v,) < 7o for all n > v, from the continuity of ® we obtain
v* € & 1([ry, ra)).
If v* € @ (Jry,72), (3.3) immediately ensures the conclusion. If ®(v*) = ry,
from (3.2) we obtain I(v*) = r1 — W(v*) > 11 — SUPg(y) <y, Y(u) > P(20) —
VU (z9) = I(z0) and, hence, from (3.3), I(xg) < I(u) for all u € ®~1(]ry,r2[)
and the conclusion is achieved. If ®(v*) = 74, first we observe that ¥ (v*) < M;
in fact, taking into account that I(v*) = J(v*), one has ro — U(v*) = ry —
Uy (v*), O(v*) = Upr(v*) < M. Next, we prove that I(v*) = I(zp). In fact,
arguing by contradiction and assuming I(v*) < I(zg), from (3.1%) one has
I(v*) =1y — W (v*) > 1y — M = ®(x¢) — U(xg) = I(x0), that is I(v*) > I(x0)
and we have a contradiction. Hence, from (3.3) one has I(zg) < I(u) for all
u € ®~1(Jry,r2[) and also in this case the conclusion is achieved.

O

Now, we point out the following consequence of Theorem 3.1 when the
function I depends on a real parameter, that is, it is of the type ® — AV, with
A > 0. To this end, given &, ¥ : X — R, put

sup U(u) — ¥(v)
ued—1(Jri,r2[)

r,r2) = inf 3.4
6( ! 2) veD1(r1,m2) ro — @(U) ( )
for all ri, 7, € R, with 1 < rg,
U(v) — sup U(u)
ueP—1(]—o0,r1])
p2(ri,re) = sup (3.5)
v€®—1(Jr1,r2]) P(v) —m

for all r1,7 € R, with r; < ra.

The next result is a consequence of Theorem 3.1.

Theorem 3.2. Let X be a real Banach space and let ®,¥ : X — R be
two continuously Gateaux differentiable functions. Assume that there are rq,
ro € R, with ry < 7y, such that

B(ri,r2) < pa(ri,T2), (3.6)
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where B and py are given by (3.4) and (3.5), and for each

1 1
A€ : { the function I = ® — AU satisfies "')(PS)lr2]-
p2(r1,m2)" B(ri,r2)
condition. 1 .

Then, for each \ € ,
I },02(7“1,7‘2) B(ri,r2)
that I\(ug\) < In(u) for all u € ®1(Jr1,r2[) and I§(ug,\) = 0.

[ there is ug x € ®71(Jry,m2[) such

1
Proof. Fix A as in the conclusion. One has (11, 72) < X < pa(ri,m2), that is

sup U(u) — ¥(vo)
u€®=1(]r1,r2[)

there is a vy € ®~1(]ry,r2[) such that S Y < 5 and
W(vo) — sup T (u)
uedP—1(]—
there is a vy € ® !(Jry,r2[) such that 3 < (I)E(‘;O)(}_ :?7"1])

Therefore, calling 2o the point of ®~1(]ry, rs[) such that ®(xg) — A¥(xg) =
min{®(vy) — AU (vyg), ®(Tp) — AV(Tp)}, one has
sup AU(u) < re — ®(x0) + AV(x0)
u€P =1 (Jr1,r2[)
and

sup AV (u) < r;—®(zo) +A¥(xo). Hence, applying Theorem 3.1
ueP—1(]—o0,r1])
to the function ® — AW, the conclusion is obtained. O

Remark 3.1. We recall that Theorems 3.1 and 3.2 were established in [3]
(see [3, Theorem 3.1] and [3, Theorem 5.1]).

Now, we point out a further consequence of the local minimum theorem.

Theorem 3.3. Let X be a real Banach space and let &, : X — R be two
continuously Gateauz differentiable functionals such that infx ® = ®(0) =
U(0) = 0. Assume that there are r € R and @ € X, with 0 < (@) < r, such
that

sup U (u)
ued~1(]—o00,r[) U (a)
3.7
r = o) (8.7)
(i
and, for each \ € \I’Eg’ supr W) [, the functional I, = ® — \VU

u€®~1(]—o0,r()
satisfies (PS)"-condition.
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D(a) T [
U(u)’ sup U(u) L’
ueP—1(]—o0,r|)
(hence, uy # 0) such that Iy(uy) < Ix(u) for allu € ®7(]0,7[) and I} (uy) =

0.

Then, for each A € there is uy € ®71(]0,7])

Proof. Our aim is to apply Theorem 3.2. To this end, by choosing r; = 0 and
ro = r, we claim that (3.6) holds true. Indeed, from (3.7) one has

sup ()~ @) 2 g
wE€D—1(]—o00,r[) D(a) _ (a)
,B(O,T) S r_ (D(QNI,) < r_ (I)(’EL) - (I)(a) S 02(077")~

Hence, one has
B(0,7) < p2(0,r)

and our claim is proved. Moreover, let {v,,} € ®71(]0, r[) such that lim v, =
n—oo
sup  U(u) — U(vy,)

0. One has 8(0,7) < ueg}_lﬂofﬂ (o) for all n € N. Therefore, taking
into account the continuity of & andn\Il, one has
sup U (u)
ueP—1(]—oo,r
B(0,r) < €P1(]—oo,r[)
T

d(a) r 1 1
It follows that — Cl|l———, —|.

U(a) sup U (u) p2(0,7)" B(0,7)

ueP—1(]—o0,r[)
Finally, we observe that, since Iy satisfies (PS)["J-condition, then it satisfies
0l(PS)[rl-condition.
Hence, all assumptions of Theorem 3.2 hold and the conclusion is achieved.
O

Remark 3.2. We recall that Theorem 3.3 was established in [4] (see [4, The-
orem 2.3]).

Remark 3.3. Theorem 3.1 has several other consequences, besides Theorems
3.2 and 3.3. In particular, for example, the local minimum theorem established
in [7] can be obtained as a special case. Moreover, again from Theorem 3.1,
multiple critical points results can be obtained and we refer the reader to [3]
for more details.
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Remark 3.4. The proof of Theorem 3.1 is based on a consequence of the
classical Ekeland variational principle built in a non-smooth framework (see
Lemma 2.1). It is worth noticing that in this case the non-smooth setting is
applied in order to obtain novel results in the smooth framework. In particular,
we point out that in Theorem 3.1 the sequential weak lower semi-continuity
of the functional is not requested, contrary to direct method theorems (see,
for example, [13, Theorem 1.2]) and local minimum theorems established in
[5] and [12] where it is a fundamental assumption. Elliptic Dirichlet problems
with critical exponent, investigated in the next section, as well as nonlinear
problems in the whole space (see [2]), are examples for which the sequential
weak lower semi-continuity of the associated functional may fail.

4 Elliptic Dirichlet problems with critical nonlinearities

In this section we investigate elliptic Dirichlet problems with critical exponent.
It is worth noticing that, in this case, the (P.S)—condition as well as the weak
lower semi-continuity of the associated functional may fail. For this reason,
classical results, for example direct method theorems (see also Remark 3.4),
cannot be used and the local minimum theorem given in Section 3 may be
used to obtain nontrivial solutions. Our main result is Theorem 4.1, which
ensures the existence of one positive solution by applying Theorem 3.3. Then,
as a consequence, we present Theorem 4.2, where two positive solutions are
obtained. First, we give the framework of the problem and we establish Lemma
4.1 which is fundamental in the proof of Theorem 4.1.

Consider the Dirichlet problem

{ —Au=X(h(u) + pg(u)) in Q,

D
ulag =0, (DA)

where () is a non-empty bounded open subset of the Euclidean space (R, |-|),
N > 3, with boundary of class C!, h(t) = t>~1, g(t) = t9= L if t > 0, h(t) =
gt) =0if t <0, 2* = N3’ 1 < g <2, X\ and p are positive parameters.
One has f(t) = h(t)+ug(t) < p|t|? " +[t|* ~! for all t € R. As usual, put X =
3 2
H}(Q) endowed with the norm |jul| = (/ |Vu(x)|2dx) and ®(u) = @,
Q

§
U(u) = /QF(u(x))dx for all u € X, where F(§) = /0 f@)dt for every £ € R,

3 3 1 * 1
that is, F(€) = [ h(tdt+p | glt)dt = H(E) +1G(©) = 5 6+ el
0 0
for all £ > 0 and F'(§) = 0 for all £ < 0. We observe that one has F\(§) > 0
for all £ € R.
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We recall that

lullze(@) < esllull,  we Hg(Q), s e€[1,27]

1 N! 1/N

T NN —2)r (2I‘(1 + N/2)> ’ (41)
meas(Q)% N! 1/N

Cs < N(N —2)m <2F(N/2 + 1)) (4.2)

and that the embedding Hg(2) < L*(f2) is not compact if s = 2*.
Now, fix » > 0 and put
r 1
A= - ; Ap = ————,
(Hcg(Qr)q/2 + (2273/202*) ¢ (2rN)
q

t

2%

A = min{)\:,j\r} ,
where ¢,, co~ are given by (4.2) and (4.1).

Now, we establish the following result.

Lemma 4.1. Let ® and ¥ be the functional defined as above and fix r > 0.
Then, for each A €]0,\.[ the functional I, = ® — AU satisfies the
(PS)I"l—condition.

Proof. Fix A as in the conclusion and let {u,} C X be a sequence such that
() {Ir(un)} is bounded,
. ’ _
(8) Jim_ () - = 0.
(v) ®(up) <rVneN.

In particular, from ®(u,) < r Vn € N we obtain that {u,} is bounded in X.
So, going to a subsequence if necessary, we can assume u,, — ug in X, u, — ug
in LI(Q), u, — ug a.e. on  and, taking («) into account, lim,, o, Ix(u,) = c.
Moreover, {u,} is bounded in L?" ().

First step. We prove that ug is a weak solution of problem (D).

Since {u,} is bounded in L?"(Q), it follows that {h(u,,)} is bounded in L Q).
Indeed, one has [, |h(un)\2*2771da: < o lunl* dz. Therefore, it follows that

h(un) — h(up) in L7 (Q). In fact, since h is continuous and u, — ug a.e.
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x € Q, we obtain h(u,) — h(uo) a.e. z € (), and that, together with the
boundedness of {h(un)} in L7 (), ensures the weak convergence of h(uy,)
to h(up) in L7 () (see [8, Remark (iii)]).

Moreover, since u, — ug in L?(Q), taking into account [14, Theorem A.2],
one has that g(u,) = g(up) in L77(Q). So, in particular, g(un) = g(up) in
L71(Q).

Due to what was seen before, that is, u, — wg in X, h(un) — h(up) in
L%(Q) and g(un) — g(ug) in L7 1 (), one has

lim (/Q Vg, (2)Vo(x)dr — )\/Qh(un(x))v(sc)dm— )\’u/Qg(un(x))u(x)da?) B

n—-+o00

/QVuo(x)Vv(:U)dx - )\/Qh(uo(x))v(x)dx - )\u/Qg(uo(ac))v(x)d:U for all v €

HO(Q). Therefore owing to (ﬁ) we obtain that 0 = [, Vuo(z)Vo(z)dz —
A Jo M )dac — M fq 9(uo(x))v(z)da for all v € Hg(€2), that is, ug is a
weak solut1on of (D).

Second step. We prove that
In(uo) > —r. (A)

In fact, ¥U(u) = /F(u(x))dx < HHu”%q(
Q q
L o

2%

o
@ = Echqu +

ul|?". Hence,

o

2*, Yu € X.

B og 1
U(u) < 4G Hullq+*62* u

Therefore, for all u € X such that ||ul < (2r)Y/? one has Iy(u) = ®(u) —
AU (u) > (8 A(chnuuu; & ul*) = )\( a2/ 4 3 (2r)7/2) =

7)‘F > —r. So, taking into account (v) and that ® is sequentially weakly

T
lower semicontinuous, we have |jug|| < liminf, s [|un| < v/2r and, hence,

L\(Uo) > —r.

Third step. Put v,, = u, — up. We prove that one has

1
c=®(up) — A¥(ug) + lim <||vn|2 - )\/ H(vn)dz> . (B)
n—oo \ 2 Q
In fact, one has ||u,|? = ||vn + uol|? = ||vall® + ||uol|? + 2 < vn,up >, so, it

follows that
[unl|* = [lon]1? + [[uol| + o(1).
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Moreover, the Brezis-Lieb Lemma (see [8, Theorem 1]) leads to

/QH(un)dx:/QH(vn)d:n—i-/QH(uo)dx+o(l)

(see also [14, p.33]).
Finally, since u — [, G(u)dx is locally Lipschitz in LI(f2) (see, for example,
[10, Theorem 7.2.1]) and w,, — ug in L9(£2), one has

/G(un)dz = / G(ug)dx + o(1).

Q Q

Hence, by starting from ¢ = limy, 00 (®(ur) — A¥(uy,)), one has
c=®(up)—A¥(u,)+o(l) = 1||un||2 A Jo H(up)dz— A [o, Guy)dz+o(1) =
%an||2—|—%||uo||2 A Jo H(vp)dz — X [ H(ug)dx — M [, G(ug)dx + o(1) =
D(ug) — AV (ug) + §||vn||2 A [ H(vn)dz + o(1). Hence, (B) is proved.

Fourth step. We prove the following

Tim (||vn||2 - )\2*/QH(vn)da:> 0. (©)

In fact, from (8) we have lim I'(up)(un) = 0. So,

/ Vu,Vupdr — )\/ tn|? "Ly dr — )\,u/ g(tn)undz = o(1),
Q Q Q

for Which taking into account that h(u,)u, = 2*H(u,), one has |u,|* —
A2* [ H(up)dx — A [ g(un)undz = o(1). Therefore, as seen in the proof of
(B) and taking into account that [, g(un)undz = [, g(ug)uodz 4 o(1) owing
to the fact that g(un,) — g(uo) in L77(Q) (see the first step) and u, —
ug in L9(Q), one has [[v,||? + [luol® — A2* [, H(vy)dx — X2* [, H (ug)dz —
A [ g(uo)uodz = o(1), that is,

||vn||2—)\2*/ H(vy)dx = —||u0||2+)\2*/ H(uo)dx—i—)\u/ g(ug)updz+o(1).
Q Q Q
Since ug is a weak solution of (D)), one has

Juol = 22" | Huo)dz = 2 [ gluo)uods = .
Q Q
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Therefore,
loall? = )\2*/ H(vn)dz = of1),
Q
that is, (C) is proved.

Conclusion. Finally, we observe that |[v,]|? is bounded in R since w, is
bounded in X. Thus, there is a subsequence, called again |v,||?, which con-
verges to b € R. Hence,

lim v, % = b.

n—oo
If b = 0 we have proved the lemma. In fact, we have that lim,,_ ||u, —uo|| =
0, that is, u, strongly converges to ug in X. So, arguing by contradiction,

we assume that b # 0. From (C) we obtain lim )\2*/ H(vy,)dx = b. Now,

— 00

Q
taking into account that [|v,|[r2+ () < cax|lvn||, for which 2* [ H(v,)dx <

Jo v, |? dx < c3-

then, since b # 0, one has

« b .o
vn]|?", and passing to the limit, one has 3 < 3b*"/? and

N-2 N
1) 2 1
b> |~ .
- (A) <C2*)
1
Now, taking (A) into account, from (B) we have ¢ = ®(ug) — AV (ug) + ib -

1 1 1
b>—r+<—>b:—7“+Nb,that is

2 2
1
—r+ —b.
c>—-r+ N
On the other hand, since F'(§) > 0 for all £ € R, one has ®(uy,) — AU(uy,) <7

for all n € N. Hence, we have
c<r.

1 1
Thus, —r + Nb < ¢ < r. It follows that Nb < 2r, that is,

b < 2rN.

1\ 2z /1\" 1
Therefore, one has (A) (c ) < b < 2rN, so, it follows that X <
o

2
(2rNedl)¥=2. Hence, one has
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and this is a contradiction.
O

Remark 4.1. We observe that Lemma 4.1 is different from [6, Lemma 3.1]
because of the role played here by the parameter p.

We also observe that the proof of the previous lemma is inspired by the classical
one (see [14, Lemma 1.44]). The difference between the two proofs is, in
particular, in the point (A) and, hence, in the conclusion.

Now, we can give the main result of this paper.

Theorem 4.1. Fix q €]1,2[. Then, there exists u* > 0, where

2 N-2 2;{1
. q 1 _ 2 1 1N\ T
=\ min — i — | =+
: i 2’z 252 2 3N \c3:

and cq, co are given by (4.2) and (4.1), such that for each p €]0, u*[ problem

—Au=u>"14pui"t in Q,
ulga = 0,

(Dy)

admits at least one positive weak solution u, such that

2\ 73
< | =% .
ol < ()
MOT@OUC'I", the mappmg

1 1 . 1
"= 5/ |Vuu|2dx—/ 2—*|uu|2 dm—u/ —|up|?dx
Q Q Qd

is negative and strictly decreasing in |0, p*[.

Proof. Our aim is to apply Theorem 3.3 and to this end we use the usual set-
ting. Precisely, put X = HJ(Q) endowed with the norm
1
_

lul| = (AVu(w)Fdx)z and ®(u) 5 U(u) = /QF(u(x))dx for all

3
u € X, where F'(§) = / f(t)dt for every € € R and f(t) = h(t) + pg(¢) for all
0
teR, f(t) =121, g(t) =t for all t > 0 and f(t) = g(t) = 0 for all t < 0.

, o \TTF 1 1\ 7
r = min _ i— | =
TR 3N \ &

Now, put
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* q 1 2;‘7
= — | T .
a cg 2%

Fix 0 < p < p*, and one has ), > 1. Indeed,
1 1

and

~ 2
Ar = > =(3)7* >1and
) e )
«(2N
- ) [SN <62*> 1
1
A=
Beagasopis® 4 202 a0y 55
1
> 2% _2
2 2
H 242 o 2% ¥ 5
c12a/2p%5" 4 2 :
. q2 : 77— Ca 22*+2C%:
1
> = =1.
m

B cga/2p%5* +1
q

Therefore, from Lemma 4.1, the functional Iy = ® — AV satisfies the (PS) [l
condition for all A €]0.\.[.
Now, fix A < A.. We claim that there is vy € X, with 0 < ®(vg) < r, such

that \I/( )
sup U
u€d=1(]—o0,r[) U (vo)
. 4.3
- <q><vo> (43)

s <cllull,  we Hj(Q), one has

sup U (u) sup /F(u(x))dx
ueP—1(]—o0,r) < ueP—1(]—oo,r[) JQ <
r o r o
1
sup || 130 + 5 l1ull e @)

< ueP—1(]—o0,r() <

r

P a a4 1 o
sup =c||lul|? + —c5-
ue®=1(=oo.r[) <q ! 2

u
<

) (Baeor s 2y

r r

IN
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Hence, one has

SUPye—1(]—oo,r]) P (1) <L
T A

>

<

R

Next, fix
R = supd(z,09Q),
e

and let zy € Q such that B(zg, R) C . Moreover, put

0 if x € Q\ B(zo, R)
vs(x) == %(Rf|xf:ro|) if z € B(zo, R) \ B(zo, R/2)
1) if z € B(xo, R/2).

Clearly, one has that vs € X and

1
O (vs) = 2/, |Vos(z)|? do =

/ (26)* (26)*
B(eo,R\B(z0,R/2) 1 R?
1202 a2

2 R2 T(1+N/2)

= dr = % (meas(B(zo, R)) — meas(B(zo, R/2))) =

N

(R = (R/2)™),

where T is the Euler function. Moreover, one has ¥(vs) = / F(vs(z)) dx >

71_N/2 RN °
F(6) dx > F(§) =—————————— and, hence,
/B(me/Q) (9) ( )F(1+N/2) 2N
U) B F()
D(vs) — 202N —1) 62
t F(t
From lim sup G(Q) = +o0 it follows that lim sup (2) = +00. So, taking into
t—0t t t—0+ t

(202  aN/?

1 N 5
= - 2)V), there is such
5 B2 1“(1+N/2)(R (R/2)Y), there is a § > 0 suc

account that ®(vs) =

that B
R?  F() S 1
22NV —1) 32 A

and ®(v3) < r.
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FrLRL L R FG) | W)
@1 (]—oo,r[) vs) .
Therefore, “= << 50 with 0
erefore, . h\ < 2(2N — 1) 32 @(vg) w1 <
®(vz) < r. Hence, our claim is proved.
Finally, from Theorem 3.3 the functional ®—A\¥ admits a critical point uy

1
such that §||u,\7MH2 > 0, which is a positive weak solution for problem (D).

In particular, by choosing A = 1, a positive weak solution wu, for problem

1 1
(D,,) is obtained. Moreover, one has 5”“#”2 < r, from which 5”“#”2 <

>\ b
12 on that 18, ||UHH < ( ) .
272 3

Now, since u,, is a global minimum for I; in ®~*(]0, r[) again from Theorem
3.3, and vy € ®71(]0,7[), one has I;(u,) < Ii(v5). So, taking into account
v 1
q)ngg > Y= 1 as seen before, one has I (u,) < I;(v5) < 0. Next, fix
0 < p1 < po. One has

1 " 1
I Vzd*/— zd—/f qd)>
1(“#1) €<I> ]0 T[)( / ‘ u‘ X o 2*|u‘ ui ,LL1 o q|u‘ x
1
ued— 1(07" ( /|vu|2d1~_/ "LL|2 d$_ﬂ2/(2q|u|qu> :Il(ul—lz)andthe

conclusion is achieved.

that

O

Remark 4.2. The existence of at least one solution to problem (D,) was
previously proved in [1] by using topological methods, that is, the method of
sub- and super-solution. The proof of Theorem 4.1 was obtained by variational
methods, that is, via a local minimum result as established in Theorem 3.3.
We also observe that, [1, Theorem 2.1] establishes, in particular, the existence
of A > 0 such that problem (D,,) admits a solution for each p €]0, A] and no
solution for p > A. However, no numerical estimate of A was pointed out in
[1]. Here, we point out that from Theorem 4.1 one has

A>pu”.

It follows that, from Theorem 4.1, the existence of solutions for (D)) is ob-
tained for suitable numerical values of u (see Example 4.1).

Remark 4.3. [1, Theorem 2.3] ensures the existence of a second solution for
(Dy) for all v €]0,A], by applying a version of the mountain pass theorem.
In order to apply the mountain pass theorem, the authors prove, by a careful
examination, that the solution obtained by topological methods is actually a
local minimum of a suitable functional. We observe that the solution obtained
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in Theorem 4.1 is directly a local minimum for such a functional. So, to obtain
the second solution is enough to apply the mountain pass theorem arguing as
in part of the proof of [1, Theorem 2.3]. The details are in the proof of Theorem
4.2.

Finally, as a consequence of Theorem 4.2, we obtain the following existence
result of two solutions, where an estimate of parameters is pointed out.

Theorem 4.2. Fiz q €]1,2[. Then, there exists p* > 0, where

2—gq
% N—2 2
. q 1 , 2 P11
=\| 5= min — i—— | ==
e\ 252 3 3N \ &

and cg, ca are given by (4.2) and (4.1), such that for each p €]0, u*[ problem
(D,) admits at least two positive weak solutions u,, and w,, such that ||u,| <

1
2% 2% -2
(T> and wy, > Uy

Cox

Proof. Fix p €]0, u*[. From Theorem 4.1 there exists a positive weak solution
u,, of (D,) such that u, is a local minimum for the functional I(u) = ®(u) —

2
U(u) = @ 7/ F(u(zx))dz, where F is the primitive of f(t) = t> ~1 4 pt9~"

Q
if t >0 and f(t) =0 if ¢ < 0. Now consider the problem

{ —Av = (uy +0)2 7= w2 Ty, +0)T = et i Q, )
n

i
’U|aQ =0.

Clearly, if v, is a positive weak solution to (P,), then w, = u, + v, is a weak
solution of (D,,) such that w, > w, > 0. So, our aim is to prove that (P,)
admits at least one positive weak solution. To this end, consider the functional

2
J defined as J(v) = @ - / L(z,v(x))dz, where L(x,&) = fog I(x,t)dt and

Q
1, 8) = () 2 = g ()] () 0 — i ()]0 i 0,
I(xz,t) = 0if t < 0. Clearly, non-zero critical points of J are positive weak
solution of (P,). Now, we observe that 0 is a local minimum of J. Indeed,
since u,, is a local minimum of I, one has I(u, +v) —I(u,) >0 for allv € X
such that ||v|| < ¢ for some § > 0. So, taking into account that

1, _
J(v) = 5||v 1%+ I(u, +v") — I(u,) >0

for all v € X (see [1, pag.1 line 11]), one has J(v) > 0 for all v € X such that
[lv]| < § and our claim is proved.
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At this point arguing exactly as in [1], the functional J admits a positive
critical point v, for which w, = u, + v, is the second weak solution of (P,)
and the proof is complete.

O

Example 4.1. Fix N =3 and let Q = {x ER3: || < 1}. Then, the problem

U;‘BQ = Oa

admits at least two positive weak solutions v, and w,, such that / |V, (z)[*dr <
Q

972

%72 and w, > u,. In fact, it is enough to apply Theorem 4.2 by choosing

[ 25/2

= W’ Cg S W for which

3 .
q¢ = = and taking into account that c2.
2

9 [\ 3
LI A 2.
“256(2) 3

Remark 4.4. We observe that we cannot apply [1, Theorem 2.3] to Problem
(P) since no estimate of A was pointed out there (see also Remark 4.2).

Acknowledgments

The first two authors have been partially supported by the Gruppo Nazionale
per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of
the Istituto Nazionale di Alta Matematica (INAAM).

References

[1] A. Ambrosetti, H. Brézis and G. Cerami, Combined effects of concave
and convex nonlinearities in some elliptic problems, J. Funct. Anal. 122
(1994), 519-543.

[2] G. Bonanno, G. Barletta and D. O’'Regan, A wariational approach to
multiplicity results for boundary-value problems on the real line, Proc.
Roy. Soc. Edinburgh Sect. A, 145 (2015), 13-29.

[3] G. Bonanno, A critical point theorem via the FEkeland variational princi-
ple, Nonlinear Anal. 75 (2012), 2992-3007.

[4] G. Bonanno, Relations between the mountain pass theorem and local min-
ima, Adv. Nonlinear Anal. 1 (2012), 205-220.



A LOCAL MINIMUM THEOREM AND CRITICAL NONLINEARITIES 86

[5]

[10]

[11]

[12]

[13]
[14]

G. Bonanno and P. Candito, Non-differentiable functionals and applica-
tions to elliptic problems with discontinuous nonlinearities, J. Differential
Equations 244 (2008), 3031-3059.

G. Bonanno and G. D’Agui, Critical nonlinearities for elliptic Dirichlet
problems, Dynam. Systems and Appl. 22 (2013), 411-418.

G. Bonanno and G. D’Agui, A critical point theorem and existence results
for a nonlinear boundary value problem, Nonlinear Anal. 72 (2010), 1977—
1982.

H. Brézis and E. Lieb, A relation between pointwise convergence of func-
tions and convergence of functionals, Proc. Amer. Math. Soc. 88 (1983),
486—490.

H. Brézis and L. Nirenberg, Positive solutions of nonlinear elliptic equa-
tions involving critical Sobolev exponent, Comm. Pure Appl. Math. 36
(1983), 437-477.

J. Chabrowski, Variational methods for potential operator equations, de
Gruyter, Berlin, 1997.

S. I. Pohozaev, Figenfunctions of the equation Au + \f(u) = 0, Soviet
Math. Doklady 6 (1965), 1408-1411.

B. Ricceri, A general variational principle and some of its applications,
J. Comput. Appl. Math. 113 (2000), 401-410.

M. Struwe, Variational Methods, Springer-Verlag, Berlin, 1996.

M. Willem, Minimaz theorems, Birkhauser, Berlin, 1996.

Gabriele Bonanno,

Department of Engineering,
University of Messina,

c/da Di Dio, Messina 98166 - Italy

Email: bonanno@Qunime.it

Giuseppina D’Agui

Department of Engineering,
University of Messina,

c¢/da Di Dio, Messina 98166 - Italy
Email: gdagui@unime.it

Donal O’Regan,

School of Mathematics, Statistics and Applied Mathematics,
National University of Ireland,

Galway, Ireland

Email: donal.oregan@nuigalway.ie



