T~
VERSITA
Vol. 23(1),2015, 237246

DOI: 10.1515/auom-2015-0016
An. St. Univ. Ovidius Constanta

Transformation of the second order modulus by
positive linear operators
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Abstract

We obtain estimates for the transformation of the second order mod-
ulus of continuity by positive linear operators which satisfy certain con-
ditions, which are common to a large class of approximation operators.

1 Introduction

The global smoothing preservation problem consists in the preservation of the
Lipschitz classes by positive linear operators. Mention the earliest result of T.
Lindvall [3]:

B, (Lipi(a, M)) C Lip1(o, M), neN, 0 < a < 1, (1)

where B,, are the classical Bernstein operators, given by

5ul1.0) = 31 (5 pustol.pust) = ()0 =0

f € BJ0,1], 2 € [0,1], n € N and Lip; (o, M) denotes the Lipschitz class of first
order consisting in all functions f which satisfy the inequality w1 (f, p) < M-p*
forall p >0, with M >0and 0 < a < 1.
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On the other hand, D. X. Zhou [11] obtained that the Bernstein oper-
ators do not preserve the Lipschitz classes of the second order Lips(a, M),
where Lips (o, M) denotes the set of all functions that satisfy the inequality
wa(f,p) < M - p® for all p > 0, with M > 0 and 0 < o < 2. Recall that, the
second order modulus is defined on an interval I by

wa(f,p) =sup{|f(z —h) —2f(x)+ fx+h)|: xxthel 0<h<p}

where p > 0 and f : [ — R is such that the supremum above is finite.

In connection with the problem of global smoothness preservation is the
problem of the transformation of the second order modulus by positive linear
operators L defined on I in the following form:

WQ(L(f)vp) SC'W2(f,p)a fEO(H), p >0, (2)

where ¢ > 0 is a constant independent with regard to f and p. This problem
has sense only for the operators L which preserve linear functions. In this
direction a first result was obtained by C. Cottin and H. Gonska [2], who
showed that for ¢ = 4.5 we have

wQ(BTL(f)vp) < C'WQ(f’p)’ fe 0[07 1]5 p>0,neN. (3)

Later on J. Adell and A. Pérez-Palomares [1] improved this result by showing
that we may replace the constant ¢ in front of ws(f, h) by ¢ = 4. In the paper
Paltanea [7] it is proved the following double inequality

B
2 < sup sup sup w2(Bn(f). p) < 3. (4)

©neN £ e 0f0,1]\ T, ,E(0.3] wa(fop) T

The aim of the present paper is to obtain results for a larger class of oper-
ators, following the same ideas given in paper [7]. Then we give applications
to several kinds of operators.

The second author used in [4] the technique of semi-groups of operators in
an applicative problem.

2 General results

First we introduced the following notations:

For A, B C R we write A < B if we have a < b, for all a € A and b € B.

Let I be a real interval. We denote by e;(t) =/, t € I, j = 0,1,2..., the
monomial functions.

If p > 0, we denote p < Llength(I), if p < ilength(I) in the case when
interval I is closed and p < %length(ﬂ) in the case when interval I is not closed.
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Let 0 < p < 3length(I). We denote
I' == {(z,h) €lx(0,00): zthel}
FP = {(J,‘,h) EF, hgp}

For any function f:I— R, and (z,h) € T' we denote

Ajf(@) = flz+h) = 2f(x) + fz — h).

Now we introduced a class of positive linear operators. Let A be a finite or
countable set. Let (¢;);ea be a set of knots ¢; € I, I € A. Let (q;)1ea be a set
of continuous and positive functions on I which satify the following conditions

qu(x) =1, and Zthl(z) =z, forallz € L. (5)

leA leA

Define a positive linear operator L : V — C(R), by

L(f)(x) =Y al@)f(t), feV, z €L, (6)

leA

where V' C C(I) is the linear subspace on which operator L exists. Suppose
that e; € V.

Lemma 2.1. Let operator L defined above. For (z,h) € ' and for alll € A
denote ¢; := ¢;(z,h) := q(x + h) —2q(x) + q(x — h).

Suppose that the set A can be decomposed A =TUJUK, with I < J < K,
such that

¢ >0, G€e€l), ¢ <0, (Ged), =0, (keK). (7)

Then there exist the positive linear functionals G; : V. — R, j € J, with the
following properties:

ARL(f)(@) =Y (=¢)) [G;(f) = f(t)], feV. (8)
jeJ
Gj(eo) =1, and Gj(er1) =t;, forallje J (9)

Proof. We have

ALL(f)(x) = af(t), forall feV. (10)

leA
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From conditions (5) it follows that operator L preserves linear functions. Con-
sequently we obtain

ch =0, and Ztlcl =0. (11)

leA leA
Define
A= Zci . Z tpcr — Zticl- . Z Cr. (12)
iel keK iel keK
Since

Ztici- ch < (supI)chw ch

il keK i€l kekK
< (inf K) E c - E . < E ci - E trcr
i€l  kek iel  kek

it follows that A > 0.
For any j € J denote

1 1
uj = X Z(tk —tj)eg, and v, = A Z(tj —t;)e (13)
keK iel
and consider the linear positive functional G; : C[0,1] — R, given by
G;(f) = szci'f(ti)Jr v; ch'f(tk), fec@. (14)
iel keK

It is a simple matter of calculation to derive relations (8) and (9) from relations
(10), (11), (12), (13) and (14). 0

We need the following estimate with optimal constants, given in Paltanea
[6], or [8], which we cite using the present notation.

Theorem A Let 1 be an arbitary interval and let V- C C(I) be a linear subspace

such that e; € V, for j = 0,1,2. Letx € I and let F' : V — R be a positive
linear functional with the property F(eg) = 1 and F(e1) = x. Then we have

F() = @)1 < (1+ 53 F((er = ze0)®) ot .. (15)

forany feV,anyx el and any 0 < p = %length(l).

In this theorem it is admitted the possibility that wa(f, p) = +oo.
The main result is the following:
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Theorem 2.2. Let L be a positive linear operator defined by (6) with con-
ditions (5). Suppose that for each (x,h) € T, if we denote ¢; := ¢;(z,h) =
q(z+h)—2q(x)+q(x—h),l €A, then there are the sets I, J, K, depending
on x and h, such that A = ITUJUK, I < J < K and relation (7) fulfills.
Suppose that there is also a constant b > 0, such that

2
% <b, for any (x,h) €T. (16)
Then, for any f € V and 0 < p = tlength(I) such that w(f, p) < 0o, we have
w2 (L(f), p) < (24 b)wa(f,p). (17)

Morover, if we have

li Aj, =0, uniformly with dt Int(I 18
hi)l%lJrlEZA' Lqi(x)] , uniformly with regard to x € Int(I) (18)

and f is not a linear function, then

lim sup M <b

oot wafip) T (19)

Proof. Let 0 < p < 1length(I). Let 0 < h < p and choose z such that z+h € L.
Then we apply Lemma 2.1 and we obtain the positive linear functionals G/,
j € J which satisfies conditions (8) and (9). From (8) and Theorem A we have
for f e V:

AL (@) < Y (=ep)IG(f) = f ()]

JjeJ
< Y [+ gplities —tieo) | als )

Taking into account that functionals G; preserve linear functions and aplying
again relation (8) we obtain:

Z(*%’)#Gj((@l —tjeq)?) = % D (=¢)[Gj(ea)(t5) — ealty)]
JjeJ JjeJ

AL () (2)

b.

IA

Hence it follows that

[ARL(f) ()]

wa(fp) > (=€) +b, for all (z,h) € T,.

jeJ
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If we pass to supremum with regard to (z,h) € I',, we obtain

wifi(ff)’) < sup Z —c;) (20)

(z,h) EF/’]G]

Now, if we take into account that —c¢; = —¢;(z+h) 4+ 2g;(x) —g;(x —h) <
2¢,(x) it follows

D (=) <23 gi(x) <23 quw) = 2L(eg)(z) = 2

jeJ JjeJ JEA

and combining with relation (20) it follows (17).
On the other hand, from (18) and (20) we obtain also (19). O

3 Applications

1. Mirakjan-Favard-Szasz operators
The Mirakjan-Favard-Szasz operators are given by

ank (k> neN, ze0,00), (21)

where
(nz)"
k!

and f :[0,00) — R is such that series (21) converges.

The operators S;, preserve linear functions. Let show that S, satify con-
dition (7) for each x € (0,00), h > 0, such that © — h > 0, with certain sets
I<J<K.

For p € [0,1] and ¢ € [0, 00) ,we consider the function

—nx

Sk (z) =€

Yt)=e T(1+p)f+el(1—p)—2 tel0,00).

The following properties are immediate: ¥ (0) > 0, tlim ¥ (t) > 0 and the
—00
derivative of v is increasing on [0, 00). If we take p := % and ¢ := nh we have
!

T @ 0.

Then ¢y > 0 and llim ¢ > 0. From (11) it follows that there is I, 0 <
— 00
I < oo such that ¢; < 0. Hence there exists ¢ty € (0,00) such that ¢ (t) < 0,

Ccp =
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t € [0,t0) and ¢’ (t) > 0, t € [tg,00). From these it follows that there is the
decomposition NU {0} = T U J U K such that I < J < K and relation (7)
holds.

Then by using the well-known relation Sy, (e2) (z) = 2* + £ we deduce
A2 S, (e2)(z) = 2h?, for any n € Nand 0 < h < x.

Moreover, let > 0 and h > 0 such that z — h > 0. For each k € NU {0}
we have (sp 1) = n(sp k-1 — Sn,x). We have

oo

o0 x+h
S lsnale+ ) = sl < Y [ ene) Ol
k=0 k=0""
o0 x+h
S / (St — 5n)|dt
k=0""
o0 x+h e o] x+h
Z/ nsnyk(t)dt—FZ/ NSy gp—1(t)dt
k=0""7T k=1v"7
x+h O x+h OO
= / > nsnr(t)dt + / > nsn o1 (t)dt
z k=0 z k=1

= 2nh.

IN

In a similar way we have >~ |snx (2 — h) — 51 (2)| < 2nh.
Hence Y 7o |AZs, k(x)] < 4nh, ie. condition (18) fulfills. Consequently,
from Theorem 2.2 we have:

Theorem 3.1. Let f :[0,00) = R in the domain of S, n € N and let p > 0,
such that wa(f, p) < co. Then we have

wa(Sn(f), p) < 3walf,p). (22)

Also, if f is not a linear function, we have

. w2(5n<f)7p)
b S < &

The same method can be applied to other modified Mirakjan-Favard-Szasz
operators which preserve linear functions, like the operators defined in [10] or
[9]. However for the modified Mirakjan-Favard-Szasz operators given in [5]
the method may be applied only for the particular case when the function ¢
coincides with the exponential function (see formula (1), given there).
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2. Baskakov operators
The Baskakov operators are given by

Zvnk <k> neN, zel0,00), (24)

ma) = ("TE T ) e

and f:[0,00) = R is such that series (24) converges.

The operators V,, preserve linear functions. It remains to show that con-
dition (7) is satified for certain sets I < J < K, when x — h € [0,00), h > 0.
For p,q € (0,1) p > q and n € N we consider the function

bt) = (m)t(uq)u (f;)ta—q)”—z e [0,00).

where

The following properties are immediate: 1 (0) = (1+¢q) " + (1 —q) " =

2>2/(1—¢2) " —2>0, Jlim ¢ () > 0 (since 2 > 1 and =2 € (0,1))

and the derivative of v is increasing on [0, 00). If we take p := and q:=
we have

L
+

a= (" @ s w0,

Then ¢y > 0 and llim ¢; > 0. From (11) it follows that there is [, 0 <
— 00

I < oo such that ¢; < 0. Hence there exists tg € (0,00) such that ¢’ () < 0,
t € [0,t0] and ¢’ (t) > 0, t € [tg,00). From these it follows that there is the
decomposition NU {0} = T U J U K such that I < J < K and relation (7) is
true.

It is well-known that V,, (e3) (z) = 2% + I(H'z). Then A2V, (e2)(z) =
2h2”T+1, foralneNand 0 < h < z.

On the other hand we have (vy, 1)’ = n(Vn41,k—1 — Un+1,6). Using the same
method as for Mirakjan-Favard-Szdsz operators we obtain Yoo [AZ v, i ()| <
4nh, i.e condition (18) is satisfied.

Then we deduce from Theorem 2.2:

Theorem 3.2. Let f :[0,00) = R in the domain of V,,, n € N and let p > 0,
such that wa(f, p) < co. Then we have

wa(Va(f).p) < 221

w2 (f, p)- (25)
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Also, if f is not a linear function, we have

1
limsup WQ(Vn(f)7p) S n+ )
p—o+  wa(f,p) n
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