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PARALLEL METHODS FOR SOLVING THE
LINEAR ALGEBRAIC SYSTEMS

Popoviciu Ioan

Abstract

By using the domain decomposition methodology, we construct sev-
eral algebraic domain decomposition methods for certain algebraic sys-
tems with sparse matrix. These methods are highly parallelizable. We
show that these methods are convergent and we also discuss the eigen-
value distributions of the corresponding iterative matrices in order to
analyse the convergenge factors of these methods.

1. Algebraic domain decomposition methods
Let us consider the linear algebraic system:
Au=f, (1.1)
where matrix A is a block square matrix denoted by:

A1,1 ce A1,2p71 Uy f1
: , U= ) f = :

Agp 11 oo Agp_i2p1 U2p—1 fop—1

A=

As in the domain decomposition methods, we partition the unknown vector u
into p new subvectors x1,x,,2;, 2<t<p—1:

Z1

w s Ug—2

u y with T = , Tp = p= s Ly = U2i—1 . (12)
U u2p71 Uos

Tp 21

Note that u9; are the unknown vectors associated with the overlapping to the
subvector tia; = ug;, ¢ = 1,...,p. In the same way, we can introduce a new
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vector f from righthandside vector f. Thus, the matrix A is divided into p x p
corresponding block submatrices with overlapping. Then, a corresponding new
matrix A can be defined by these p x p block submatrices:

[11’1 Al’p
A= , (1.3)
Apjl Am)
where
I All AlQ 1 A2 —2.2p—2 A2 —2.2p—1
Ay = 11, 11, A = p—2,2p p—2,2p
b [ Az Az |7 PP Asp—1,2p—2 Asp-1,2p-1 |’

A, = [ 0 Av2p—1 }7 A - 0 Aigi-1 A

1 ) 2 S Z é - 17
0 A op—1 b [ 0 Asgi—1 Az ] b

i, = Agp_2.1 0 A [ Asp_29i2 Agp_22i-1 0
P Asp_1,1 077" | Agp12io Asp_12i-1 0 |’
2<i<p-1,
~ Agi—21 0 ~ [0 Asi_29p1
Aii=| A1 0, Aip=1]0 Agi_1p—1 ,2<i<p—1
Agiq 0 | 0 Agiop—1

~ 0 Agi99j—1 Ax_29;
Aijj=1 0 Agi_12j1 A1 |,2<i<ji<p-—-1,
0 Asi 21 Azj2j

~ Agi_29j—2 Agi—22j-1 0
Aji=| Agic12j—2 Agi12j-1 0 |, 2<i<j<p—1,
Az 22 Agjoj—1 0

) Agioio Asinzic1 A2
Aji=| Asi12i—2 Agic12ic1 Az |, 2<i<p-1

)

Az 2i-1 Agioi1 Az i

From these definitions, we obtain a new linear system
Au =], (1.4)

which is associated with the system (1.1). The following theorem gives the
relation between the equation (1.1) and the system (1.4).
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Theorem 1.1. Suppose that Asg; 2; are nonsingular for all i=1, ..., p-1.
Then, the solution of the system (1.1) can be constructed from the solution of
the problem (1.4) and vice versa.

Proof. Let u be the solution of the system (1.1). We can construct a
new vector @ as above from u, by letting the overlapping . Then this @ is the
solution of the system (1.4).

Suppose that @ is the solution of the problem (1.4). Because Aj; 2; are
nonsingular for ¢+ = 1,...,p — 1, we have ug; = g, ¢ = 1,...,p — 1 from
the equation Ag; 2;(ug; — ti2;) = 0. A direct consequence is that the vector
u= (uf,...,u3, ;) is the solution of the system (1.1).

Theorem 1.1. implies that if the solution of (1.1) is unique, the problem
(1.4) has only one solution. O

Let us denote by A{A} the set of the eigenvalues of the matrix A.
~ p—1
Theorem 1.2. \{A} = {4} U (U )\{Agi’Qi}> .
i=1

- p—1
Proof. We first prove A{A} C AM{A} U < U )\{Agiyzi}>.
i=1
From A% = A& we have Az i(ug; — Ug;) = S\(ugi — Ug;), t = 1,..,p — 1.
If o 7é ig; for some i € {17,p — 1}7 then \ € )\{Agi,gi } Otherwise, if
Ug; = T (V)i € {1,...,p — 1}, then X € A{A}.

p—1 .
Now we prove that A{A} U <U )\{Agigi}) C MA}. From Au = Mu ,
i=1

we have gﬂ = AU with U2; = U2; aAS in (12) If A2172ﬂ}21 = )\’Ugi, for some
i € {1,...,p}, then we can construct a vector @ in the following way such that
At =M. Let w = —(0,...,0,05 A% | 51, oo 03 Agp1 7). I this A ¢ A{A} then
the equation (A — A )u = w has only one solution u. By setting

- U2, ) £ 1
u2j:{ 27 .77é

Uz +v2j  J =1,
for this u, we can easily show that Al = A\ Hence,

p—1

MAYU (U A{A%,%}> cMAL O

i=1
Before giving a definition of an asynchronous Schwarz algorithms for the

problem (1.1), we first decompose the linear system (1.1) into p subproblems:
to find ] such that

Ay} = fi - ZAi,jx]’7 1<i<np, (1.5)
J#i
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- T . -

where 1 = (x?, e xg) is regarded as a known vector and u* = (J}TT, . ;T) as
an unknown vector. Let ¢; denote a solver of (1.5). This ¢, is either a direct
solver or an iterative solver. Now we list several possible choices ¢; as the

examples:

a) @ = pi(a) and A, 0* = f; — Zfli,jxj;
J#i

b) @ = pi(@) is defined by r; = f; = > Aija,
1<j<p

Q= (Tiari)/(Ai,iTini)a ;= Titour;

¢) Let /L‘,i = M; — N;, where M; is an invertible matrix. Then

@ = gi(a) and af =2 + M| fi - Z A; jx;
1<j<p
Let’s distribute the computation on the machine with p processors. Each
processor is assigned to solve one subproblem (1.5). Denote by N as the
whole positive integer set. If we let all processors kept on calculating by using
the most recent available data from neighbour processors, then we have the
following asynchronous method:
Let 4% be a given initial guess vector. The vector sequence (k) will be
defined by the recursion:
ZF = ¢, ( (Sl(k)7 xsp(k)

)

§k+1 \( +wz( (k1) x?iW) if i € J(k),

(k+1) Ek itid J(k),
u(’““) (ngrl)’m’ gcﬂ))

(1.6)

)

where {J(k)}ren is a sequence of nonempty subsets of the set {1,...,p}. In
fact, J(k) is the set of subvectors to be updated at the step k. Here,

= {s51(k),...,sp(k)} is a sequence of elements of NP with the following
properties: s;(k) < k, Vk € N, (V)i € {1,...,p}, andklirrgo si(k) = o0, (V)i €

{1,...,p}.

Such a procedure is called the chaotic relaxation Schwarz (CRS) al-
gorithm and is identified by (qbi, ﬂ(o)’J’S) . Selecting the setting J(k) and
set S = {s1(k), ..., sp(k)}, we give several special cases of CRS algorithm:

a) Algebraic Multiplicative Schwarz (AMS) Algorithm with:
si(k) =k, J(k) = (1 + k)modp, Vk.
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b) Algebraic Additive Schwarz (AAS) Algorithm with:
Si(k) =k, J(k)={1,...,p} Vk.
2. Direct Subsolver for All Sub-problems

We use a direct solver for the subproblems in our CRS method. In order to
analyse the convergence factor, we discuss the eigenvalue distribution of the
iterative matrix of AMS and AAS methods. Let the matrix be

A=D+L+U,

where D is a block diagonal matrix, L is a block lower triangular matrix, and
U is a block upper triangular matrix

~ 0
A 0 Ayt 0
b ] i ,
0 Apo A Aypr 0
O A172 A17p
- ]
0 Ap—1p
0

Assume that, for k = 1,2, ..., we define a new sequence y*) by:
xgkfl)pﬁLl
y(k) - , with y(O) — (0
kp

Lp

If p subproblems are all solved by the direct solver ¢; with w; = w, the
AMS method can be described in one simple form

f_jy(kJrl) _ Ey(k) + wa‘,

where H = D +wL and B = (1 — w)D — wU and the AAS method can be
rewritten as

Db+ = (5 — wg) a®) + wf.

Then the iterative matrices of the AMS method and AAS method satisfy
the following:
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Theorem 2.1. If A;2; =0 for |i—2j| > 2, then
i) The iterative matriz of the AMS method satisfies:

MH'B} C A { <D+ w'L)1 (1-w)D - wi}
and .
A{(D+wi) ((1 _w)b_wi)}\{l —w} CAH B,

it) The iterative matriz of the AAS method satisfies:
MDD (D-wd) b ca{D! (D -wi)}

D (- wd) 1 - ey €A {5 (B - o)}

Here the block diagonal matriz D, the lower triangular mqtriw“ﬁ and the
upper triangular matriz U in the sum expression A = D + L + U have the
forms:

and

. 0
Aiq i . 143,1 0
D= > . L= Asa As 3
0 . ) .
Azp1.2p1 Agpry Agp19p30
0 A1,3... A1,2p71
U= Agp_s50p—3 Asp_s52p-1 |’
0 Aop_3.2p—1
0

where

Aigj1=A1pj_1 — A1,2A2_,%A Jor 1 <75 <p,

2,251,
. i .
Agp_1,2j—1 = Azp_1,2j-1— Aop—1,2p—245, 99, 0A2p—22j-1, for 1<j<p,

i —1 —1
Aoi—12j—1 = Agi—12j-1—A2i—12i-245;" 5 9;_0A2i—2,2j—1—A2i—1,2iA5; 5;A2i 251,

forl<i<pand1<j<np.
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Proof. Suppose that A € )\{ﬁ_lé} and u is the corresponding eigenvec-
tor, i.e. H 1B = Au. So Bii = AHi. Let u= (uf, ...,uQTpfl)T be the vector
defined by the subvectors of 4. Then we have

)\(ﬁ—i—wﬁ) u= ((1—w)D—wU) u.

Hence, A € A (15 +wf1)71 ((1 —w)D — wU) Thus,

M B} ea{(D+et)” (a-wb-ut)}.

.. .\ —1 ..
Let us consider A { (D + wL) ((1 —w)D — wU)} and @ be the corre-

. .\ —1 . ..
sponding eigenvector, i.e. A (D + wL) ((1 —w)D — wU) u. Now we con-

struct an eigenvector u of H~1B from this eigenvector 4. Let the subvectors
of i be defined by the corresponding subvectors of 7. The other subvectors of
4 are uniquely determined by the equation AH@ = B if A # 1 — w. It follows

that A {ﬁflg} Thus,

.. .\ —1 .. . ~ o~
)\{(D—i—wL) ((1—w)D—wU)}\{1—w} CMHA'B}. O
We rewrite the block submatrices of A as follows:

A _ é0,0 éO,l A _ éQp—l,Qp—l éQp—l,Qp
1,1 — A A ) 2p—1,2p—1 — A A )
1,0 1,1 2p,2p—1 2p,2p

A _ A2p—l,0 A2p—1,1 A _ AO,Qp—l A0,2p
2p—1,1 — Z Z ) 1,2p—1 — Z Z ’
2p,0 2p,1 1,2p—1 1,2p

Ao,
A

for 1 <i<2p—1,

Ay = { ] , A= (Zi,mzi,l)a Agp-1,i = [ Azp-1 ] )

Aopq

— — Ug Ugp—_1 .
Aiap-1 = (Aigp—1,Aizp), u1 = [ &y ] , Ugp—1 = [ az;p } , 1<i<2p-—1
After these rewritings of the sub-matrices along the boundary of the matrix
A, we can obtain the following theorem, which requires less zero sub-matrices
in its assumption. The proof of this theorem is very similar to that of Theorem
2.1. and we omit it
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_ Theorem 2.2 If A;2; =0 for |i —2j| > 2, Ajo=0, for 2 <i<2p, and
Aiop =0, for 1 <i<2p—2, then:
i) The iterative matriz of the AMS method satisfies

M B} ea{(D+et)” (a-wb-ut)}

and
(Do) (a-wp-wt) f\o -y ca {7 B}

it) The iterative matriz of the AAS method satisfies

MDD (D-wd)} c{b (D-wi)}

and
A1 (5w 1w e (B (B wd)),
where .. . . .
A=D+ L+ U,
Ap, )
. Az
D= ’
Agp_19p 1
0
43,1 0
I = | 431 Azsz 0O ,
AQP—M A2p—1,2p—3 0
0 A'Lg te A1,2P—1
U= A2P75,2P73 42P75,2P73 ’
0 Asp_32p—1
0

) . — i —
where, for 1 <i <p, Ay2;-1 = A12i-1 — A104040,2i-1 — A1245 4221

. _ — 1 - — —
Agp-12i-1 = Agp—12i-1—A2p-1,2p A5, 0, A2p2i-1—A2p12p 245, 59, 2A2p 221
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and, for 2<i<p—1m=1o0r2p—1,
- — ——1 - ——1
A2i—1,m = A2i—1,m - A2i—1,2i—2A21'_2721'_2A21'—2,m - A2i—1,2iA21'72iA2z‘,m~

From Theorems 2.1 and 2.2, we establish the relation between eingenvalues
of the the matrices A and A or A. In order to obtain the convergence factors
of the AMS method, we further discuss the relation between A and A, as well
as A and A in following lemma.

Lemma 2.1. Suppose that A; 2; =0 and As;; =0 for |i — 25| > 2;
then:

i) If A is symmetric, then A is symmetric. If A is positive definite, then A
18 positive definite.

i) Assume A; o, Ag; =0, for 2<i<2p and A;2, =0, A, ; =0, for

1<i<2p—2.

Then, if A is symmetric, then A is symmetric. If A is positive definite,
then A is positive definite.

ig) If A is an M - matriz, then A is an M matriz.

i) Assume A; o =0,A0; =0 for 2<i<2p and A;2, =0, Agp; =0,
for 1<i<2p—21If Aisan M - matriz, then A is an M - matriz.

Proof. Since the proof of (i) and (iv) is similar to that of (i) and (i),
we only prove (i) and (i) here. '
i) Because A; 2; = 0 for |[i — 27| > 2, it is obvious that A is symmetric.

T
STOA . _ . T .
From u! Au = Z Ui 1 dni—1.2j—102—15 We let
i,j=1
-1 . 5
Ugi = —Ag; 9; (Aziyzi—1 T2i—1 + Agi 2i417U2i41)

and construct a vector u by putting these subvectors t9;_1 and us;. Then

p 2p—1
T oA .T . . o T
u Au = E Ugi_1A2i—1,2j-112j—1 = E u; A juy.
i,j=12i—1 ig=1

Hence, if A is positive definite then A is positive definite.
. R . T
iii) For any b = (blT7 bl bgpfl) > 0, there exists a vector u such that

Aw = b. Let u be a vector whose subvectors are defined from the vector @ and
the solutions ug; of Ag; gitu; = — (Agi2it2i—1 + A2 2i41U2i41) -

. . . T
Then this vector u satisfies Au = b, where b = (bP{, 0,b%0,...,0, szpfl)

Since Ail > 0and b> 0, it follows that w = A~'b > 0. Thus A-1 > 0.
Note that A is positive definite. So the diagonal elements of A must be
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positive. Now we prove that the off-diagonal elements of A are negative. Let
 be the vector such that only one component of 7 is one and the other
components are zero. Let

At = b where b = (I.){,O,l.)g,(), ...,O,I')gpd) and

Ag; oitg; = — (Agi2i—1U2i—1 + Agi2it1U2i+1), 1 <i<p—1.

5 . —-1
Because A2i,2i—1u2i—1 + AQi,2i+1U2i+1 S 0 and A2i,2i Z O7 we have

ug; 2 0,1<i<p-1
Then a vector u is defined and Au = b, with b = (blT, 0, b3T, 0,..., bgp_l) .
From this equation, we can obtain that the component of b corresponding to

the nonzero components of 7 must be strictly positive and other components
of b are negative. Then A is an M - matrix.

Remarks. We can use [3] one the spectrum ¢ of the block Jacobi iterative
matrices of A and A to get the optimal w:

2
Wopt = ———————.
(I >

This choice makes the convergence factor A = w — 1 minimum. Since
0 < 1, we prefer to choose 1 < w < 2in AMS and AAS methods.

3. Iterative Subsolver for All Sub-problems
We write the matrix A as the sum of a diagonal matrix D, a lower triangular
matrix L and a upper triangular matrix U, A= D + L+ U = D + C, where

Dy
D= ,
D2p—1,2p—1
Ly
As Lo
L =
Aop_11 -+ Asp_iop—2 Lop_12p—1
Uig A - Atop_1
Us,2 :
U= :
Aop_2.2p-1

Usp—1,2p—1
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Then, the matrix A has a corresponding decomposition denoted as

A=D+L+U=D+C,

where
=~ Ly
D14 i ~
~ 2,1 Lo
D= P L= . )
Dy p A 1 T
p,1 p,p—1 P,p
Uin A1 - Aip
= Uy :
= :
‘ilp—l,p
Up,p
Here we let:
D= D D - Dap_2.9p—2
1,1 — D ) PP — D )
2,2 2p—1,2p—1
Tii— Ly, - Lop—2.2p—2
’ As Lyg |7 7PP Agp_1,2p—2 Lop_12p—1 |’

0, = [ Uia Ai ]’ (/jp _ [ Usp_2,2p—2 Agp_22p-1 }

Us,2 Uap—1,2p—1
N Doi_92i2
D; = Doi_12i-1 ,
Da; 2
R Lai—22i—2
Li=1| Asi12i—2 L2i—12i—1
Az 2i—2 Az 2i—1 Lo |

Usi—22i—2 Agi—22i—1 Azi—22i
Ugic1,2i-1  A2i—1,2i
Us;i 2

&
I
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Suppose that p subproblems are solved using point Jacobi iterative method,
with w; = w,i =1,...,p. Then, the AAS algorithm can be written in the form:

D+t = (ﬁ — wg) a® +wf,
and the AMS method can be represented by

(ﬁ —&—wf) yF) = (ﬁ —w (13 + [7)) y® 4 wf.

Theorem 3.1. Suppose that D; ; are invertible, for i =1,...,2p—1. Then
we have

P
MD7 (D -wd)} =2 {D71 (D -wa)} U (U A Dyt (Do — wAQi,%)}> :
i=1
Proof. Suppose that A {13_1 (lA) —wg)} and 4 is the corresponding
eigenvector, i.e. ADii = (lA) - wﬁ) .
If U4 # ’&21' for 1 < 1 < p— ].7 then we havel € A {D;zl (DQZ - WAQLQi)} .

If ug; = tg; for : = 1,...,p — 1, then we have )\ € )\{Dfl (D — wA)} and
we already show that

MD7 (D -wd)} A {D7H (D -wa)} U (O A D3 (Dy; — wAzi,%)}> :
i=1

Now we prove that

A{D™H(D - wA)} U <LPJ A Dyt (Dy; — wA2i72i)}> C A {f)—l (f) — wﬁ)} .

i=1
Assume that
P
AeX{DTH(D-wA)}U (U A{ Dy (Da; — WAQL%)}) .
i=1
If xeA {D’1 (D fwA)} and u is the associated eigenvector, i.e.,
—ADu+(D—wA)u = 0, then we construct an eigenvector @& of D1 (ZA) — wg),

from the eigenvector u,by letting to; = ug;, for i =1,...,p — 1. If

A= (_q)\{Dgil (Da; _WAZi,Zi)}> and A ¢ AM{D7'(D—wA)}, then an
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eigenvector 4 of the matrix D1 (ﬁ - wﬁ) is constructed by the following

procedure. Assume that vs; is the solution of the equation:

—AD2;va; + (Dai — wAg; 2i) v2; = 0,
i.e. wo; is the eigenvector of D2_Z-1 (D2; — wAy; 2;) . By solving the equation
—ADu+ (D —wA)u = w, where w = (07, ..., 07, wv; Agi 1,2, ..., wvg; AL o))

we obtain a vector u. Define Uo; = v9; + ug;. The other subvectors of 4 are
defined by 9; = ug;,5 = 1,...,4 — 1,94+ 1,...,p — 1. This 4 satisfies

_A\Dii + (f)—wﬁ)a: 0, and then A € /\{f)*l (ﬁ—wﬁ)}.

Theorem 3.2. Suppose that A is an M - matriz, the matriz

0
Az
D+w .

Asp_11 o Agp_i12p-2 O
exists and is nonnegative, and the matriz

Ay o Argp

A2p—1,2p—1

—~ ~ -1
is nonnegative. Then A~' and (D +wL) exrist and are nonnegative, and

D-w (lA) + (7) is monnegative. So the spectrum of the AMS iterative matriz

~

~ ~\ —1 ~ ~
AMS (D—i—wL) (D—w(D—U)) is less than 1.
The proof of this theorem is similar to that of Lemma 2.1.

Let all subproblems be solved by the SOR method with w; =1 and
1=1,..,p.
Then, the AAS method can be expressed by

D+w uF ) = ((1—w)ﬁ—w(z+ﬁ)>u(k)+wf.
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Hence, the corresponding iterative matrix is

~ -1
Li,

J=|D+w ((1—w)ﬁ—w(f+fj>).

Lpp
The AMS method can also be written in the simple form:
(ﬁ + wi) y D = ((1 — w)lA) — wﬁ) y® 4 wf,
with the iterative matrix:

G- (mwz)‘l (1 -wb—wl).

Theorem 3.3. Assume that A is an M - matriz,

—1

Lyy
D+w exists and is nonnegative, and
Lop_1,2p—1
0

Az ) _
(1-w)D—-w } —wU is nonnegative.

A2p—1,1 A2p—1,2p—2

Ly
Then A~! and | D+ w exist and are nonnegative.
Lpp

So, the spectrum of the AAS iterative matriz J is strictly less than 1.
The proof is similar to that of Lemma 2.1.

Denote
M = (D+wL) (1 —w)D —wl)

and
Ma; 2; = (Dai i + WLQi,Qi)_l (1 = w)Dg; 25 — wU2; 2.
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Theorem 3.4. Assume that all D;; are nonsingular. Then, we have

S} =AM} U (pU A{MM}> :

i=1

Proof. Assume that A = A{g} and 4 is the corresponding eigenvector, i.e.
i = S, )\(ﬁ—l—wi)ﬁ: ((1—w)ﬁ—wﬁ) .
If U9 7é Uo; for some 1 <7 < p— 1 then )\ € )\{Mgi,gi}. If Uo; = Us; for all

~ p—1
1<i<p-—1then A € A{M}. Hence, \{S} C MM} U ( U )\{Mgi’zi})

=1

i=1
Let A € A{M} and u be the associated eigenvector, i.e.

p—1 ~
Now we show that A{M} U ( U )\{Mg@gﬂ’) C A{S}.

Au = Mu and \(D +wL)u = ((1 —w)D —wU)u.

Define @ by letting t2; = ug;. Then, this @ is the eigenvector of S and
At = Su. Thus, A{M} C A\{S}.

Assume A € AM{My;2;}, A ¢ M{M}. Denote vg; to be the corresponding
eigenvector, i.e. Avg; = My;2;. We solve the following equation and get a
solution: (A(D +wL) 4+ wU + (w — 1)D) u = w,where
W= —\w (OT, ...,OT,’U%;-AQIL'_;,_%, ...,’UgiAgp_Lz,’)T. Since A §é /\{M}, this pI‘Ob—
lem has only one solution. We define a new vector by letting

L vy tue , j=1,
UQJ{ Ug; yJ # i
This 4 satisfies \i = S Hence, @ is the eigenvector of S.
From above theorems and lemmas, we conclude that the convergence fac-

tors of the AAS method and AMS method are almost the same as the block
Jacobi method and the SOR method.
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