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K-manifolds locally described by Sasaki
manifolds

Luigia Di Terlizzi and Anna Maria Pastore

Abstract

K-manifolds are normal metric globally framed f-manifolds whose
Sasaki 2-form is closed. We introduce and study some subclasses of
K-manifolds. We describe some examples and we also state local de-
composition theorems.

1 Introduction

Globally framed f-manifolds, also known as f-manifolds with parallelizable
kernel (f.pk-manifolds), represent a natural generalization of almost contact
manifolds ([8, 9]). Such manifolds have been studied by several authors and
from different point of view ([1, 3, 4, 5, 7, 12]). They are manifolds M?"+*
equipped with an f-structure ¢ of rank 2n with kernel parallelizable by s vec-
tor fields &1, ...&;. Such manifolds always admit Riemannian metrics g which
verify the compatibility condition g(¢X, ¢Y) = g(X,Y) — >7_ n'(X)n'(Y),
where n',...,n® are the 1-forms dual to &1, ...&,. When the normality tensor
field N == [p, @] +2> 7, dn* ®&, [, ] being the Nijenhuis torsion of ¢, van-
ishes and the Sasaki 2-form F' = g(—, p—) is closed one obtains a class of man-
ifolds that generalizes quasi-Sasakian manifolds and are called K-manifolds by
D.E. Blair in [1]. Two special subclasses are also defined: 8-manifolds, by
requiring that dn' = --- = dn® = F, and C-manifolds, by requiring that
dnt = - =dn® =0.
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In this paper we study K-manifolds M?2"*5 subject either to the condition
Si_ydnt = F orto > . ,dnp® = 0. Since for s = 1 the first case corre-
sponds to the Sasaki manifolds and the second to cosymplectic manifolds, we
shall consider K-manifolds M?"+$ with s > 2. We denote by X the sub-
class of manifolds satisfying the first condition, which contains the products
of Sasakian manifolds, and by %’ the subclass of those satisfying the second,
which obviously contains C-manifolds. We give an example of a %’ -manifold
non C-manifold.

The most important results are local decomposition theorems: first we
describe the local decomposition of an 8-manifold as Riemannian product of a
v/s-Sasakian manifold and a flat (s — 1)-dimensional manifold. Then we prove
that a K-manifold M2"+* with the property that there exists p, 1 < p < s,
such that dnijé 0 for i < p and dn® =0 for i > p + 1, is locally a Riemannian
product of a K-manifold M:"** and an (s—p)-dimensional flat manifold. This
allows to consider only K-manifolds such that dn® # 0 for each i € {1,...,s}.
We distinguish three subclasses: f]/%l if dn* = dny? for any 1, j; JACQ if dn' # dn?
for any i, j; K3 if there exists ¢ < s—2, dn® # dnd for i, j < g and dn’ = dr’ for
1,7 > q+1. The X;-manifolds are strictly linked to 8-manifolds and we prove a
local decomposition theorem (Theorem 4.1). After studying certain integrable
and -invariant distributions, we are able to prove that UACQ—manifolds and
XK 3-manifolds, verifying some hypotheses on the rank of the forms n',...,n°,
are locally product of s Sasakian manifolds (Theorem 5.2), in the first case,
and of ¢ + 1 Sasakian manifolds and an (s — ¢ — 1)-dimensional flat manifold
(Theorem 5.3) in the last case. Finally, we discuss the case s = 2 and the link
with Vaisman manifolds.

All manifolds are assumed to be connected. We adopt the notation in [10]
for the curvature tensor field.

2 Special types of X-manifolds

It is well known, [3], that the Levi-Civita connection of a K-manifold satisfies,
for each X,Y, Z e T(TM),

S

9(V @)Y, Z) =Y (dn' (Y, X)n'(Z) — dif' (02, X)n'(Y)) . (2.1)

i=1

In [6] we studied a class, here denoted by X*, of X-manifolds with the pro-
perty that dn’ = 0 for some i € {1,...,s} and dn/ = F for the other values
of the index, that is, up to the order, there exists p, 1 < p < s such that
dnt = ... =dnp? = F and dn' = 0 for i > p+ 1. We proved that such a
XK*-manifold can be viewed locally as a Riemannian product of an integral
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submanifold M; of the distribution Im ¢ & < &;,...,§, >, which carries a
structure of 8-manifold of dimension 2n+p, and an (s—p)-dimensional integral
submanifold M, of the flat distribution < §p41,...,& >. We begin with a
local decomposition theorem for 8-manifolds.

Theorem 2.1. Let (M™% ¢, & 0%, g) be an S-manifold. Then (M?>"*5,g)
is locally a Riemannian product of a +/s-Sasakian manifold and an (s — 1)-
dimensional flat manifold.

Proof. Let (M?""$,¢.&.,n',g) be an $-manifold. We put £ = >°7_ & and
7=, n. Since £ € kerp we fix a basis (527...,55) of < & >1 in ker ¢,
gj =& — ¢, j € {2,...,s}, and we obtain the orthogonal decomposition
TM = (Imp @& < €>) P < 52,...,58 >. Moreover D; = Im ¢ & < & >
and Dy =< Ez, . ,ES > are both integrable and totally geodesic distributions.

Thus (M?"F$ g) is locally a Riemannian product of integral submanifolds of
Dy and Dsy, say M; and Ms. Clearly M is (s —})—dimensional and flat.

On the other hand we normalize & obtaining £ = %, as g(&,€) = s. Then

(My,,&,77,9), 71 = 2= 7, is (2n + 1)-dimensional, ¢(£) = 0, g(¢,€) = 1 and
9(X, E) = ﬁ(XL so that 77 is the dual 1-form of E It is easy to verify that
©? = —id+1n®¢€ and g(pX, ©Y) = g(X,Y)—n(X)n(Y) so obtaining an almost
contact metric structure (p,&,7,g9) on M;. The normality of the structure
follows from dij @ £ = % i dnt® ﬁ Y& =Fei=31d'®¢
on M;. Finally, for the Sasaki 2-form I’ of this structure on M;, we obtain
dﬁ:%dﬁ:%Zledni:%stﬁF. O

Remark 2.1. We recall that an M?"*! manifold admitting an a-Sasakian
structure (p,&,7n,9) (i.e. with dn = oF) carries also a Sasakian structure
given by (¢, g, an,a? g). Thus, by the above theorem, the 8-manifold M27+¢
admits two foliations corresponding to the distributions D1, Do and each leaf

of the first admits the Sasaki structure (¢, %,ﬁ, 59\, )-

Corollary 2.1. Let (M?*"75 ¢, &1, g) be a K*-manifold with p, 1 < p < s,
such that dn' = F for i < p and dn' = 0 fori > p+ 1. Then (M*"*5 g) is
locally the Riemannian product of a \/p-Sasakian manifold and a flat (s —1)-
dimensional manifold. Moreover, if p > 2, the manifold is also foliated by
Sasaki manifolds and flat manifolds.

Proof. Since (M?"%$ g) is locally the Riemannian product of an §-manifold
of dimension 2n + p and a flat (s — p)-dimensional manifold, we can apply
Theorem 2.1 and Remark 2.1. O
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In the sequel we shall study metric f.pk-manifolds of dimension 2n + s,
s > 2, with a condition on the 1-form >}, dn’. Precisely we consider the
conditions

a) : idni =F b) : idni =0. (2.2)
=1 =1

Actually, assuming the normality of the structure, dF' = 0 (which is superflu-
ous if a) holds) and nt A ... An* A F™ # 0, we can consider two subclasses
of K-manifolds: the class X of manifolds satisfying a), and the class X of
manifolds satisfying b).

The class K includes K*-manifolds with p=1and s > 2, while excludes
C-manifolds and 8-manifolds. One of the interest in studying this class comes
from the fact that a finite product of Sasakian manifolds carries a structure of
K-manifold, as it will be stated in Theorem 2.2. On the other hand the class
%’ includes C-manifolds and excludes S-manifolds.

From now on, >0, & and }_;_; 1’ will be denoted by & and 7, respectively.
Since in a K-manifold (M?"+5 ¢ & 0t g), i € {1,...,s}, each & is Killing
([1]), we have immediately the following characterizations:

M27+s s a X —manifold if and only if Yi V& =VE=—p

_ 2.3
M2+s s a XK' — manifold if and only if >i_ V& =VE=0. (23)

From [5] we know that a D,-homothetic deformation, a > 0, of the f.pk-
structure (i, &, 1%, g) on M?"T¢ is a change of the structure tensors as follows:

i ooz 1 . ~ S, )

p=p il =an’, § =&, 1<i<s, g=ag+ala—1)Y i @
j=1

and one easily verifies the following result.

Proposition 2.1. The classes K and X" are both closed under D, -homothetic
deformations.

Now, we describe an example of %’ -manifold which is not a G-manifold.

Example 2.1. Let L be a real vector space of dimension m > 4 and s > 2
such that m — s is an even number, say 2n. In L we fix a basis

(Z1,.. 'y Zs, X1, ., X, 11,..., ) (2.4)

and define a Lie algebra structure putting the bracket [—, —] = 0 except for

(Xi.Yi] = —[Y;, Xi| = > _alZ,
t=1
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for any ¢ € {1,...,n}, requiring that the matrix (a ) of the type (s,n) has all
its entries not zero and >_;_, af =0, for any i € {1 .,n}.

Since [L,L] =< Z1,...,Zs > and [L,[L,L]]=0,Lisa nilpotent algebra. We
consider on L the scalar product gg such that (2.4) is an orthonormal basis,
the tensor ¢g of the type (1,1) and the 1-forms n,...n5 defined, for each
t,re{l,...,s}and i € {1,...,n}, by:

©0(Z) =0, po(X;) =Y, wo(Ys) = —Xi, n6(Zy) = 6L, no(Xs) =ng(Y;) = 0.

Let GG be the connected, simply connected Lie group having L as Lie algebra. It
admits the structure (¢, &, n', g) obtained by left-invariance from the structure
(p0, Zt,mb, go) on L. A direct computation yields that, for any ¢t € {1,...,s},
dn' vanishes except on the left-invariant vector fields (X;,Y;) determined by
X, Y, ie{l,...,n}. In fact:

1

dnt(X’iaifi) = 2

n'([Xi,Yi]) = —=al #0. (2.5)

It is easy to check that (G, p,&,7", g) is a IK manifold and (2.5) excludes the C-
structure. Finally, 7, dn'(X;,Y;) = =3 3°;_, al = 0, and G has a structure

of K -manifold.
The following result can be easily proved.

Theorem 2.2. The product mamfold M = [I;_, M; of a family of almost
contact metric manifolds (M1 ,<p1,§“17 9i), 1 € {1,...,s}, with the struc-

ture defined by 3 = o1 + ...+ 05, &1 =&1,..., & = &, ﬁl =nl,...,0°=n°
and g = g1 + ...+ gs, 15 a metric f.pk-manifold. Furthermore, the normality
tensor field cmd the Sasaki 2-form of M are related to the analogous tensor
fields of the factors by N = >i_ N and F= > F;. Moreover

1) if each factor is a contact metric manifold then M satisfies (2.2)a),
2) if each factor is a Sasakian manifold then M is a K-manifold,

3) if there exists p € N, 1 < p < s such that Mh ..., M, are Sasakian and

Mpta, ..., M, are cosymplectic, then M is a K- mamfold

3 The IJAC-manifolds

Proposition 3.1. Let (M?"*5 . &1, g) be a UAC—mam'fold, Then we have
1) RexY = (Vxp)Y, Rxyé= (Vyp)X — (Vxe)Y, X, Y eT(TM)
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2) Vip=F
Proof. Since ¢ is Killing, by (2.3), we get

(VXQO)Y = Vx ((pY) - QOVXY = _vx (vyg) + vayg = _RXgY =R_Y.

X

The first Bianchi identity completes 1). A direct computation shows 2). [

Next proposition implies that the class X is closed under finite products.

Proposition 3.2. Let us suppose that (M:" o1, &1 1), i € {1,...,s},
and (M22m+t,<p2,cj,wj,g2), Jj € {l,...,t}, are X-manifolds. Then the Rie-
mannian product (MF"* x MZ™ ) admits a X-structure.

Proof. On the product manifold M , we consider the f-structure @ = @1 + pa.
Then it is easy to verify that (2, &% ¢, 0%, w?,g), i € {1,...,s},j € {1,...,t}
is the required structure, since N = N1 + Ny and F = F; + F5. O

Remark 3.1. In [4] it has been proved that no Einstein 8-manifold can exist.
On the other hand we can construct an Einstein K-manifold taking s Sasakian-
Einstein manifolds M;, with the same dimension 2n + 1, and making their
Riemannian product as in Theorem 2.2. It is well known that Ric; = Ag;,
Ric; being the Ricci tensor field on M;, with Einstein constant A = 2n, which
is also the Einstein constant of the product.

Example 3.1. We consider the coordinates (z!,..., 2", y!, ... ,y", 2%, ..., 2")
on R3", n > 2, and we put:

9 , , o
c= L pi—ds 4 oyidat, i€ {1, ..
Gi=g W =d+2ydat, e n}
0o —-I, 0 Z 0 Y
0 Y o0 Y o0 I,
where Y = diag(2y',...,2y"), Z =diag(1+4(y')?, ..., 1+ 4(y™)?).

~

From long but easy computations we get that R3" is a K-manifold. In parti-
cular, we have n* A ... An™ A F™ # 0 and

dy' = —2da’ Ndy', F =Y (=2da’ Ndy') = dn'.
i=1

i=1
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Example 3.2. Another significant example can be obtained as a particular
case of the example constructed in section 1.2 of [7].
Let G be a Lie group with Lie algebra g, P = M a G-principal fibre bundle
and w a connection on P. Moreover we suppose that there is given on G
an almost contact metric structure Zg determined by left-invariance of the
following objects on g: a scalar product gg, an almost contact structure ¢,
a vector £ and a 1-form 7 satisfying the usual compatibility conditions. The
induced Sasaki 2-form and the normality tensor field Ng on G are also left-
invariant and they are determined by the corresponding bilinear maps Fy and
Ny on g. We suppose that (par, ¢, i, gar) is an almost contact metric structure
on M with Sasaki 2-form F; and normality tensor field Ny;.

The connection w ensures for each p € P the splitting T, P = 7, ®V,. Via
the well-known isomorphisms w : V,, — g, dm : 3, — T,y M we can define
on TP an f-structure ¢p in such a way that the following diagram

M " 3, eV, —2— g

o | er | | ¢

M« 35,6V, —— g

commutes. Moreover, via the isomorphism dn X w : T, P — Tr )M X g we

define on P a Riemannian metric gp, the vector fields &, (, and the 1-forms
7, [, obtaining on P a metric f.pk-structure (¢p,&, ¢, 7,1, gp) ([7]). Such a
structure is G-invariant if and only if (¢g,&,n, g4) is Adg-invariant.

In [7] it is proved that if w is flat and (par, ¢, 1, 9ar), (9, 0g,&, M, 94) are
normal, then the structure on P is normal.
Thus, assuming that w is flat and (M, par, ¢, 1, 9ar), (8, ¢4, &, 1, gg) are Sasaki,
then (P, op, & C T 0, gp) is a K-manifold. Namely, by Lemma 2.2 of [7] we
get immediately the following identities

dp=dno(wAw), dp = =n"(du), Fp=Fyjo(wAw)+n"Fy =dn+dp,
where Fp is the Sasaki 2-form associated to the f.pk-structure on P.

_ We state now a theorem which, in some way, reduces the study to the
XK-manifolds such that dn® # 0 for each i € {1,...,s}.

Theorem 3.1. Let (M?"* ¢ & 1 g), i € {1,...,s}, be a JAC—manifold and
suppose that there exists p, 1 < p < s, such that dn* #0 for anyi € {1,...,p}
and dn® =0 for anyi > p+1. Then M?"** is locally a Riemannian product of
a K-manifold (M o, &. 1%, g), i € {1,...,p}, and an (s — p)-dimensional
flat manifold.
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Proof. We can consider the orthogonal decomposition TM = Dq & Dy, where
Dy =Imp & < &,...,& > and Dy =< &pq,...,& >. Since the distri-
butions D; and Dy are both integrable and totally geodesic, (M?"*% g) is
locally a Riemannian product of their integral submanifolds, say M; and Ms.
Clearly Ms is (s —p)-dimensional and flat. It is easy to check that the induced
structure (p,&q, ... 7§p,n1, ...,mP,g) on Mj is a K-structure. Finally, for its
Sasaki 2-form F’ we have F/(X,Y) =" dn'(X,Y)=>"_ dn'(X,Y) and
this completes the proof. O

Owing to the above theorem, we shall study the K-manifolds such that
dn' # 0 for each i € {1,...,s}. The following cases can occur:

1) dn® = dn?, for any i, ;.
2) dn® # dn?, for any i, j.

3) There exists ¢ < s — 2 such that dn® # dn, i,j < q and dn' = dn,
t,j >q+1.

which give rise to three subclasses, denoted by JAQ, 9/2:2 and JA<3, respectively.
In the last case, the first possibility is dn' # dn? :Adn?’ and of course s > 3.
Note that Example 3.1 and 3.2 belong to the class K2. Examples in the class
X1 can be constructed starting from 8-manifolds, as described in next section.

4 The class 9A<1

We denote by G(M?"+5 . & 1) the set of the metric tensor fields compatible

with the f.pk-structure (p,&;,n").

Proposition 4.1. Let (M?"*5 ¢ &.n"), i € {1,...,s}, s > 2, be a normal
f.pk-manifold such that dn'* = ... = dn® # 0. Then M?"t admits a metric
g € G(M?Fs o &, ') that makes M?"5 an S8-manifold if and only if there
exists g € G(M>"F5 . &,n') that makes M>*"T5 q K1 -manifold.

Proof. If M?"*# is an 8-manifold, we can consider the new metric

G=sg—(s—1)> n'eon. (4.1)

i=1
Then, it is easy to check that g € G(M?"*5 ¢, &, n') and (2.2)a) holds. Vice

versa let g € G(M?" s ¢, &, n') such that (2.2)a) holds. The transformation
— 1z, (=1
g=39t

S

Si_int@nt, gives (M2 0, &, n') a structure of §-manifold.
O
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Proposition 4.2. Let (M2 ¢ & n%), i € {1,...,8}, s > 2, be an 8-
manifold and § the metric (4.1), that makes M>*"** a Ki-manifold. Then
the Levi-Civita connections are tied by

Tx¥ = V¥ + T (o X + (X)), 4.2

for each X, Y € T(TM). Moreover the curvature tensor fields are linked by

ExyZ:nyZ + 5

+ 7(Y)g(pX, 0Z)€ —T(X)g(¢Y, pZ)E
L Gm2eX —nx0nz)eY)). (@3)

1
(@(X, 2)Y = dn(Y, Z)pX +2a7(X, Y )7

+

for each X, Y, Z € T(TM).

Proof. The proofs are long but direct computations. We only notice that to
obtain (4.2) we use n°(VxY) = X(n'(Y)) — g(X,¢Y), i € {1,...,s} and to

prove (4.3) we use (Vy Z) =1(Vy Z), (Vx7)Z = di(X, Z) and (4.2). O

Theorem 4.1. Let (M?"+, ¢, &0, §) be a Ki-manifold. Then (M?"+5,§)
is locally a Riemannian product of a ﬁ—Sasakz’an manifold and an (s — 1)-

dimensional flat manifold.

Proof. By Proposition 4.1 we know that there exists on M?"+5 an §-structure
(p,&,n%, g), and the metrics are linked by (4.1). As in Theorem 2.1 we have
TM=Imnpd<&>)D< 52,...55 >, the distributions D; = Im ¢ & < € >
and Dy =< 22, e ,ES > are both integrable, and one easily checks that they
are parallel with respect to the Levi-Civita connection of § and then totally
geodesic. Thus (M?"*4g) is locally a Riemannian product of the integral
submanifolds M; and My of Dy and Dy. Clearly My is (s — 1)-dimensional
and flat. Furthermore it is easy to verify that (My,p, &, 7', q1), 0 = % 7,

'= %Z, g1 = 9|m, s a (2n+ 1)-dimensional normal contact metric manifold.

We remark that g # sg|as, since g1(&',¢") = 1 while sg(¢/,¢") = s. Finally,
FI(X)Y) = qg1(X,pY) = §3(X,0Y) = sg(X,9Y) = sF(X,Y) = dij = \/sdn/
on M; and this completes the proof. O

Remark 4.1. As in Remark 2.1 we have that the fJAQ—manifold M?27+s admits
two foliations corresponding to the distributions Dy, Dy and the leaves of the
first admit a Sasaki structure (¢, &, %, %gl). This structure can be obtained

from that given in the same remark, (¢, %, 7, sg), applying the D,-homothetic
transformation with a = %
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Proposition 4.3. Let (M?"5 0, &1, g) be a X-manifold and assume that
dn' = ... =dn®* #0. Then M is a Xi-manifold if and only if V& = —%go,
for each i€ {1,...,s}.

Proof. Since each ¢; is Killing then the condition dn® = dr’ is equivalent to
V¢; = V&, and the result follows again from (2.3). O

Proposition 4.4. Let (M*""5 . &1t g) be a 9A<1-mam‘fold. Then,

(Va@)V = {g(o¥,pX)E + (V) X) (19)
Rof = — [0V ()X} (45)
K(X® = -, K(X.& =, Xer(d. (46

Here K denotes the sectional curvature.

Proof. Since (2.2)a) can be written as F' = sdn', then (2.1) becomes
9(Vep)Y,2) = dn'(¢Y,X)7(Z) — dn'(pZ, X)7i(Y)
(9(¢Y,0X)g(Z,8) + 9(Z,¢* X)(Y))

9 (9(0Y, pX)E+M(Y)°X, Z)

[V ISV

and we get (4.4). Now using Proposition 3.1 we obtain

R &= (V,0)X — (V)Y = - (1(X)e?Y —7(V)p*(X))

Analogously, for any i € {1,..., s} since V& = —1¢ and ¢; is Killing we have

1 1
R&,L»XY = _vx (Vygl) + vvxygi = ; (VXQPY - SOVXY) = ; (VXSD)Y
and then
1 1 — 1
nyfi = ; ((VY@)X - (vx(p)y) = ; nyf = 872 (ﬁ(X>902Y - ﬁ(Y)(pQ(X)) .

In particular, for any unit X € I'(D) we have

1 1 ~ 1 _
Rxgié-i = s (_802X) = 2 X, Rxg §= 5 (_ﬁ(f)@QX) = S (sX)=X

which give K(X,&):S%and K(X,§) =1 O
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5 Some results on the classes IJAQ and 3/%3

We begin considering some distributions determined on a K-manifold.

Lemma 5.1. Let (M*"*5 . &1t g), i€ {1,...,5}, be a JAC—mam‘fold. Hence
for each i € {1,...,s}, the distributions ker dn' and kern' Nkerdn® are inte-
grable and p-invariant.

Proof. Let be X1, X5 € kerdn® and Y € I'(TM?""#). Then, since ix, (dn’) =
ix,(dn') = 0, we have 0 = 3d?n (X1, X2,Y) = —dn'([X1, X2],Y), which
implies [X1, Xs] € kerdn®. Now for any X, Xo € kern® N kerdn’, we get
n'([X1, Xa]) = —2dn*(X1, X2) = 0 so that [Xi, Xz2] € kern’. Furthermore,
the p-invariance follows easily, since the normality of the structure implies
dn'(X,&;) = 0 and dn'(eX,Y) = —dn'(X,¢Y), for any i,j € {1,...,s}. O

Lemma 5.1 implies that, for each ¢ € {1,...,s}, there exist two foliations
determined by the distributions kern’ N ker dn’ and ker dn’. We notice that
< &,...,& >=kerp C kerdn®. Thus, if dn' = F for some i € {1,...,s},
then ker dn = ker ¢ and kern’ Nkerdn® =< &1,..., & 1,&41,...,& >, which
are both flat distributions. By the contrary, fixed i € {1,...,s} with dn’ # F,
which includes the possibility dn’ = 0, one easily obtains the following result.

Proposition 5.1. Let (M?"*% p,&,n',g), i € {1,...,s}, be a HAC—mam‘fold.
Then, for any i € {1,...,s} such that dn' # F, the induced structure

(%07517' "757;—1’57;-‘1-17"'75877717"'777i_17ni+1a" '7778?9)

on any integral submanifold N of the distribution ker n' N ker dn® turns out to
be a K-structure. Furthermore, any integral submanifold N _of kerdn®, with
the induced structure (o, &1, ..., &,n%, ..., n%,g), becomes a K-manifold. Ob-
viously, if dy' = 0 then N = M?n+s,

Theorem 5.1. Let (M?"*5 ¢ &1 g), i € {1,...,s}, be a f]/%—mcmifold. For
each j € {1,...,s}, the distribution

D; = ﬂ(kerni Nker dn'), (5.1)
i#]

is integrable and @-invariant. Moreover, for each j,h € {1,...,s}, j # h, D;
and Dy, are orthogonal.

Proof. Integrability and ¢-invariance follow from Lemma 5.1. Let X € D;,
Y € Dj. Then for any i # j we have n'(X) = 0, dn*(X,—) = 0, and,
since h # j, n"(X) = 0, dn"(X,—) = 0. Analogously, for any i # h,
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n'(Y) = 0, dn'(Y,—) = 0, in particular, /(Y) = 0, dn/(Y,—) = 0. It fol-
lows that > ;_; 7" (X)n'(Y) = 0 and g(X,Y) = g(pX,¢Y) = F(pX,Y) =
> -1 dn' (X, Y) = 0. O

Remark 5.1. If, for some i € {1,...,s}, dn' = F, then D; =< &; > for each
j # i. Namely we have £; € D; and, being D; C kerdn® =< &,...,& >, for
any X € D; we get X = > 1 _, a"&,. Then, for any h # j, n"(X) = 0 implies
a"=0and X €<¢; >.

Proposition 5.2. Let (M?"F5 . &1, g), be a JACg-mam'fold ora 9/%3-manifold
such that each n* has rank 2k; +1 and ki + --- + ks = n. Then, for each
te{l,...,s},dpt #F.

Proof. In the given hypotheses, F' = dn' for some index ¢ implies k; = n and
dny =0, for any j # t, which is impossible. O

5.1 A decomposition theorem for certain JACQ-manifolds

Proposition 5.3. Let (M?"* ¢ &, 0t g), i € {1,...,5}, be a IJACQ—mam'fold
such that rank(n®) = 2k; +1 and k1 + - + ks = n. Then the integral sub-
manifolds of any D; inherit a structure of Sasakian manifold.

Proof. The hypotheses imply that for each i € {1,...,s} dn’ # F. Let be
je{l,...,s} and N an integral submanifold of D;. Then surely ¢; € T'(TN)
and & € T(TN*') for any i # j. Furthermore, N has odd dimension since
it is -invariant and the orthogonal complement of < & > in T'N verifies
< & >+C Imp. Then, by restriction and reduction, ¢’ = (p|<¢,>1)4 is an
almost complex structure. Hence it is easy to check that the induced structure
(¢',&,m7,9), is a Sasakian structure on N and dimN = 2k; + 1. O

Proposition 5.4. Let (M2 o, & n',g), i € {1,...,s} be a Ko-manifold
such that rank(n') = 2k; +1 and ky + -+ + ks = n. For each j € {1,...,s},
the distributions ker n/ Nker dn’ and D; = (), 2 j(ker n*Nker dn®) are orthogonal
and complementary.

Proof. The two distributions are p-invariant. They are also orthogonal since
for X € Djand Y € ker/ Nker dp we have F(oX,Y) =37, dn'(¢X,Y) =0
and this implies g(X,Y) = g(¢pX, pY) = 0. We choose a local g-adapted basis
of Dj, {&;,e1,...,ex;,pe1,...,pex, } and we complete it to a p-adapted basis
of M?"+s adding the vector fields

{515”-a§j—17£j+17~-~§s>ekj+17~-- 76717%0614?]'4-17"'7%0671}'

By the orthogonality it follows that such vector fields span the distribution
ker / N ker dn’. O
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Theorem 5.2. Let (M2 ¢, &, 0% g), i € {1,...,s} be a f]ACg—manifold such
that rank(n®) = 2k; +1 and k1 +---+ks = n. Then M>*"*$ is locally a product
of s Sasakian manifolds.

Proof. We argue by induction on s. Assume that (M?"*2 ¢, &, &, 0t 12, g)
is a 5A<2—manifold and that n', n? have rank 2k; + 1 and 2k, + 1 respectively,
with k1 + ko = n. Then D; = kern? Nkerdn? and Dy = kern' N ker dn'
are integrable, ¢-invariant, orthogonal and complementary. It follows that
M?7+2 ig locally a product of the integral submanifolds which, as in Propo-
sition 5.3, inherit Sasakian structures. Now, assume that s > 2 and con-
sider the integrable, p-invariant, orthogonal and complementary distributions
Dy = Nizs(kern’ Nkerdn') and kern® Nker dn®. Thus M>"** is locally a pro-
duct of integral submanifolds. The integral submanifolds of D, are Sasakian
manifolds and, as stated in Proposition 5.1, the integral submanifolds of
kern® N ker dn® have a K-structure which clearly satisfies the hypotheses. An
application of the induction hypothesis completes the proof. O

Remark 5.2. The above theorem applies to Example 3.1.

5.2 A decomposition theorem for certain ﬁg—manifolds

Let (M2"+5 o & ni,g), i € {1,...,s}, be a Xg-manifold. Let dn’ # dn’ for
each i,j € {1,...,q} and dn® = dny’ for each i,5 > q+ 1, ¢ < s — 2. Moreover,
we assume that rank(n') = 2k, + 1, t € {1,...,s}, and ky + --- + ks = n,
q < s —2. Then it is easy to verify that Propositions 5.3 and 5.4 hold for any
j < g so we obtain the following result.

Proposition 5.5. Let (M?"5 ¢, &0, g), i € {1,...,5}, be a K5-manifold.
Let dn® # dn’ for each i,j € {1,...,q} and dn® = dn’ for each i,j > q+ 1,
q < s — 2. Moreover assume that rank(n') = 2k, + 1, t € {1,...,s}, and
ki +---+ks=mn. Then one has

a) For any j < q, the integral submanifolds of D; inherit a structure of
Sasakian manifold.

b) For any j > q+ 1, D; =< & > and its integral submanifolds are 1-
dimensional and flat.

Proof. Let be j € {1,...,q}. Arguing as in Proposition 5.3 we obtain a).

Now, fixed j > ¢ + 1, we get that & € D;. Moreover for any X € D; and
any Y € T(T'M?"*#), since dn/ = dn®, we have F(X,Y) =5 7_, dp(X,Y) =
d? (X,Y) = dn®*(X,Y) = 0 and this implies that X € ker F' = ker ¢ that is
X =37, at&. Then, being n'(X) = 0 for any ¢t # j, we obtain X = a¥¢;
and X €< ¢; >, concluding the proof. O



282 Luicia D1 TERLIZZI AND ANNA MARIA PASTORE

Theorem 5.3. Let (M™% 0,1, g), i € {1,...,s}, be a 5/%3-manifold. Let
dn® # dn’ for each i,j € {1,...,q} and dn* = dn for each i,j > q+ 1,
q < s — 2. Moreover assume that rank(n') = 2k, + 1, t € {1,...,s}, and
ki +---+ks = n. Then M?"* is locally a product of (q + 1) Sasakian
manifolds and a flat (s — q — 1)-dimensional manifold.

Proof. We argue by induction on ¢q. If ¢ = 1, the distributions D; and
kern' N kerdn' are integrable, @-invariant, orthogonal and complementary,
so, applying the above theorem and Proposition 5.1, M 2n+s is locally pro-
duct of a Sasakian manifold and a K-manifold which belongs to the class K.
Therefore by Remark 4.1, we obtain (locally) a product of two Sasakian mani-
folds and a flat (s — 2)-dimensional manifold. Now we assume that ¢ > 2.
Thus considering the integrable, p-invariant, orthogonal and complementary
distributions D, = ﬂ#q (ker n® Nker dn?) and kern? N ker dn?, M?"+* turns
out to be locally a product of integral submanifolds of such distributions. The
integral submanifolds of D, are Sasakian manifolds and, as stated in Propo-
sition 5.1, the integral submanifolds of kern? N kerdn? have a K-structure
(actually K3) with dn® # dn’ for any i,j € {1,...,q — 1} and dn® = dn for
any i, € {g+1,...,s}. An application of the induction hypothesis completes
the proof. O

6 c¢-KX-manifolds, ¢ € R®.

Definition 6.1. Let (M?"5 0, &0, g), i € {1,...,s}, be a K-manifold and
c=(ct,...,c%) € Rs. (M?*Fs 0, &,m¢, g) is called a ¢c-K-manifold if for each
ic€{l,...,s}, dn' =c'F.

Considering >°7_,(c")? one can distinguish two cases: Y ;_,(¢))* = 0,
which corresponds to the C-manifolds in [1], and Y7, (c")? # 0.

Notice that
o If ¢! =1 for each i € {1,...,s}, we get the usual definition of §-manifold.
e If there exists p < s such that, up to the order, ¢! =1 for i € {1,...,p} and
¢! = 0 otherwise, we obtain the definition of K*-manifold.
elf s=1,then c =c' =1 and ¢ = ¢! # 1 correspond to Sasaki and c-Sasaki
manifolds, respectively.
e We also have Y ;_,dn' = (3 ;_, ¢")F, so if 3.7, ¢ = 0, the manifold be-
longs to the class IKO, while if °7_ ¢/ = 1 the manifold belongs to the class X.

Now in the case: Y7, ¢* # 0 we prove a local decomposition theorem.

Theorem 6.1. Let (M?""5 ¢, &.n',g), be a c¢-K-manifold, > ;_, ¢ # 0.
Then (M?"%5,g) is locally a Riemannian product of a v/a-Sasakian manifold,
a=>Y"7_,(c"?, and an (s — 1)-dimensional flat manifold.
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Proof. We put £ = Y0, c'& and 7 = Y.;_, c'n’. Since & € kery, we
can consider a basis (&,,...,&,) of < & > in keryp, so that we obtain
the orthogonal decomposition TM = (Im ¢ @ < & >) @ < &y,...,&, >.
Namely, for a ¢ € ker ¢ such that g(¢,&) = 0, we have ¢ = > 5-1 M and
0=g(>5_  NM&, >l ') = Yo7 A'¢’. Thus for any h € {2,...,s} there
exist constants 3} such that &, = Y7_; Bi&. Moreover, the dual 1-forms are
given by 7" = 37| Bin' and it is easy to check that di" = 0, from which
V¢, = 0 follows.

Since D; = Im ¢ @ < £ > and Dy =< &,,...,&, > are both integrable,
totally geodesic distributions, then (M?2"*$ g) is locally a Riemannian product
of integral submanifolds M; of Dy and My of Dy. Clearly My is (s — 1)-

dimensional and flat. Now, we normalize £ obtaining £ = %, a=>"7_(c?.
Then (My,¢,&,7,9), 1= ﬁﬁ, is (2n+1)-dimensional. One easily checks that

(M, o, 5, 7, ¢) is an almost contact metric manifold and the normality follows
from dn ® & = % i ddnt @ ﬁ Y dg = Fef=3d)f®¢ on

M. Finally, dij = J= d = J= 31, cdn’ = J=307_,(¢')? F = \/aF. This
completes the proof. O

As corollaries we obtain Theorem 2.1 and its corollary.

Remark 6.1. Suppose that (M?"5 ¢ &, 1 g) is a -K-manifold such that
S ¢t = 1. Then Y7, dn' = F and the manifold turns out to be a X-

manifold. After an application of Theorem 3.1, if necessary i.e. if some ¢! = 0,

we have that M?2"*s or its non flat factor (Mlgnﬂj, 0.&ntg), (Ot =1),

falls in one of the classes 9/%17 522, 3AC3. Let us suppose that they belong to

XK. Then, by Theorem 4.1, (M?"*#, g) is locally a Riemannian product of a
1

~5-Sasakian manifold and an (s — 1)-dimensional flat manifold. On the other

hand, from Y7, dn' = F and dp* = ... = dn® it follows dn’ = 1F, ¢/ =1
for each i € {1,...,s} and @ = Y7 (c")> = 1, according to Theorem 6.1.
Finally we remark that being each 1 of rank 2n + 1, Theorems 5.2 and 5.3 do

not apply to these manifolds.

7 ﬂAC-rnanifolds of dimension 2n + 2

We begin proving the following result.

Proposition 7.1. Let (M?"*% . &,n'), i € {1,...,s}, be a normal f.pk-
manifold such that dn* = ... = dn® # 0, 1 < p < s, and dy' = 0 for any
i > p+ 1. Then M?"** admits a metric g € S(M*"F5 p,&,n') that makes
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M?+s g K -manifold with F = dn* = ... = dnP if and only if there exists a
metric g € G(M?F5 . & n') that makes M*"+5 a K-manifold.

Proof. The proof goes on as in Proposition 4.1, simply considering the metric
g=pg—(p—1)>;_n'@n". Finally, F=pF =" dn'=5%7_,dy'. O

Theorem 7.1. Let (M?*"*2 . &1, i € {1,2}, be a normal f.pk-manifold
and suppose that dn' # 0 and dn?> = 0. Then the following assertions are
equivalent:

(a) there ewists a metric g € G(M*F2 ¢, &, n') that makes M?"+2 q K-
manifold with F = dn*,

(b) (M?"*2 g) carries a structure of Vaisman manifold.

Proof. From Proposition 7.1 it follows that the metric g makes M?"*2 a X-
manifold. Then, the equivalence between (a) and (b) is proved in [11, 6] and
the links between the two structures are given by

&L=B &G=JB, 7 =w n =-wol, p=J+7' @& -1 &,
where B is the unit Lee vector field and w the Lee form. O

Now, fixed a K-manifold (M2"+2 o, &, 7', q), i € {1,2}, with dn! # 0 and
dn* # 0, we have the following possibilities: dn' # dn* or dn' = dn?, which
means that the manifold belongs to the class Ko, K1, respectively.

In the first case, dn' and dn? are both different from F, otherwise, being
dn' +dn? = F, one of them must vanish. Hence Theorem 5.2 ensures that the
manifold is locally product of two Sasakian manifolds.

In the last case, by Theorem 4.1 we know that the manifold is locally
a Riemannian product of a %—Sasakian manifold and a 1-dimensional flat
manifold. Moreover, we have:

Proposition 7.2. Let (M*"*2 ¢, &,n%, g), i € {1,2} be a UAC—manifold such
that dn' = dn?, then M*"+2 admits a Vaisman structure.
n'4n® ~2 _ _ &+&

Proof. Let us put 7' = T = "1\;5772, & = Nl & = 51\;552. It is easy

to verify that (M?2"F2 o, &1, 9), i € {1,2} is a normal metric f.pk-manifold

and that dn' = % F, di? = 0. Here F is the Sasaki 2-form of both the

structures on M?"+2. Tt is well known ([9]) that J = ¢ — 7' ® L+72 &
gives (M?"*2 g) a Hermitian structure with Kihler form Q = F + 7% A 72,

HencedQ:%FA?]Q:%?fz/\Q,thatisw:%szistheLeeform. O
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An interesting example related to the above proposition arises from the
S-structure on the 4-dimensional manifold U(2) described in [7]. On U(2),
one considers the left-invariant vector fields, &1,&2, X, Y, determined, in the
same order, by the following basis of the Lie algebra u(2):

1E11, —1Fa2, Eig — Fa1, 1(E12 + Ear)
where (Ejj); je{1,2) is the canonical basis of gi(2,C). Then,
(X, Y] =26 +26, [X.&]=-Y, [V&G]=X, [§,§]=0

for any 7,5 € {1,2}. One considers the left-invariant 1-forms 7' and 7? de-
termined by the dual 1-forms of 1F1; and —i1FEss, respectively, a left-invariant
tensor field ¢ such that p(X) =Y, oY) = =X and ¢(&) = ¢(&) =0
and a left-invariant metric g such that the vector fields &1,&2, X, Y form an
orthonormal basis. Then (U(2),p,&1,&2,nt,m%, g) becomes an 8-manifold.
Hence, by Proposition 4.1 we obtain a ﬂ?l—structure with the new metric
d=29—n'®n' —n?®n? and we can apply Proposition 7.2.

Theorem 7.2. Let M be a (2n+2)-dimensional manifold. Then the following
propositions are equivalent

(a) M admits a K -structure (0, &1,€2,n1 %, g) with 0 # dn' # dn?® #0

(b) M admits a K-structure (gp,gl,gg,ﬁl,ﬁz,g) such that the Sasaki 2-form
F verifies F = o di* + 3 di?, where o, 3 € R and o? + 3% = 2.

Proof. Let us assume (a). Then we take 6 € [0, 2x[ and put

El = cosf & +sinf &, 52 = —sinf & + cosf &
b = cosOnt+sinfn?, 72 = —sinf nt +cosh n*

Clearly, one has g(X,&) = 74(X), ¢(X,&) = 72(X), for any X € T'(TM).
Furthermore, from 7' (X)gl + 7“7’2(X)§2 = nH(X)& + nA(X)&, it follows that
©2(X) = =X +71(X)& +72(X)E,. Analogously the compatibility of the metric
can be proved observing that 7' ® 7' + 72 ® 72 = n' @ n' + n? ® n? and the
normality of the structure follows by dif' ® & +dn? @ & = dn' @ & +dn? @ &s.
One obtains F' = dn' + dn? = (cosf + sinf)dn' + (cosf — sin)dn?, since
n' = cosf ' —sind 7%, n? =sind ' +cosh n?. Hence, (M,ap,ghgg,ﬁl,?“fz,g)
is a K-manifold and (b) follows by putting o = cos #+sin 6 and 5 = cos §—sin 6.
2 2

Now assuming (b), a?+3? = 2 implies %—i—%

put cosf = O‘—;ﬁ, sinf = O‘Tfﬁ It follows that o = cos 0+sin 6, 3 = cos @ —sin 6

=1, so that one can
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and F = « dit + 8 di? = (cos 0 +sin 0)di* + (cos § — sin §)dn?. Then, putting
nt = cos@ it —sinf? n? = sinf [t 4 cosf 72

& = cosf §~1 —sinf 52 & = sind '51 + cos 6 52
one verifies that (¢, &1, &,nt, 02, g) is a K-structure and F = dn* +dn?. O

Remark 7.1. The family of K-structures described in condition (b) is para-
meterized on the sphere S' of radius v/2. In particular for 8 € {0, %77, m, %7‘(}
one obtains the structure given in (a) and those obtained reversing (£1,7n!)

and/or (£2,7?).
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