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Pseudo-contractibility Of Weighted
Lp−Algebras

Fatemeh Abtahi

Abstract

Let G be a locally compact group, 1 < p < ∞ and let ω be a
weight function on G. Recently, we introduced the Lebesgue weighted
Lp−algebra L1,p

ω (G). Here, we establish necessary and sufficient con-
ditions for L1,p

ω (G) to be φ−contractible, pseudo-contractible or con-
tractible. Moreover we give some similar results about Lp(G,ω).

1 Introduction

Let A be a Banach algebra and X be a Banach A−bimodule. A derivation is
a linear map D : A→ X such that

D(ab) = aD(b) +D(a)b (a, b ∈ A).

A derivation D from A into X is inner if there is ξ ∈ X such that

D(a) = aξ − ξa (a ∈ A).

A Banach algebra A is called contractible if every continuous derivation from
A into any Banach A−bimodule is inner [15]. Accordingly, A is contractible
if and only if it has a diagonal, i.e. there is an element m ∈ A⊗̂A for which
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am = ma and π(m)a = a, for all a ∈ A [15]. Here and in the sequel, π always
denotes the product morphism from A⊗̂A into A, specified by

π(a⊗ b) = ab.

In fact every contractible Banach algebra is unital. The structure of con-
tractible Banach algebras has been studied by many authors; see for example
[15], [24] and also [26]. Moreover, the concept of pseudo-contractibility was
introduced and investigated by Ghahramani and Zhang [14], according to the
existence of a central approximate diagonal; i.e., a net (mα) in A⊗̂A such that

‖π(mα)a− a‖ →α 0

and also amα = mαa, for all a ∈ A and all α . Although there are many
pseudo-contractible Banach algebras which are not contractible, but it has
been proved that pseudo-contractibility of the unitization algebra of any Ba-
nach algebra A is equivalent to contractibility of A [14, Theorem 2.4].

Moreover, let φ ∈ Ω(A), the spectrum space of A consisting of all non-zero
characters on A. Then A is called φ−contractible if there is a φ−diagonal, i.e.
an element m ∈ A⊗̂A such that

φ(π(m)) = 1 and am = φ(a)m,

for each a ∈ A. The notion of φ−contractibility of A was laid by Hu, Monfared,
and Traynor [17]. Furthermore it has been investigated φ−contractibility of
some classes of Banach algebras; see for example [2].

In the present paper, we present some characterizations for contractibility,
pseudo-contractibility and also φ−contractibility of the Lebesgue weighted
Lp−algebra L1,p

ω (G) and also weighted Lp−algebra Lp(G,ω), endowed with
convolution product. In fact all of the obtained results about L1,p

ω (G), can be
considered as the consequences for Segal algebra L1(G) ∩ Lp(G); see [20] for
basic definitions and information concerning Segal algebras.

2 Preliminaries

Let G be a locally compact group with a fixed left Haar measure λ, and let
ω be a weight function on G; that is, a positive Borel measurable function on
G. The weight function ω is of left moderate growth on G if for each x ∈ G,

ess sup
y

ω(xy)

ω(y)
<∞.

For 1 < p < ∞, the weighted Lp−space Lp(G,ω) with respect to λ is the set
of all complex valued measurable functions f on G such that fω ∈ Lp(G), the
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usual Lebesgue space as defined in [16]. We denote this space by `p(G,ω) when
G is discrete. Then Lp(G,ω) is a Banach space with the norm ‖.‖p,ω defined
by ‖f‖p,ω = ‖fω‖p, for all f ∈ Lp(G,ω). Recently, in [1] we introduced
the Lebesgue weighted Lp−space L1,p

ω (G) := L1(G) ∩ Lp(G,ω) with norm
‖f‖L1,p

ω (G) = ‖f‖1 + ‖f‖p,ω, and also the space L∞(G) + Lq(G, 1/ω) as its
dual, with the action

< φ+ ψ, f >=

∫
G

φfdλ+

∫
G

ψfdλ (f ∈ L1,p
ω (G))

and the norm of F = φ+ ψ being

‖F‖L1,p
ω (G)

? = inf{max{‖φ‖∞, ‖ψ‖q,1/ω}},

where the infimum is taken over all φ ∈ L∞(G) and ψ ∈ Lq(G, 1/ω) such
that F = φ + ψ. Let A be one of the spaces Lp(G,ω) or L1,p

ω (G) and let A∗

be its dual space. We will denote by G̃A the subset of A∗, consisting of all
continuous homomorphisms ρ : G→ C\{0}.

It should be noted that the spaces Lp(G,ω) and L1,p
ω (G) and also their

algebraic properties under the convolution product, have been studied very
more completely in the decade of 1970. We found a lot of interesting results
related to these algebras in many earlier publications. We just refer to some
of them such as [7], [8], [9], [11], [12], [13] and also [25].

Note that L1,p
ω (G) is a Banach algebra whenever Lp(G,ω) is a Banach

algebra. We provide two examples in this field. The following examples have
been essentially introduced in [9, page 454].

Example 2.1. Take G to be either of Rm or Zm.

1. Define the weight function ωa on G by

ωa(x) = (1 + |x|)a (x ∈ G).

Then L2(G,ωa) is a Banach algebra whenever a > m/2. It follows that
L1,2
ω (G) is a Banach algebra, as well.

2. Define the weight function ω on G by

ω(x) = 1 + |x1|a1 + · · ·+ |xm|am (x = (x1, · · · , xm) ∈ G),

whenever 0 ≤ ai <∞. Then L1,2
ω (G) is a Banach algebra.

It is noticeable to know that the space L1,p
w (G) is in fact a weighted case

of Segal algebra L1(G) ∩ Lp(G). However there are important differences in
their structures as Banach algebras. For instance, consider Z, the additive
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group of the integer numbers, and take a weight function ω on Z such that
it is not submultiplicative and also 1/ω ∈ `q(Z). Then `1(Z) ∩ `p(Z) = `1(Z)
is always a Banach algebra whereas L1,p

ω (Z) = `p(Z, ω) is not necessarily a
Banach algebra. In fact on a discrete group, the weight of any Banach algebra
for all p ≥ 1 is submultiplicative; see [19, page 573].

From now on, we assume that G is a locally compact group and ω is
a weight function on G such that Lp(G,ω) or L1,p

ω (G) are Banach algebras
under convolution, in their own situations. Moreover, we take as assumption
that there are some ρ ∈ G̃A. Note that the trivial character ρ = 1 always
belongs to G̃A, whenever A = L1,p

ω (G). If A = Lp(G,ω), then 1 ∈ G̃A if and
only if 1/ω ∈ Lq(G). For example this condition is satisfied whenever G is
abelian [18].

If L1,p
ω (G) or Lp(G,ω) is a Banach algebra, then [19, Lemma 2.1] implies

that ωp is locally summable; that is ω ∈ Lp(K), for each compact subset K
of G.

For completeness, we also turn the attention to the spectrum space of A,
where A is one of the Banach algebras L1,p

ω (G) or Lp(G,ω). It is not hard to
see that each of them contains characters φρ, defined by

φρ(f) =

∫
G

f(x)ρ(x)dλ(x),

where ρ ∈ G̃A. See [18] for the proof of this statement, whenever A = Lp(G,ω)
and G is abelian.

3 Main Results

We commence this section with the following proposition.

Proposition 3.1. Let G be a locally compact group, 1 < p < ∞ and let ω
be a weight function on G and ρ ∈ G̃A. Then the following assertions are
equivalent.

(i) L1,p
ω (G) is φρ−contractible.

(ii) Lp(G,ω) is φρ−contractible.

(iii) G is compact.

Proof. (i) ⇒ (iii). Let L1,p
ω (G) be φρ−contractible. By assumption, there

exists m ∈ L1,p
ω (G)⊗̂L1,p

ω (G) such that for all h ∈ L1,p
ω (G)

φρ(π(m)) = 1 and h ∗ π(m) = φρ(h)π(m).
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Set g = ρπ(m). So g ∈ L1(G) and also φ1(g) = φρ(π(m)) = 1. Thus f ∗ g =
φ1(f)g, for all f ∈ C00(G); indeed,

f ∗ g = f ∗ (ρπ(m))

= ρ((ρ̃f) ∗ π(m))

= ρφ1(f)π(m)

= φ1(f)g.

Since C00(G) is dense in L1(G), then for each f ∈ L1(G)

f ∗ g =

(∫
G

f(x)dλ(x)

)
g,

almost every where on G. It follows that G is compact; see for example [21,
Exercise 1.1.7].

(iii) ⇒ (i). Let G be compact. Since ωp is locally summable, it follows
that ρ ∈ L1,p

ω (G). Set m = ρ̃⊗ ρ, where ρ̃(x) = ρ(x−1), for each x ∈ G. Then

φρ(π(m)) = φρ(ρ̃)φρ(ρ) = 1.

For f ∈ L1,p
ω (G) and all g, h ∈ L1,p

ω (G)∗, we have

((f ∗ ρ̃)⊗ ρ) (g, h) = g(f ∗ ρ̃)h(ρ)

= h(ρ)

∫
G

∫
G

g(x)f(y)ρ̃(y−1x)dλ(y)dλ(x)

= h(ρ)

∫
G

g(x)ρ̃(x)dλ(x)

∫
G

f(y)ρ(y)dλ(y)

= h(ρ)〈g, ρ̃〉φρ(f)

= φρ(f)(ρ̃⊗ ρ)(g, h).

Thus for each f ∈ L1,p
ω (G),

(f ∗ ρ̃)⊗ ρ = φρ(f)(ρ̃⊗ ρ).

It follows that L1,p
ω (G) is φρ−contractible and so (i) is equivalent to (iii).

One can easily follow the same steps to prove the equivalence between (ii)
and (iii).

We state here the following theorem, as an immediate result of Proposition
3.1.

Theorem 3.2. Let G be a locally compact group, 1 < p < ∞ and let ω be a
weight function on G. Then the following assertions are equivalent.
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(i) L1,p
ω (G) is φρ−contractible, for all ρ ∈ G̃A.

(ii) L1,p
ω (G) is φρ−contractible, for some ρ ∈ G̃A.

(iii) Lp(G,ω) is φρ−contractible, for all ρ ∈ G̃A.

(iv) Lp(G,ω) is φρ−contractible, for some ρ ∈ G̃A.

(v) G is compact.

By [2], every pseudo-contractible Banach algebra A is φ−contractible, for
each φ ∈ Ω(A). Thus the following result is obtained from Proposition 3.1.

Corollary 3.3. Let G be a locally compact group, 1 < p < ∞ and let ω be a
weight function on G. If L1,p

ω (G) or Lp(G,ω) is pseudo-contractible then G is
compact.

It would be interesting to know whether if the converse of Corollary 3.3
also holds. An affirmative answer for a particular case is given bellow. As
a basic property of Segal algebras, L1(G) ∩ Lp(G) is always a Banach left
L1(G)−module. Also [22, Theorem 3.5] implies that L1(G)∩Lp(G) is pseudo-
contractible if and only if G is compact. Since L1,p

ω (G) ⊆ L1(G), it also comes
to mind to verify this result for L1,p

ω (G), in the case where it is a Banach left
L1(G)−module. In the next result, we take this property as an assumption
for L1,p

ω (G) and Lp(G,ω).

Theorem 3.4. Let G be a locally compact group, 1 < p < ∞ and let ω be a
weight function on G. Then the following assertions are equivalent.

(i) L1,p
ω (G) is pseudo-contractible and it is a Banach left L1(G)−module.

(ii) Lp(G,ω) is pseudo-contractible and it is a Banach left L1(G)−module.

(iii) G is compact and ω is of left moderate growth.

Proof. (i)⇒ (iii). Corollary 3.3 implies that G is compact. Now we show that
ω is of left moderate growth. We follow an argument similar to [19, Theorem
3.1]. Since L1,p

ω (G) is a Banach left L1(G)−module, it follows that with some
constant K > 0

‖f ∗ g‖L1,p
ω (G) ≤ K‖f‖1‖g‖L1,p

ω (G),

for all f ∈ L1(G) and g ∈ L1,p
ω (G). Since ωp is locally summable, then L1,p

ω (G)
contains characteristic functions χA, for each subset A of G of finite measure.
We also have the following inequality, pointwise

λ(A)χxyB ≤ χxA ∗ χA−1yB , (1)
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for all x, y ∈ G and relatively compact subsets A and B of G with positive
measure. Hence inequality (1) implies that

λ(A)‖χxyB‖L1,p
ω (G) ≤ ‖χxA ∗ χA−1yB‖L1,p

ω (G) ≤ K‖χxA‖1‖χA−1yB‖L1,p
ω (G).

Thus

‖χxyB‖L1,p
ω (G) ≤ K‖χA−1yB‖L1,p

ω (G).

It follows that

‖χxyB‖1 + ‖χxyB‖p,ω ≤ K
(
‖χA−1yB‖1 + ‖χA−1yB‖p,ω

)
. (2)

Let x ∈ G be fixed. Since ωp is locally summable, it follows that there exists
a family V of sets of positive measure such that every V ∈ V contains the
identity and every neighborhood of identity contains eventually all V ∈ V and
also the following equations hold:

lim
V ∈V

1

λ(V )

∫
yV

ωp(r)dr = ωp(y)

and

lim
V ∈V

1

λ(V )

∫
yV

ωp(xr)dr = ωp(xy),

for locally almost all y ∈ G; see [3]. For such y and any ε > 0 for sufficiently
small V ∈ V we have

‖χyV ‖pp,ω =

∫
yV

ωp(r)dr < λ(V )ωp(y)(ε+ 1) (3)

and

‖χxyV ‖pp,ω =

∫
yV

ωp(xr)dr >
λ(V )ωp(xy)

ε+ 1
. (4)

Moreover, there exists a relatively compact neighborhood U of identity such
that

‖χU−1yV ‖p,ω < (1 + ε)‖χyV ‖p,ω (5)

and also

‖χU−1yV ‖1 <
(1 + ε)

K
‖χyV ‖1. (6)

By (2) we have

‖χxyV ‖1 + ‖χxyV ‖p,ω ≤ K(‖χU−1yV ‖1 + ‖χU−1yV ‖p,ω). (7)
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As a consequence of the observations (3), (4), (5) and (6) together with (7),
we have the following inequality,

λ(V ) +
λ(V )1/pω(xy)

(ε+ 1)1/p
≤ K

(
1 + ε

K
λ(V ) + (1 + ε)1+1/pω(y)λ(V )1/p

)
and hence

(1+ε)1/pλ(V )1−1/p+ω(xy) ≤
(

(1 + ε)1+1/pλ(V )1−1/p +K(1 + ε)1+2/pω(y)
)
.

Since G is compact, it follows that the net (λ(V ))V ∈V is bounded and in the
limit as ε→ 0, we conclude that

ω(xy)

ω(y)
< K,

locally almost every where y ∈ G. Consequently ω is of left moderate growth.
(iii) ⇒ (i). Let G be compact and let ω be of left moderate growth.

Since ω is locally summable, it follows that ω is equivalent to a continuous
function [10, Theorem 2.7]. So the compactness of G implies that Lp(G,ω) =
Lp(G). Consequently L1,p

ω (G) = Lp(G). Now the identity map is a topological
isomorphism of Lp(G) onto L1,p

ω (G). Since Lp(G) is pseudo-contractible [14,
Theorem 4.5], it follows that L1,p

ω (G) is also pseudo-contractible.
A similar argument shows that (i)⇔ (ii).

The following known result is immediately obtained from Theorem 3.4,
which is in fact [22, Theorem 3.5].

Corollary 3.5. Let G be a locally compact group and 1 < p < ∞. Then
L1(G) ∩ Lp(G) is pseudo-contractible if and only if G is compact.

Remark 3.6. Let G be a locally compact group, 1 < p < ∞ and let ω
be a weight function on G. Also let A denote one of the Banach space
L1,p
ω (G) or Lp(G,ω) (not necessarily an algebra), such that A is a Banach

left L1(G)−module.

(i) Whenever A is an essential Banach left L1(G)−module, a stronger result
may be obtained. Indeed, we show that if A is an essential Banach left
L1(G)−module then A is left translation invariant. Since L1(G) has a
bounded approximate identity, one can conclude that L1(G) ∗ A = A,
by the factorization theorem [16]. Then for every f ∈ A one can choose
such g ∈ L1(G), h ∈ A that f = g ∗ h. Now take an approximate
identity ξν in L1(G) and any x ∈ G. Denote by φx the left translation of
a function φ by x. We have then fx = gx ∗ h and ξxν ∗ g → gx in L1(G).
So ξxν ∗ f = (ξxν ∗ g) ∗ h is a Cauchy net in A. Its limit is obviously fx.
Thus fx ∈ A and consequently A is translation-invariant.
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(ii) If ω is locally summable then C00(G), the set of all compactly supported
continuous functions on G, is contained in A. It follows that L1(G) ∗A
is dense in A, whenever A = Lp(G,ω) and G is compact. By a similar
proof to part (i) we obtain that A is translation invariant.

(iii) By [19, Lemma 2.1], if Lp(G,ω) is a Banach algebra then ω is locally
summable. Thus part (ii) implies that if A = Lp(G,ω) is a Banach
algebra and G is compact then A is essential and again left translation
invariance of A is obtained by part (i).

(iv) Let G be compact and let A = Lp(G,ω) be a Banach algebra. Then
one gets not only A is translation invariant, but also the translation is
a bounded operator on A; see for example [6]. Now one can concludes
that ω is of left moderate growth by [7]. Consequently the implication
(ii)⇒ (iii) of Theorem 3.4 can be proved more easier.

We finish the paper with the presentation of an equivalent condition to
contractibility of L1,p

ω (G) and also Lp(G,ω). Let us first recall the concept of
approximation property (AP).

A Banach space X is said to have the approximation property (AP), if
every compact operator on X is a limit of finite-rank operators.

Proposition 3.7. Let G be a locally compact group, 1 < p <∞ and let ω be
a weight function on G. Then the following assertions are equivalent.

(i) Lp(G,ω) is contractible.

(ii) L1,p
ω (G) is contractible.

(iii) G is finite.

Proof. (i) ⇒ (iii). It follows from previously known results. First, one can
show that Lp(G,ω) has the approximation property (AP); see for example [5,
Example 11, p. 245]. From a result of Selivanov [23], it follows then that if
Lp(G,ω) is contractible then G is finite.

(iii)⇒ (i) is obvious.
(ii) ⇒ (iii). Let L1,p

ω (G) be contractible. Then it is unital and since
L1,p
ω (G) is dense in L1(G), it follows that L1(G) is unital. Consequently G is

discrete [4]. Since contractibility implies pseudo contractibility, it follows by
Corollary 3.3 that G is compact. Therefore G is finite.

The statement (iii)⇒ (ii) is clear.
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