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Pseudo-contractibility Of Weighted
LP—Algebras
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Abstract

Let G be a locally compact group, 1 < p < oo and let w be a
weight function on G. Recently, we introduced the Lebesgue weighted
LP—algebra L5P(G). Here, we establish necessary and sufficient con-
ditions for £LP(G) to be ¢—contractible, pseudo-contractible or con-
tractible. Moreover we give some similar results about L?(G,w).

1 Introduction

Let A be a Banach algebra and X be a Banach A—bimodule. A derivation is
a linear map D : A — X such that

D(ab) = aD(b) + D(a)b (a,be A).
A derivation D from A into X is inner if there is £ € X such that
D(a) = a€ —&a (a € A).

A Banach algebra A is called contractible if every continuous derivation from
A into any Banach A—bimodule is inner [15]. Accordingly, A is contractible
if and only if it has a diagonal, i.e. there is an element m € ARA for which
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am = ma and w(m)a = a, for all a € A [15]. Here and in the sequel, m always
denotes the product morphism from ARA into A, specified by

7m(a ® b) = ab.

In fact every contractible Banach algebra is unital. The structure of con-
tractible Banach algebras has been studied by many authors; see for example
[15], [24] and also [26]. Moreover, the concept of pseudo-contractibility was
introduced and investigated by Ghahramani and Zhang [14], according to the
existence of a central approximate diagonal; i.e., a net (mg,) in ARA such that

|m(ma)a —al| =4 0

and also am, = mga, for all @ € A and all « . Although there are many
pseudo-contractible Banach algebras which are not contractible, but it has
been proved that pseudo-contractibility of the unitization algebra of any Ba-
nach algebra A is equivalent to contractibility of A [14, Theorem 2.4].

Moreover, let ¢ € Q(A), the spectrum space of A consisting of all non-zero
characters on A. Then A is called ¢—contractible if there is a ¢p—diagonal, i.e.
an element m € A®A such that

o(r(m)) =1 and am = ¢(a)m,

for each a € A. The notion of ¢—contractibility of A was laid by Hu, Monfared,
and Traynor [17]. Furthermore it has been investigated ¢—contractibility of
some classes of Banach algebras; see for example [2].

In the present paper, we present some characterizations for contractibility,
pseudo-contractibility and also ¢—contractibility of the Lebesgue weighted
LP—algebra L1P(G) and also weighted LP—algebra LP(G,w), endowed with
convolution product. In fact all of the obtained results about £17(G), can be
considered as the consequences for Segal algebra L'(G) N LP(G); see [20] for
basic definitions and information concerning Segal algebras.

2 Preliminaries

Let G be a locally compact group with a fixed left Haar measure A, and let
w be a weight function on G; that is, a positive Borel measurable function on
G. The weight function w is of left moderate growth on G if for each z € G,

w(zy)

esssup ——— < 00

y w(y)

For 1 < p < oo, the weighted LP—space LP(G,w) with respect to A is the set
of all complex valued measurable functions f on G such that fw € LP(G), the



PSEUDO-CONTRACTIBILITY OF WEIGHTED LY —ALGEBRAS 7

usual Lebesgue space as defined in [16]. We denote this space by ¢?(G,w) when
G is discrete. Then LP(G,w) is a Banach space with the norm ||.||,., defined
by |fllpw = llfwllp, for all f € LP(G,w). Recently, in [1] we introduced
the Lebesgue weighted LP—space LLP(G) = LY(G) N LP(G,w) with norm
1fllc2o ey = IIflli + [Ifllpw. and also the space L>(G) + L9(G,1/w) as its
dual, with the action

<osvfo= [ofans v (fexl(@)
G G
and the norm of F' = ¢ + 1 being

1EN c1r gy = inf{max{[[$llco, [[¢llq,1/}}

where the infimum is taken over all ¢ € L*(G) and ¢ € LI(G,1/w) such
that F' = ¢ + 1. Let A be one of the spaces LP(G,w) or LLP(G) and let A*
be its dual space. We will denote by G 4 the subset of A*, consisting of all
continuous homomorphisms p : G — C\{0}.

It should be noted that the spaces LP(G,w) and £LLP(G) and also their
algebraic properties under the convolution product, have been studied very
more completely in the decade of 1970. We found a lot of interesting results
related to these algebras in many earlier publications. We just refer to some
of them such as [7], [8], [9], [11], [12], [13] and also [25].

Note that £1P(G) is a Banach algebra whenever LP(G,w) is a Banach
algebra. We provide two examples in this field. The following examples have
been essentially introduced in [9, page 454].

Example 2.1. Take G to be either of R™ or Z™.
1. Define the weight function w, on G by
wa(x) = (14 [z])* (z € G).

Then L?*(G,w,) is a Banach algebra whenever a > m/2. It follows that
LL2(@G) is a Banach algebra, as well.

2. Define the weight function w on G by
w(x) =1+ [aa[* - |zm[* (z=(z1,+,2m) € G),
whenever 0 < a; < co. Then LL%(G) is a Banach algebra.

It is noticeable to know that the space LLP(G) is in fact a weighted case
of Segal algebra L!(G) N LP(G). However there are important differences in
their structures as Banach algebras. For instance, consider Z, the additive
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group of the integer numbers, and take a weight function w on Z such that
it is not submultiplicative and also 1/w € ¢4(Z). Then (*(Z) NP (Z) = (*(Z)
is always a Banach algebra whereas L1P(Z) = P(Z,w) is not necessarily a
Banach algebra. In fact on a discrete group, the weight of any Banach algebra
for all p > 1 is submultiplicative; see [19, page 573].

From now on, we assume that G is a locally compact group and w is
a weight function on G such that LP(G,w) or £LLP(G) are Banach algebras
under convolution, in their own situations. Moreover, we take as assumption
that there are some p € G4. Note that the trivial character p = 1 always
belongs to G4, whenever A = LLP(G). If A = LP(G,w), then 1 € G4 if and
only if 1/w € LI(G). For example this condition is satisfied whenever G is
abelian [18].

If LLP(G) or LP(G,w) is a Banach algebra, then [19, Lemma 2.1] implies
that w? is locally summable; that is w € LP(K), for each compact subset K
of G.

For completeness, we also turn the attention to the spectrum space of A,
where A is one of the Banach algebras £1?(G) or LP(G,w). It is not hard to
see that each of them contains characters ¢,, defined by

oolf) = /G F@)p(@)dA(z),

where p € Ga. See [18] for the proof of this statement, whenever A = LP (G, w)
and G is abelian.

3 Main Results

We commence this section with the following proposition.

Proposition 3.1. Let G' be a locally compact group, 1 < p < oo and let w
be a weight function on G and p € G4. Then the following assertions are
equivalent.

(i) LLP(G) is ¢,— contractible.
(i1) LP(G,w) is ¢,—contractible.
(i1i) G is compact.

Proof. (i) = (iii). Let LL?(G) be ¢,—contractible. By assumption, there
exists m € LLP(G)RLLP(G) such that for all h € LLP(G)

¢p(m(m)) =1 and  hxmw(m)=¢,(h)n(m).
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Set g = pr(m). So g € L'(G) and also ¢1(g) = ¢,(7(m)) = 1. Thus f*g =
#1(f)g, for all f € Coo(G); indeed,

fxg = [fx(pm(m))
= (( f) = m(m))
= po1(f)m(m)
= ¢1(f)g.

Since Cgo(G) is dense in L'(G), then for each f € L(G)

fxg= </G f(w)dk($)> g

almost every where on G. It follows that G is compact; see for example [21,
Exercise 1.1.7].

(#4i) = (i). Let G be compact. Since w? is locally summable, it follows
that p € LLP(G). Set m = p® p, where p(z) = p(z~1), for each x € G. Then

Gp(m(m)) = dp(p)p(p) =1
For f € LLP(G) and all g, h € LLP(G)*, we have

((f*p)@p)(g,h) (f *p)h(p)

- / / Ay~ 2)dN(y)dA(x)
= (o) [ s@paar) /G F@)p(m)dr
)

= h(p){g,op(f)
= () P®p)(g,h).

Thus for each f € LLP(G),

(fxp)@p=9,(f)(p® p).

It follows that LLP(G) is ¢,—contractible and so (i) is equivalent to (iii).
One can easily follow the same steps to prove the equivalence between (i)
and (i11). O

We state here the following theorem, as an immediate result of Proposition
3.1.

Theorem 3.2. Let G be a locally compact group, 1 < p < oo and let w be a
weight function on G. Then the following assertions are equivalent.
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(i) LLP(G) is ¢,—contractible, for all p € Ga.
(ii) LLP(G) is ¢,—contractible, for some p € Ga.
(111) LP(G,w) is ¢,—contractible, for all p € Ga.
(iv) LP(G,w) is ¢,—contractible, for some p € Ga.
(v) G is compact.

By [2], every pseudo-contractible Banach algebra A is ¢—contractible, for
each ¢ € Q(A). Thus the following result is obtained from Proposition 3.1.

Corollary 3.3. Let G be a locally compact group, 1 < p < oo and let w be a
weight function on G. If LLP(GQ) or LP(G,w) is pseudo-contractible then G is
compact.

It would be interesting to know whether if the converse of Corollary 3.3
also holds. An affirmative answer for a particular case is given bellow. As
a basic property of Segal algebras, L'(G) N LP(G) is always a Banach left
L'(G)—module. Also [22, Theorem 3.5] implies that L!(G) N LP(G) is pseudo-
contractible if and only if G is compact. Since LLP(G) C L(G), it also comes
to mind to verify this result for £L1P(G), in the case where it is a Banach left

L'(G)—module. In the next result, we take this property as an assumption
for LLP(G) and LP(G,w).

Theorem 3.4. Let G be a locally compact group, 1 < p < co and let w be a
weight function on G. Then the following assertions are equivalent.

(i) LLP(G) is pseudo-contractible and it is a Banach left L'(G)—module.
(ii) LP(G,w) is pseudo-contractible and it is a Banach left L'(G)—module.
(iii) G is compact and w is of left moderate growth.

Proof. (i) = (#4i). Corollary 3.3 implies that G is compact. Now we show that
w is of left moderate growth. We follow an argument similar to [19, Theorem
3.1]. Since LLP(G) is a Banach left L!'(G)—module, it follows that with some
constant K > 0

1 * gl cree < Kllfllglcne e

for all f € L'(G) and g € LLP(G). Since w? is locally summable, then £LLP(G)
contains characteristic functions x 4, for each subset A of G of finite measure.
We also have the following inequality, pointwise

)‘(A)X:ryB < XzA * XA-1yB; (1)
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for all z,y € G and relatively compact subsets A and B of G with positive
measure. Hence inequality (1) implies that

M XayBll c1r @) < IXea * xa—1y8ll cir ) < Klixealillxa-1ysllcie )

Thus
IXayBllc1e ) < Kllxa-1ysllcye )

It follows that

IXeysll + [XayBllpw < K (Ixa-1ysli + Ixa-1y5lpw) - (2)

Let © € G be fixed. Since w? is locally summable, it follows that there exists
a family V of sets of positive measure such that every V' € V contains the
identity and every neighborhood of identity contains eventually all V € V and
also the following equations hold:

3 1 P — 4P
élé’%m/va (r)dr = wP(y)

and
1

- P — WP
‘l/lé% V) /va (xr)dr = WP (zy),

for locally almost all y € G see [3]. For such y and any € > 0 for sufficiently
small V' € V we have

Ixyvlpew = /v WP (r)dr < X(V)wP(y)(e + 1) 3)
and X
[Xayv Ipw = /yV WP (xr)dr > w (4)

Moreover, there exists a relatively compact neighborhood U of identity such
that

IXv-19v llpw < (L4 e)lIXyvIlpew (5)
and also
(1+4¢)
Ixv-1yv il < == lIxyv s (6)

By (2) we have

IXayv 1 + [IXayvllpw < K(lIxv-1yvih + Ixu-1yvpw)- (7)
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As a consequence of the observations (3), (4), (5) and (6) together with (7),
we have the following inequality,

/\(V>1/pw(gjy) <K (1 +e

M+ = K

AV)+ (1 + a)1+1/Pw(y)A(V)1/P>

and hence
(14+) /PAV) Pt (ay) < ((1 +e) FPAV)T P L K(1+ s)1+2/m(y)) :

Since G is compact, it follows that the net (A(V))yev is bounded and in the
limit as ¢ — 0, we conclude that

w(zy)
w(y)

locally almost every where y € G. Consequently w is of left moderate growth.

(i4i) = (7). Let G be compact and let w be of left moderate growth.
Since w is locally summable, it follows that w is equivalent to a continuous
function [10, Theorem 2.7]. So the compactness of G implies that LP(G,w) =
LP(G). Consequently LLP(G) = LP(G). Now the identity map is a topological
isomorphism of LP(G) onto £LLP(G). Since LP(G) is pseudo-contractible [14,
Theorem 4.5], it follows that £17(G) is also pseudo-contractible.

A similar argument shows that (i) < (i). O

<K,

The following known result is immediately obtained from Theorem 3.4,
which is in fact [22, Theorem 3.5].

Corollary 3.5. Let G be a locally compact group and 1 < p < oco. Then
LY(G) N LP(G) is pseudo-contractible if and only if G is compact.

Remark 3.6. Let G be a locally compact group, 1 < p < oo and let w
be a weight function on G. Also let A denote one of the Banach space
LLP(G) or LP(G,w) (not necessarily an algebra), such that A is a Banach
left L'(G)—module.

(i) Whenever A is an essential Banach left L!(G)—module, a stronger result
may be obtained. Indeed, we show that if A is an essential Banach left
L'(G)—module then A is left translation invariant. Since L'(G) has a
bounded approximate identity, one can conclude that L'(G) x A = A,
by the factorization theorem [16]. Then for every f € A one can choose
such g € LY(G), h € A that f = g* h. Now take an approximate
identity ¢, in L'(G) and any = € G. Denote by ¢® the left translation of
a function ¢ by z. We have then f = g% x h and £2 x g — g% in LY(G).
So &%« f = (£2 % g) * h is a Cauchy net in A. Its limit is obviously f*.
Thus f* € A and consequently A is translation-invariant.
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(ii) If w is locally summable then Cyo(G), the set of all compactly supported
continuous functions on G, is contained in A. It follows that L!(G) x A
is dense in A, whenever A = LP(G,w) and G is compact. By a similar
proof to part (i) we obtain that A is translation invariant.

(iii) By [19, Lemma 2.1], if LP(G,w) is a Banach algebra then w is locally
summable. Thus part (i¢) implies that if A = LP(G,w) is a Banach
algebra and G is compact then A is essential and again left translation
invariance of A is obtained by part (7).

(iv) Let G be compact and let A = LP(G,w) be a Banach algebra. Then
one gets not only A is translation invariant, but also the translation is
a bounded operator on A; see for example [6]. Now one can concludes
that w is of left moderate growth by [7]. Consequently the implication
(#4) = (#it) of Theorem 3.4 can be proved more easier.

We finish the paper with the presentation of an equivalent condition to
contractibility of LLP(G) and also LP(G,w). Let us first recall the concept of
approximation property (AP).

A Banach space X is said to have the approximation property (AP), if
every compact operator on X is a limit of finite-rank operators.

Proposition 3.7. Let G be a locally compact group, 1 < p < oo and let w be
a weight function on G. Then the following assertions are equivalent.

(i) LP(G,w) is contractible.

(ii) LLP(Q) is contractible.

(iii) G is finite.
Proof. (i) = (4it). It follows from previously known results. First, one can
show that L?(G,w) has the approximation property (AP); see for example [5,
Example 11, p. 245]. From a result of Selivanov [23], it follows then that if
L?(G,w) is contractible then G is finite.

(7i1) = (4) is obvious.

(ii) = (iii). Let £LLP(G) be contractible. Then it is unital and since
LLP(Q) is dense in LY(G), it follows that L'(G) is unital. Consequently G is
discrete [4]. Since contractibility implies pseudo contractibility, it follows by
Corollary 3.3 that G is compact. Therefore G is finite.

The statement (4i7) = (i7) is clear. O
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