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Tubular Surfaces Around Timelike Biharmonic

Curves in Lorentzian Heisenberg Group Heis
3

Talat KÖRPINAR and Essin TURHAN

Abstract

In this paper, we describe a new method for constructing a tubu-

lar surface surrounding a timelike biharmonic curve in the Lorentzian

Heisenberg group Heis
3. Firstly, we characterize timelike biharmonic

curves in terms of their curvature and torsion. Also, by using timelike

biharmonic curves, we give explicit parametrizations of tubular surfaces

in the Lorentzian Heisenberg group Heis
3.

1 Introduction

Tubular surfaces are among the surfaces which are easier to describe both an-
alytically and “operationally”. They are still under active investigation, both
for finding best parameterizations (see, for instance, [8, 20]) or for application
in different fields (for instance in medicine, see [1])

We remind that, if C is a space curve, a tubular surface associated to this
curve is a surface swept by a family of spheres of constant radius (which will
be the radius of the tube), having the center on the given curve. Alternatively,
as we shall see in the next section, for them we can construct quite easily a
parameterization using the Frenet frame associate to the curve. The tubular
surfaces are used quite often in computer graphics, but we think they deserve
more attention for several reasons. For instance, there is the problem of rep-
resenting the curves themselves. Usually, the space curves are represented by
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using solids rather then tubes. There are, today, several very good computer
algebra system (such as Maple, or Mathematica) which allow the vizualisation
of curves and surfaces, in different kind of representations.

The aim of this paper is to study a tubular surface surrounding a timelike
biharmonic curve in the Lorentzian Heisenberg group Heis3.

Firstly, harmonic maps are given as follows:
Let (Mm, g) and (Nn, h) be two Riemannian manifolds, the energy func-

tional of a map φ ∈ C1 (Mm, Nn) is defined by

E (φ) =
1

2

∫

M

|dφ|
2
dvg, (1.1)

where |dφ| is the Hilbert–Schmidt norm of the differential dφ and dvg is the
volume element on M . A map φ ∈ C2 (Mm, Nn) is called harmonic if it
is a critical point of the energy functional, that is, if it is a solution of the
Euler–Lagrange equation associated to (1.1)

τ (φ) = Trg∇dφ = 0, (1.2)

τ (φ) is called the tension field of φ. Harmonic maps are solutions of a second
order nonlinear elliptic system and they play a very important rôle in many
branches of mathematics and physics where they may serve as a model for
liquid crystal. One can refer to [9] for background on harmonic maps.

Secondly, biharmonic maps are given as follows:
A natural generalization of harmonic maps is given by integrating the

square of the norm of the tension field. More precisely, the bi-energy functional
of a map φ ∈ C2 (Mm, Nn) is defined by

E2 (φ) =
1

2

∫

M

|τ (φ)|
2
dvg, (1.3)

a map φ ∈ C4 (Mm, Nn) is called biharmonic if it is a critical point of the
bi-energy functional, that is, if it is a solution of the Euler–Lagrange equation
associated to (1.3)

τ2 (φ) = −Trg
(

∇φ
)2

τ (φ)− TrgR
N (τ (φ) , dφ) dφ = 0, (1.4)

where

Trg
(

∇φ
)2

=

m
∑

i=1

(

∇φ
ei
∇φ

ei
−∇φ

∇M
ei

ei

)

(1.5)

for an orthonormal frame {e1, e2, .., em}, is the Laplacian on sections of the
pull-back bundle φ−1TN and RN is the curvature operator on N .
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Biharmonic functions are utilized in many physical situations, particu-
larly in fluid dynamics and elasticity problems. Most important applications
of the theory of functions of a complex variable were obtained in the plane
theory of elasticity and in the approximate theory of plates subject to nor-
mal loading. That is, in cases when the solutions are biharmonic functions
or functions associated with them. In linear elasticity, if the equations are
formulated in terms of displacements for two-dimensional problems then the
introduction of a stress function leads to a fourth-order equation of biharmonic
type. For instance, the stress function is proved to be biharmonic for an elasti-
cally isotropic crystal undergoing phase transition, which follows spontaneous
dilatation. Biharmonic functions also arise when dealing with transverse dis-
placements of plates and shells. They can describe the deflection of a thin
plate subjected to uniform loading over its surface with fixed edges. Bihar-
monic functions arise in fluid dynamics, particularly in Stokes flow problems
(i.e., low-Reynolds-number flows). There are many applications for Stokes
flow such as in engineering and biological transport phenomena (for details,
see [8, 13]). Fluid flow through a narrow pipe or channel, such as that used
in micro-fluidics, involves low Reynolds number. Seepage flow through cracks
and pulmonary alveolar blood flow can also be approximated by Stokes flow.
Stokes flow also arises in flow through porous media, which have been long
applied by civil engineers to groundwater movement. The industrial appli-
cations include the fabrication of microelectronic components, the effect of
surface roughness on lubrication, the design of polymer dies and the develop-
ment of peristaltic pumps for sensitive viscous materials. In natural systems,
creeping flows are important in biomedical applications and studies of animal
locomotion.

In [3] the authors completely classified the biharmonic submanifolds of
the three-dimensional sphere, while in [4] there were given new methods to
construct biharmonic submanifolds of codimension greater than one in the n-
dimensional sphere. The biharmonic submanifolds into a space of nonconstant
sectional curvature were also investigated. The proper biharmonic curves on
Riemannian surfaces were studied in [5]. Inoguchi classified the biharmonic
Legendre curves and the Hopf cylinders in three-dimensional Sasakian space
forms [9]. Then, Sasahara gave in [19] the explicit representation of the proper
biharmonic Legendre surfaces in five-dimensional Sasakian space forms.

In this paper, we describe a new method for constructing a tubular surface
surrounding a timelike biharmonic curve in the Lorentzian Heisenberg group
Heis3. Firstly, we characterize timelike biharmonic curves in terms of their
curvature and torsion. Also, by using timelike biharmonic curves, we give
explicit parametrizations of tubular surface in the Lorentzian Heisenberg group
Heis3.
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2 The Lorentzian Heisenberg Group Heis
3

Heisenberg group plays an important role in many branches of mathemat-
ics such as representation theory, harmonic analysis, PDEs or even quantum
mechanics, where it was initially defined as a group of 3× 3 matrices











1 x z

0 1 y

0 0 1



 : x, y, z ∈ R







with the usual multiplication rule.
We will use the following complex definition of the Heisenberg group.

Heis3 = C× R = {(w, z) : w ∈ C, z ∈ R}

with
(w, z) ∗ (w, z) = (w + w, z + z + ℑ (〈w,w〉)),

where 〈, 〉 is the usual Hermitian product in C.
The identity of the group is (0, 0, 0) and the inverse of (x, y, z) is given by

(−x,−y,−z).

Let a = (w1, z1), b = (w2, z2) and c = (w3, z3). The commutator of the
elements a, b ∈ Heis3 is equal to

[a, b] = a ∗ b ∗ a−1 ∗ b−1

= (w1, z1) ∗ (w2, z2) ∗ (−w1,−z1) ∗ (−w2,−z2)

= (w1 + w2 − w1 − w2, z1 + z2 − z1 − z2)

= (0, α) ,

where α 6= 0 in general. For example

[(1, 0), (i, 0)] = (0, 2) 6= (0, 0).

Which shows that Heis3 is not abelian.
On the other hand , for any a, b, c ∈ Heis3, their double commutator is

[[a, b] , c] = [(0, α) , (w3, z3)]

= (0, 0).

This implies that Heis3 is a nilpotent Lie group with nilpotency 2.
The left-invariant Lorentz metric on Heis3 is

g = −dx2 + dy2 + (xdy + dz)2.
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The following set of left-invariant vector fields forms an orthonormal basis
for the corresponding Lie algebra:

{

e1 =
∂

∂z
, e2 =

∂

∂y
− x

∂

∂z
, e3 =

∂

∂x

}

. (2.1)

The characterising properties of this algebra are the following commutation
relations:

[e2, e3] = 2e1, [e3, e1] = 0, [e2, e1] = 0,

with
g(e1, e1) = g(e2, e2) = 1, g(e3, e3) = −1. (2.2)

Proposition 2.1. For the covariant derivatives of the Levi-Civita connec-

tion of the left-invariant metric g, defined above the following is true:

∇ =





0 e3 e2
e3 0 e1
e2 −e1 0



 , (2.3)

where the (i, j)-element in the table above equals ∇eiej for our basis

{ek, k = 1, 2, 3} = {e1, e2, e3}.

We adopt the following notation and sign convention for Riemannian cur-
vature operator:

R(X,Y )Z = −∇X∇Y Z +∇Y ∇XZ +∇[X,Y ]Z.

The Riemannian curvature tensor is given by

R(X,Y, Z,W ) = g(R(X,Y )Z,W ).

Moreover we put

Rijk = R(ei, ej)ek, Rijkl = R(ei, ej , ek, el),

where the indices i, j, k and l take the values 1, 2 and 3.

R121 = −e2, R131 = −e3, R232 = 3e3

and
R1212 = −1, R1313 = 1, R2323 = −3. (2.4)
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3 Timelike Biharmonic Curves in the Lorentzian Heisen-

berg Group Heis
3

An arbitrary curve γ : I −→ Heis3 is spacelike, timelike or null, if all of
its velocity vectors γ′(s) are, respectively, spacelike, timelike or null, for each
s ∈ I ⊂ R. Let γ : I −→ Heis3 be a unit speed timelike curve and {T,N,B}
are Frenet vector fields, then Frenet formulas are as follows

∇TT = κ1N,

∇TN = κ1T+ κ2B,3.1 (1)

∇TB = −κ2N,

where κ1, κ2 are curvature function and torsion function, respectively.
With respect to the orthonormal basis {e1, e2, e3} we can write

T = T1e1 + T2e2 + T3e3,

N = N1e1 +N2e2 +N3e3,

B = T×N = B1e1 +B2e2 +B3e3.

Theorem 3.1. γ : I −→ Heis3 is a unit speed timelike biharmonic curve

if and only if

κ1 = constant 6= 0,

κ2
1 − κ2

2 = 1− 4B2
1 , 3.2 (2)

κ′

2 = 2N1B1.

Proof. Using (3.1), we see that γ is a unit speed timelike biharmonic curve
if and only if

κ1κ
′

1 = 0,

κ′′

1 + κ3
1 − κ1κ

2
2 = κ1R(T,N,T,N), 3.3 (3)

2κ2κ
′

1 + κ′

2κ1 = κ1R(T,N,T,B).

Since κ1 6= 0 by the assumption that is non-geodesic

κ1 = constant 6= 0,

κ2
1 − κ2

2 = R(T,N,T,N), 3.4 (4)

κ′

2 = R(T,N,T,B).
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A direct computation using (2.4) yields

R(T,N,T,N) = 1− 4B2
1 , 3.5 (5)

R(T,N,T,B) = 2N1B1.3.6 (6)

These, together with (3.4), complete the proof of the theorem.

Theorem 3.2. If γ : I −→ Heis3 is a unit speed timelike biharmonic

curve, then γ is a timelike helix.

Proof. We can use (2.3) to compute the covariant derivatives of the
vector fields T,N and B as:

< ∇TT, e1 >= T ′

1,

< ∇TN, e1 >= N ′

1 + T2N3 − T3N2, 3.7 (7)

< ∇TB, e1 >= B′

1 + T2B3 − T3B2.

On the other hand, using Frenet formulas (3.1), we have

< ∇TT, e1 >= κ1N1,

< ∇TN, e1 >= κ1T1 + κ2B1, 3.8 (8)

< ∇TB, e1 >= −κ2N1.

These, together with (3.7) and (3.8), give

T ′

1 = κ1N1,

N ′

1 + T2N3 − T3N2 = κ1T1 + κ2B1, 3.9 (9)

B′

1 + T2B3 − T3B2 = −κ2N1.

Assume that γ is biharmonic. Then using κ′
2 = 2N1B1 6= 0 and (3.2), we

obtain
−2κ′

2κ2 = 8B1B
′

1,

and
κ2N1B1 = 2B1B

′

1 .

Then,

κ2 =
2B′

1

N1
. (3.10)

If we use T2B3 − T3B2 = N1 and (3.9), we get

B′

1 = (1− κ2)N1.
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We substitute B′
1 in equation (3.10):

κ2 =
2

3
= constant.

Therefore, also κ2 is constant and we have a contradiction that is κ′
2 =

N1B1 6= 0. This completes the proof.

Corollary 3.3. γ : I −→ Heis3 is a unit speed timelike biharmonic if and

only if

κ1 = constant 6= 0,

κ2 = constant, 3.11 (10)

N1B1 = 0,

κ2
1 − κ2

2 = 1− 4B2
1 .

4 Tubular Surfaces In The Lorentzian Heisenberg Group

Heis
3

We shall give here the mathematical description of tubular surfaces associated
to timelike biharmonic curves in the Lorentzian Heisenberg group Heis3. Our
purpose in this section, we will obtain the tubular surface from the canal
surface in the Lorentzian Heisenberg group Heis3. If we find the canal surface
with taking variable radius r(s) as constant, then the tubular surface can be
found, since the canal surface is a general case of the tubular surface. An
envelope of a 1-parameter family of surfaces is constructed in the same way
that we constructed a 1-parameter family of curves. The family is described
by a differentiable function F (x, y, z, λ) = 0, where λ is a parameter. When λ

can be eliminated from the equations

F (x, y, z, λ) = 0,

and
∂F (x, y, z, λ)

∂λ
= 0.

We get the envelope,which is a surface described implicitly as G(x, y, z) =
0. For example, for a 1-parameter family of planes we get a develople surface
[7].
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Definition 4.1. The envelope of a 1-parameter family of the Lorentzian

spheres in the Lorentzian Heisenberg group Heis3 is called a canal surface in

the Lorentzian Heisenberg group Heis3. The curve formed by the centers of

the Lorentzian spheres is called center curve of the canal surface. The radius of

the canal surface is the function r such that r(s) is the radius of the Lorentzian
sphere.

Definition 4.2. Let γ : I −→ Heis3 be a unit speed curve whose curvature

does not vanish. Consider a tube of radius r around γ. Since the normal N

and binormal B are perpendicular to γ, the Lorentzian circle is perpendicular

γ and γ(s). As this Lorentzian circle moves along γ, it traces out a surface

about γ which will be the tube about γ, provided r is not too large.

It is easy to see that when the radius function r(s) is constant ,the definition
of canal surface reduces to the definition of a tube. In fact, we can characterize
tubes among all canal surfaces.

Theorem 4.3. Let the center curve of a tubular surface C (s, t) is a

unit speed timelike biharmonic curve γ : I −→ Heis3. Then, the parametric

equations of C (s, t) are

x(s, t) =
1

℘
coshϕ sinh (℘s+ ζ) +

r

κ1
coshϕ(℘+ 2 sinhϕ)

sinh (℘s+ ζ) cos t+
r

κ1
coshϕ(℘+ 2 sinhϕ)(coshϕ

sinh (℘s+ ζ) [−
1

℘2
sinh (℘s+ ζ) cosh (℘s+ ζ)

−c1s cosh (℘s+ ζ)− c2 cosh (℘s+ ζ)]− cosh (℘s+ ζ) [sinhϕ

−
1

℘
cosh2 ϕ sinh2 (℘s+ ζ)− a1 coshϕ sinh (℘s+ ζ)]) sin t+ a1,

y(s, t) =
1

℘
coshϕ cosh (℘s+ ζ) +

r

κ1
coshϕ(℘+ 2 sinhϕ)

cosh (℘s+ ζ) cos t+
r

κ1
coshϕ(℘+ 2 sinhϕ)[sinh (℘s+ ζ) 4.1(11)

[sinhϕ−
1

℘
cosh2 ϕ sinh2 (℘s+ ζ)− a1 coshϕ sinh (℘s+ ζ)]

− coshϕ cosh (℘s+ ζ) [−
1

℘2
sinh (℘s+ ζ) cosh (℘s+ ζ)

−c1s cosh (℘s+ ζ)− c2 cosh (℘s+ ζ)]] sin t+ a2,
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z(s, t) =

[

sinhϕ+
1

℘
cosh2 ϕ

]

s−
1

4℘2
cosh2 ϕ sinh 2 (℘s+ ζ)

−
a1

℘
cosh2 (℘s+ ζ) +

r

κ1
coshϕ(℘+ 2 sinhϕ)

(−
1

℘2
sinh (℘s+ ζ) cosh (℘s+ ζ)− c1s cosh (℘s+ ζ)

−c2 cosh (℘s+ ζ)) cos t+
r

κ1
coshϕ(℘+ 2 sinhϕ)(coshϕ

cosh2 (℘s+ ζ)− coshϕ sinh2 (℘s+ ζ)) sin t+ a3,

where ℘ = κ1−sinh 2ϕ
coshϕ

and a1, a2, a3, c1, c2 are constants of integration.

Proof. Assume that the center curve of a tubular surface C (s, t) is a unit
speed timelike biharmonic curve γ and C denote a patch that parametrizes
the envelope of the Lorentzian spheres defining the tubular surface. Then we
obtain

C (s, t) = γ (s) + ξ (s, t)T+ η (s, t)N+ ρ (s, t)B, (4.2)

where ξ, η and ρ are differentiable on the interval on which γ is defined.
Since γ is timelike biharmonic, γ is a timelike helix. So, without loss of

generality, we take the axis of γ is parallel to the spacelike vector e1. Then,

g (T, e1) = T1 = sinhϕ,

where ϕ is constant angle.
The tangent vector can be written in the following form

T = T1e1 + T2e2 + T3e3. (4.3)

On the other hand, the tangent vector T is a unit timelike vector, so the
following condition is satisfied

T 2
2 − T 2

3 = −1− sinh2 ϕ. (4.4)

Noting that cosh2 ϕ− sinh2 ϕ = 1, we have

T 2
3 − T 2

2 = cosh2 ϕ. (4.5)

The general solution of (4.5) can be written in the following form

T2 = coshϕ sinhµ, 4.6 (12)

T3 = coshϕ coshµ,

where µ is an arbitrary function of s.
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So, substituting the components T1, T2 and T3 in the equation (4.3), we
have the following equation

T = sinhϕe1 + coshϕ sinhµe2 + coshϕ coshµe3. (4.7)

Since |∇TT| = κ1, we obtain

µ = (
κ1 − sinh 2ϕ

coshϕ
)s+ ζ, (4.8)

where ζ ∈ R.

Thus (4.7) and (4.8), imply

T = sinhϕe1 + coshϕ sinh (℘s+ ζ) e2 + coshϕ cosh (℘s+ ζ) e3, (4.9)

where ℘ = κ1−sinh 2ϕ
coshϕ

.

Using (2.1) in (4.8), we obtain

T = (coshϕ cosh (℘s+ ζ) , coshϕ sinh (℘s+ ζ) , sinhϕ4.10 (13)

−
1

℘
cosh2 ϕ sinh2 (℘s+ ζ)− a1 coshϕ sinh (℘s+ ζ)),

where a1 is constant of integration.

Now, taking into account (4.10), we obtain

x (s) =
1

℘
coshϕ sinh (℘s+ ζ) + a1,

y (s) =
1

℘
coshϕ cosh (℘s+ ζ) + a2, 4.11 (14)

z (s) =

[

sinhϕ+
1

℘
cosh2 ϕ

]

s−
1

4℘2
cosh2 ϕ sinh 2 (℘s+ ζ)

−
a1

℘
cosh2 (℘s+ ζ) + a3,

where a1, a2, a3 are constants of integration.

On the other hand, using Frenet formulas (3.1) and (4.9), we have

N =
1

κ1
[coshϕ cosh (℘s+ ζ) (℘+ 2 sinhϕ)e24.12 (15)

+ coshϕ sinh (℘s+ ζ) (℘+ 2 sinhϕ)e3].
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Smilarly, using (2.1) in (4.12), we obtain

N =
1

κ1
coshϕ(℘+ 2 sinhϕ)(sinh (℘s+ ζ) , cosh (℘s+ ζ) ,

−
1

℘2
sinh (℘s+ ζ) cosh (℘s+ ζ) 4.13 (16)

−c1s cosh (℘s+ ζ)− c2 cosh (℘s+ ζ)).

Hence,using (2.1), (4.9) and (4.12) then the binormal vector B is

B =
1

κ1
coshϕ(℘+ 2 sinhϕ)(coshϕ sinh (℘s+ ζ)

[−
1

℘2
sinh (℘s+ ζ) cosh (℘s+ ζ)− c1s cosh (℘s+ ζ)

−c2 cosh (℘s+ ζ)]− cosh (℘s+ ζ) [sinhϕ

−
1

℘
cosh2 ϕ sinh2 (℘s+ ζ)− a1 coshϕ sinh (℘s+ ζ)], 4.14 (17)

sinh (℘s+ ζ) [sinhϕ−
1

℘
cosh2 ϕ sinh2 (℘s+ ζ)

−a1 coshϕ sinh (℘s+ ζ)]− coshϕ cosh (℘s+ ζ)

[−
1

℘2
sinh (℘s+ ζ) cosh (℘s+ ζ)− c1s cosh (℘s+ ζ)

−c2 cosh (℘s+ ζ)], coshϕ cosh2 (℘s+ ζ)− coshϕ sinh2 (℘s+ ζ)).

Using Definition 4.1 we have

g (C (s, t)− γ (s) , C (s, t)− γ (s)) = r2. (4.15)

Since C (s, t)− γ (s) is a normal vector to the tubular surface, we get

g (C (s, t)− γ (s) , Cs (s, t)) = 0. (4.16)

From (4.2) and (4.15), we get

−ξ2 + η2 + ρ2 = r2, 4.17 (18)

−ξξs + ηηs + ρρs = 0.

When we differentiate (4.17) with respect to s and use the Frenet-Serret
formulas, we obtain

Cs = (1 + ξs + ηκ1)T+ (ξκ1 − ρκ2 + ηs)N+ (ρs + ηκ2)B. (4.18)
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Then (4.16), (4.17), (4.18) and (4.19) imply that

ξ = 0. (4.19)

Also, from (4.17) and (4.18) we get

η2 + ρ2 = r2. (4.20)

The solution of (4.20) can be written in the following form

η = r cos t, 4.21 (19)

ρ = r sin t.

Thus (4.2) becomes

C (s, t) = γ (s) + rN (s) cos t+ rB (s) sin t. (4.22)

Substuting (4.13), (4.14) and (4.11) into (4.22) we obtain the system (4.1).
This completes the proof.
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