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Several properties on quasi-class A operators

M.H.M. Rashid

Abstract
In this paper, we shall show a similar results corresponding the re-
sults of M. Ito [6] for quasi-class A introduced in [7] as a class of
operators including class A and p-quasihyponormal. Moreover, we shall
show several properties on quasi-class A which corresponding to the
properties on class A and p-quasihyponormal.

1 Introduction

Let H be a complex Hilbert space, and let B(HH) denote the algebra of all
bounded linear operators on H. If T € B(H) , we shall write ker(T'), ran(T)
for the null space and range of T, respectively. An operator T is said to be
positive (denoted by T > 0) if (T'z,x) > 0 for all x € H and also T is said to
be strictly positive (denoted by T > 0) if T is positive and invertible.

Recall ([1, 8, 9]) that an operator T is called p-quasihyponormal if T*((T*T)P—
(TT*)PT) > 0 for p € (0,1], and T is called paranormal if ||T%z|| > Tz
for all unit vector € H. Following [5, 6, 10] we say that T € B(H) be-
longs to class A if |[T?| > |T|?> and T is called normaloid if | T"|| = ||T|",
for n € N (equivalently, ||T'|| = r(T), the spectral radius of T'). Recall [2], an
operator T' € B(H) is said to be w-hyponormal if |T| > |T| > |T*|. We re-
mark that w-hyponormal operator is defined by using Aluthge transformation
T = |T|2U|T|2. An operator T is said to be quasi-class A if

T |7?|T > T* [T T.
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The quasi-class A operators were introduced , and their properties were

studied in [7]. (see also [4] ). In particular, it was shown in [7] that the
class of quasi-class A operators contains properly classes of class A and p-
quasthyponormal operators.
Quasi-class A operators were independently introduced by Jeon and Kim [7].
They gave an example of a quasi-class A operator which is not paranormal
nor normaloid. Jeon and Kim example show that neither the class paranormal
operators nor the class of quasi-class A contains the other. we shall denote
classes of p-quasihyponormal operators, paranormal operators, normaloid op-
erators, class A operators, and quasi-class A operators by QH(p), PN, N, A,
and QA, respectively. It is well known that

ACPNCN and QH(p) C PN C N,
also, the following inclusions holds;
A C QA and QH(p) C QA.

Recently, M. Tto [6] showed the following results on powers of class A opera-
tors.

Theorem 1.1. Let T be an invertible and class A operator. Then the following
assertions holds;

Nl

1| > (T*|T"—1|n51T) > |T? forn =23,

2. |T"+1’”% > \T”\Q for all positive integer n.

3. |1 > |T™|? for all positive integer n.

4. |T) < |T2| <...< \T"|% for all positive integer n.
5. |72 > |71

Theorem 1.2. Let T' be an invertible and class A. Then the following asser-
tions holds;

N

1.7 > (T|T<”*1>*\%T*) > |T*% forn =23, .
2n_
2. [T* > |T(”+1)*| "t for all integer n = 2,3, - .

for all integer n =2,3,---.
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Lo TP > T2 > > T

In this paper, we shall show similar results corresponding to Theorem 1.1
and Theorem 1.2 for a quasi-class A operators. Moreover, we shall show
several properties on quasi-class A operators.

2 Results

We begin this section by introducing the following famous inequality which is
quite useful for the study of quasi-class A operators.

Theorem 2.1. ( Léwner-Heinz Theorem) If A > B > 0, then A* > B®
for any a € [0, 1].

Theorem 2.2. Let T be an invertible operator such that
(T*|Tn_1|2kT)m > |T|2

for some k>0 andn =2,3,---. Then for any fited § > —1,

n—1

5+1
fn,é(g) — T (T*|Tn71|2€T) (n—1)f+1 Tnfl (21)

18 increasing for £ > max {k7 %} .

We need the following Lemma in order to give a proof of Theorem 2.2.

Lemma 2.3. [6, Theorem C] Let A and B be positive invertible operators
such that

Bo

(B%AB%) TS B

holds for fized cg > 0 and By > 0 with ag + By > 0. Then for any fired
o > _507

S+Bop
g p) = B (BEABE) T B
is an increasing function of both A and p for A\ > 1 and p > 1 such that
CYOA Z 0.
Proof of Theorem 2.2. Let T = U|T| be the polar decomposition of 7. We
remark that U is unitary since 7T is invertible. Suppose that

1

(T*lTn—1|2kT) (n—1)k+1 > |T|2. (2.2)
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Since

(T*|Tn—1|2kT) m

1
—U* (|T*||Tn71|2k:‘T*|) (n—1)k+1 U

(2.2) holds if and only if

(I ||t Py ) T > gl
if and only if
(I 7= PH T ) T 2 7R (23)
Let A= |T"1|? and B =
(B AB® oD%t > B, (2.4)
By applying Lemma 2.3 to (2.4), for any fixed § > —1,
g(\) = B3 (B} A*B#)G=nmxe1 B3
= [T (T e
is increasing for A > 1 such that (n — 1)kX > 4. Hence
g() = C* g
= C*(”‘l)BTl(B2AABZ)<n HixET B Ol

|T*|2. Then (2.3) is equivalent to the following:

_ (UT*U*)n—l |T*‘_1(|T* ‘ |Tn—1 |2k)\|T* ‘)7(7171)1041 ‘T*|_1(UTU*)n_1

is increasing for A > 1 such that (n — 1)kA > §, and we have

o(5) = (UT*U*)"—HT*|-1<|T*||T"-1|2Z|T*|>wfffw |T*|—1<UTU*>"-1
= UT U T (T 1|”|T*|><n D (1| (UTU)
= (UT*U*)"~ 1|T*| L (|| AT e e g e |
— (U T T (7 ) e e e
= (UT U™ 1T " fas(OT T (UTU) !

(Since U is unitary)

n(UTU*)n—l

is increasing for ¢ > k such that (n — 1)¢ > 6. Hence f, 5(¢) is increasing for

f > max {k’, %} , that is, the proof of Theorem 2.2 is achieved.

O
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By using Theorem 2.2, we obtain the following results.

Theorem 2.4. Let T be an invertible and quasi-class A operator. Then the
following assertions hold;

(a) T *"_1|T”|72LT"*1 > TN TH T FI T T > THTPT for no =
2,3,

(b) T”*|T""’1|n+1 " > T*|T"2T™ for all positive integer n.

(c) T™|T?"|T™ > T"*|T"|2T" for all posztwe integer n.

(d) T*|T|2T < T*\T2|T <- < T\ T % T™ for all positive integer n.

() T '|T=2|T~1 > T* |T L2p-1,

Proof. Define f, s(¢) as ( 2.1) in Theorem 2.2.
(a). We will use induction to establish the inequality

T* 71|Tn‘%T’n,fl Z T*nil(T*|Tnfl|%T)%T’nfl
>T*T|*PT for n=23--. (2.5)

In case n = 2, )
T*|THT = T*(T*|T|*T)2T > T*|T|*T

hold since T is a quasi-class A operator.
Assume that (2.5) holds for some n > 2. Then

T*T?T < T (T*|T)*T)*T"  (by Inequality (2.5))

<7 (T*\T"|%T)%T" (by Inequality (2.5) and Lowner-Heinz Theorem).

Then (2.6) and Theorem 2.2 ensure that

x 1 1 1
far1.0(0) =T (T*T™**T)# 1 T" s increasing for! > max {n’ 0} = (2.7)

and we have

* * || = sm 1
T (T*T"[AT)AT" = farrol)

< frr10(1) by (2)
* 1 1
=T (T*|T"|:T) 7+ T"
=T | TR T (2.8)

Hence (2.6) and (2.8) ensure

(2.6)
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so that (2.5) hold for n = 2,3,--- by induction, that is, the proof of (a) is
achieved.
Proof of (b). We will use induction to establish the inequality

T”*|T”+1|"2%T” > T*"|T™|*T™ for all positive integer n. (2.9)

In case n = 1, T*|T?|T > T*|T|*T holds since T is a quasi-class A operator.
Assume (2.9) holds for some n. We remark the following:

since T | T+ | AT > T |T|2T holds by part(a), Theorem 2.2 ensures that

fn+2,n (e) — TnJrl* (T* |Tn+1 |2ZT) 7(nlb$%+l T’n.Jrl (210)
is increasing for ¢ > max {n%_l, #_1} =B

Then we have
TTL* ‘Tn—‘rl |2Tn — Tn-‘rl* |T71,|2Tn+1
< T T ER T (by Inequality (2.9))
")
n+1
< fat2n(1) (by (2.10))

n+1

— Tn+1* (T* |Tn+1 |2T) 2 Tn+1

- fn+2,n(

2(n+1)

= T 2| T (2.11)

Hence (2.9) holds for all positive integer n by induction, that is, the proof of
(b) is achieved.

Proof of (¢). By part (b) and Lowner-Heinz Theorem, we obtain
Tn* |T’n|2T’n S Tn*
<

Tn+1|n2—_flTn _ Tn* |Tn+1 P%_HTn

2(2n—1

S Tn*|T2’n| STy XﬁT’n :Tn*‘T2n|2><%Tn
— Tn*|T2n|T’rL,

so that we have (c).
Proof of (d). Applying Léwner-Heinz Theorem to (b),

Tn*|Tn+l‘n2—_flTn > T*n|Tn‘2Tn
holds for all positive integer n. Therefore we obtain

THTPT < T T2T < oo < T T 5T
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for all positive integer n.
Proof of (e). We cite the following obvious result (see [3]): Let S be an
invertible operator. Then

(§*5)* = 8*(8S*)*1S  holds for any real number . (2.12)

Suppose that T' is an invertible quasi-class A operator. Then
T2 T2 = T*TT < T*T|T = T*(T* T2)*T = T¥ (7T )= T° (2.13)

holds by (2.12). (2.13) holds if and only if

2

T T < (17T ) (2.14)

if and only if
T*_2T72 S T*_l(T*_2T72)%T71
if and only if
T*71 |T71 ‘QTfl S T*71 |T72‘T71’
so that the proof of (e) is complete. O

Corollary 2.5. (i) If T is an invertible and quasi-class A operator, then T"
18 also a quasi-class A operator.

(i) If T is an invertible and quasi-class A operator, then T~1 is also a quasi-
class A operator.

Theorem 2.6. Let T be an invertible and quasi-class A operator. Then the
following assertions hold;
(a) T|T*|2T* > Tnfl(T|Tn71*

n

%T*)%T* -1 2 Tn71|T*n|%T*n71 f07" n =

2,3, .
(b) T*|T" V| AT < T T 2T for all positive integer n.
(c) TMT?™ [T < T™|T™ |PT™ for all positive integer n.

(d) T|T*|2T* > T|T* |T* > - > T[T |2 T™" for all positive integer n.

Proof. First of all, we remark that
ST = (5* s = (SS*)771 =|S*|7! for any invertible operator S. (2.15)

Suppose that T is an invertible and quasi-class A operator. Then T is also
a quasi-class A operator by part (e) of Theorem 2.4.

Proof of (a). Since T~ a quasi-class A operator, applying part (a) of Theorem
2.4, we have

n+1

T**"“‘T—n‘%T—nH > T (T—l* T—n+1|ﬁT—1)%T—n+1 > 71 T_1|2T_1. (2.16)
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By (2.15), (2.16) hold if and only if

—n+1

T*7"+1|T'n.* _TQT—n“l‘l 2 T* (T—l*lT’n—l* %T—l)%T—n-‘rl 2 T—l* T*I_QT_l.

if and only if
T’I’L71|Tn* |%T’n71* S T’nfl(T|T’n71* |%T*)%T’n71* S T|T*|2T*

Proof of (b). Since T~! a quasi-class A operator, applying part (b) of Theo-
rem 2.4, we have

2n

T =) > e P2, (2.17)
By (2.15), (2.17) hold if and only if

T DT |FE o > pem 2,

if and only if
2n

Tn‘T(n+1)* | T T’I’L* S Tn|Tn* |2T’n*

Proof of (c). Since T~ a quasi-class A operator, applying part (c) of Theorem
2.4, we have
T T T > TEN TP, (2.18)
By (2.15), (2.18) hold if and only if
T(f’n)* |T(2n)* |71T7n Z T(f’n)* ‘T’n* |72T7TL'
if and only if
Proof of (d). Since T~! a quasi-class A operator, applying part (d) of Theo-

rem 2.4, we have

TP < T T T < < T T R (2.19)

By (2.15), (2.19) hold if and only if

T*’l |T*|—2T—1 < T*’1|T2* I—lT—l <. < T(—n)*|Tn* |%2T—n
if and only if
T|T*>T* > T|T> |T* > - > T T" |+ T" .

Hence the proof of the theorem is achieved. O
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Holder-McCarthy Inequality. Let T be a positive operator. Then the
following inequalities hold for all x € H :

() (T7a,2) < (Tx,2)" ||«]|** ™ for 0 < r < 1.

(i) (T7z,z) > (T, z)" |«|** ") for r > 1.

Theorem 2.7. Let T be a quasi-class A. Then the following assertions hold.

(i) ||Tk+1acH2 < ||TRz|| ||T* 22| for all unit vectors x € H and all positive
integer k.

(i) ||Tk+1’|kJrl < r(TFHY ||Tk||k+1 for all positive integer k, where r(T*)
denote the spectral radius of T*.

Proof. (i) Suppose that T is a quasi-class A. Then for every unit vector x € H,
we have

|T*a|” = (T T)*T e, «)
(T*MT?|T 2, x)
<(T*2T2 Y2k Ty >

IN

IN

(2T T, TF2) 2 |

7% 2| | 7]

T ka (by Hélder-McCarthy Inequality)

IN A

(ii) If 7% = 0 for some k > 1, then r(T") = 0. Hence (ii) is obvious. Hence we
may assume 7% # 0 for all £ > 1. Then

T Y s PO e
[T = T == e

by (i), and we have

m(k+1)—k - -
[T o [ ORI el I et
7% T ||Tm BHO-1| [T

Hence

(HT;CHH)("’“)‘SL HTm(kH)H#
<-—

IT*] [Fadlkg
letting m — oo, we have

[ ]
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