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Some Fixed Point Theorems in G-metric Spaces

Sushanta Kumar Mohanta

Abstract

‘We prove some fixed point theorems for self mappings satisfying some
kind of contractive type conditions on complete G-metric spaces.

1 Introduction

The study of metric fixed point theory plays an important role because the
study finds applications in many important areas as diverse as differential
equations, operation research, mathematical economics and the like. Different
generalizations of the usual notion of a metric space were proposed by sev-
eral mathematicians such as Gahler [4, 5] (called 2-metric spaces) and Dhage
[2, 3] (called D-metric spaces). K.S.Ha et.al. [6] have pointed out that the
results cited by Gahler are independent, rather than generalizations, of the
corresponding results in metric spaces. Moreover, it was shown that Dhage’s
notion of D-metric space is flawed by errors and most of the results established
by him and others are invalid. These facts determined Mustafa and Sims [12] to
introduce a new concept in the area, called G-metric space. Recently, Mustafa
et.al. studied many fixed point theorems for mappings satisfying various con-
tractive conditions on complete G-metric spaces; see [9-15]. Subsequently,
some authors like Renu Chugh et.al.[1], W. Shatanawi [17] have generalized
some results of Mustafa et.al. [9, 10] and studied some fixed point results for
self-mapping in a complete G-metric space under some contractive conditions
related to a non-decreasing map ¢ : [0, +00) — [0, +00) with nlingo ¢"(t) =0
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for all t € (0,+00). In the present work, we prove some fixed point theorems
for self-mappings on complete G-metric spaces. Our results generalize some
recent results in the setting of G-metric space.

2 Definitions and Preliminaries

We begin by briefly recalling some basic definitions and results for G-metric
spaces that will be needed in the sequel.

Definition 2.1. (see [8]) Let X be a non empty set, and let G : X x X X
X — RT be a function satisfying the following axioms:

(G1)G(z,y,2) =0if v =y =z,

(G2)0 < G(x,xz,y), for all x,y € X, with x # vy,

(G3)G(z,x,y) < G(z,y,2), for all z,y,z € X, with z # y,

(Gy) G(z,y,2) = G(z,2,y) = Gy, z,x) = - (symmetry in all three variables),
(G5)G(z,y,2) < G(z,a,a)+G(a,y, z), for all z,y,z,a € X, (rectangle inequality).

Then the function G is called a generalized metric , or, more specifically a
G-metric on X, and the pair (X, Q) is called a G-metric space.

Example 2.2. (see [8]) Let R be the set of all real numbers. Define G :
RxRxR— Rt by

G,y 2) =le—yl+|y—z|+[z—x| foralwy,zeX
Then it is clear that (R, G) is a G-metric space.

Proposition 2.3. (see [8]) Let (X, G) be a G-metric space. Then for any
x,y, 2, and a € X, it follows that
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(6) G(z,y,2) < G(z,a,a)+ G(y,a,a) + G(z,a,a).

Definition 2.4. (see [8]) Let (X,G) be a G-metric space, let (x,,) be a se-

quence of points of X, we say that (x,,) is G-convergent to x if lim G(x, 2y, xy) =
n,m—00

0; that is , for any € > 0, there exists ng € N such that G(x,xn, Tmy) <

€, for all n,m > ng. We refer to x as the limit of the sequence (x,) and

. (@)
write ©,, — T.

Proposition 2.5. (see [8]) Let (X,G) be a G-metric space. Then, the
following are equivalent:

(1) (xy) is G-convergentto x.

(2) G(zp,xn,z) =0, asn — 0.
3) G(zp,x,x) = 0, as n — 0.

(4) G(xpm,xpn,x) — 0, as m,n — oo.

Definition 2.6. (see [8]) Let (X, G) be a G-metric space, a sequence (x,,)
is called G-Cauchy if given € > 0, there is ng € N such that G(xy, Tm,x;) <
€, for all n,m,l > ng that is if G(xpn, Tm,x;) = 0 as n,m,l — oo.

Proposition 2.7. (see [8]) In a G-metric space (X, G), the following are
equivalent.

(1) The sequence (xy,) is G-Cauchy.

(2) For every € > 0, there exists ng € N such that G(xy, Tpm, Tm) < € for all
n,m > ng.

Definition 2.8. (see [8]) Let (X,G) and (X ,G") be G-metric spaces and
let f:(X,G) = (X',G") be a function, then f is said to be G-continuous at a
point a € X if given € > 0, there exists 6 > 0 such that x,y € X; G(a,z,y) <
§ implies G (f(a), f(x), f(y)) < e. A function f is G-continuous on X if and
only if it is G-continuous at all a € X.

Proposition 2.9. (see [8]) Let (X,G) and (X ,G') be G-metric spaces,
then a function f: X — X is G-continuous at a point v € X if and only if

it is G-sequentially continuous at x; that is, whenever (x,) is G-convergent to
z, (f(xn)) is G-convergent to f(x).

Proposition 2.10. (see [8]) Let (X,G) be a G-metric space. Then, the
function G(z,y, z) is continuous in all variables.

Definition 2.11. (see [8]) A G-metric space (X, Q) is said to be G-complete
(or a complete G-metric space) if every G-Cauchy sequence in (X,G) is G-
convergent in (X, Q).
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3 Main Results

In this section we present some fixed point theorems for self mappings satis-
fying various contractive conditions on complete G-metric spaces.

Theorem 3.1. Let (X, G) be a complete G-metric space, and let T : X —
X be such that

G(T(x),T(y),T(2)) < aG(z,y,2)+bG(z,T(x),T(x))
+cG(y, T(y), T(y)) + dG(2,T(2), T(z))
Gz, T(y),T()), Gy, T(z),T(x)),

+emazr{ Gy, T(2),T(2)), Gz, T(y), T(y)),

8

G(z,T(x),T(z)), G(z,T(2),T(2))
(1)

for all x,y,z € X, where a,b,c,d,e >0 witha+b+c+d+2e<1. ThenT
has a unique fixed point (say u) in X and T is G-continuous at u.

Proof. Let g € X be an arbitrary point and define the sequence (z,) by
Xy = T"(x9). Assume x,, # 2,41 for all n. Then by (1), we have

G(xnaanrhanrl) g aG($n717$n7$n) +bG($n,1,J}n,Jin)
+¢G(Tn, Tnt1, Tng1) + dG(Tn, Tng1, Tnt)

G($n717 -Tn+17 $n+1)7 G(xru T, "L‘n)7
+emax G(xnyxn-‘rlaxn-i-l)a G($n7xn+17xn+1)a

G(IL’n, Tn, .Tn), G(l’n_l, Tn+1, l'n—i-l)
So, it must be the case that,
a G(l‘n_l, Ty xn) + b G($n—17 Tn, xn)
G(-Tna Tn+1, xn—i—l) S “+c G(-Tna Tn+1, xn+1) + d G(xna Tn+1, xn+1)
+emazx {G(mnfh Tn41, $n+1); G(x'ru LTn41, xn+1)}
(2)
But by (G5), we have

G(xnflyanrlaanrl) S G($n717xn7xn) + G(:Ena mn+lyxn+1)~
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So, (2) becomes

G(:L"ru Tn+1, xn+1) S aG(xn,l, Tn, :L'n) + bG(ﬂ?n,h Tn, xn) + CG<$n7 Tn41, anrl)
+dG(£L‘n,l’n+1,$n+1) +e {G(xnflvxn»xn) + G(xnaanrlaanrl)}

which implies that,

at+b+e

Tocod—e Gt om ) )

G(.Tn, Tn+1, $n+1) <

Let ¢ = 7%2%¢ then ¢ < 1 since a + b+ ¢+ d + 2e < 1 and by repeated
application of (3), we have

G(Tn, Tnt1,Tnt1) < ¢" G(xo, 21, 21). (4)

Then, for all n,m € N, n < m, we have by repeated use of the rectangle
inequality and (4) that
G(xnyxmvxm) § G(xnaanrlaanrl) + G($n+1,$n+2,l‘n+2)
+G(xn+27 Tn+3, anrS) +--+ G(xmfla Tmy irrn)
(" +q" T+ + ¢ ) Glzo, 21, 21)
qn
1—gq

IN

< G(xo, 21, 21).

Then, lim G2y, T, Tm) = 0, as n,m — o0, since limlq—jq G(zg,x1,21) = 0,
as n,m — oo. For n,m,l € N, (G5) implies that
G(2ns Tm, 1) < G(Tn, Ty Tin) + G (21, Ty T ),

taking limit as n,m,l — 0o, we get G(xy, Ty, x;) — 0. So (z,) is a G-Cauchy
sequence. By completeness of (X, ), there exists v € X such that (z,,) is
G-convergent to u. Suppose that T'(u) # u, then

G(xn, T(w), T(u) < aG(ap_1,u,u)+bG(Xp_1,%n,Tp)
+cG(u, T(u), T(u)) + dG(u, T(u), T(u))
G(xn-1,T(u),T(u)), G(u, Ty, Ty),

+emazr ¢ Gu,T(u), T(u)), G(u,T(u), T(u)),

G(uy Ty, xn), G(xp—1,T(u),T(u))

Taking the limit as n — oo, and using the fact that the function G is continuous
on its variables, we have

G(u, T(u), T(u)) < (c+d+e)G(u,T(u), T(u)),
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which is a contradiction since 0 < c+d+e < 1. So, u = T(u).

For uniqueness of u, suppose that v # w is such that T'(v) = v, then (1)
implies that

G(u,v,v) = G(T(u), T(v), T(v)) < aG(u,v,v)+bG(u,u,u)+cGv,v,v)
G(u,v,v), G(v,u,u),

+dG(v,v,v) + emazx { G(v,v,v), G(v,v,v),
G(v,u,u), G(u,v,v)
So, it must be the case that,

G(u,v,v) aG(u,v,v) + emax {G(u,v,v), G(v,u,u)}

a G(u,v,v) + emax {2G (v, u,u), G(v,u,u)}
aG(u,v,v) +2¢G(v,u,u).

<
<

Thus,

2e
< — .

Again by the same argument we will find

2e

<
Glo,u,u) < T

G(u,v,v).

Thus, we have
2e
1—-a

G(u,v,v) < ( )2 G(u,v,v)

which implies that, u = v, since 0 < 12_ea < 1.

To see that T is G-continuous at u, let (y,) be any sequence in X such
that (y,,) is G-convergent to u. For n € N, we have

G(T(yn), T(u), T(yn)) < aGYn,uyn) +0G(Yn, T(Yn), T (yn))
+eG(uu,u) + dG(yn, T(yn), T(yn))
G (Yn,u,u), G(u, T(yn), T(yn)),

+emaz ¢ G(u,T(yn), T(yn)); G(Yn, u,u),

GWns T(Yn), T(Yn))s Gy T(Yn), T(yn))
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But, G(yn, T(yn>7 T(yn)) < G(Yn,u,u) + G(u, T (yn), T(yn))
Thus,

G(T(Yn), T(w), T(yn)) < aGWn,yn,u) + (b+d) {G(yn,u,u) + G(u, T(yn), T(yn))}
+e {G(yn,u,u) + G(u, T(yn), T'(yn)) }

which gives,

b+d+e a

L vrawe [ S
G(u,T(yn),T(yn)) G(y”’ u7u) + 1—-b—d—e

ST - d_e G(ymynau)'

Taking the limit as n — oo, we see that G(u,T(yn), T (y»)) — 0 and so, by
Proposition 2.5, the sequence (T'(y»)) is G-convergent to u = T'(u). Therefore
Proposition 2.9 implies that T is G-continuous at wu.

O

As an application of Theorem 3.1, we have the following Corollary.

Corollary 3.2. Let (X, Q) be a complete G-metric space, and let T : X —
X satisfies for some m € N:
G(T™(2), T™(y),T™(2)) < aG(z,y,2) +bG(x,T™(x), T™(x))
+eG(y, T™(y), T™(y)) + dG(2,T™"(2), T (2))
Gz, T™(y), T™(y)), Gy, T™(x), T™ (x)),

+emaz ¢ Gy, T™(2),T™(2)), G(z, T™(y), T™ (),
Gz, T (), T™(x)), Gz, T™(2),T™(2))

for all x,y,z € X, where a,b,c,dye >0 witha+b+c+d+2e<1. Then T
has a unique fized point (say u) in X and T™ is G-continuous at u.

Proof. From Theorem 3.1, we see that 7™ has a unique fixed point (say ) in
X and T™ is G-continuous at u. Since

T(w) = T(T™(u) = T™ (u) = T™(T(w)),

we have that T'(u) is also a fixed point for T7™. By uniqueness of u, we get
T(u) = u.
O

Remark 3.3. We see that Theorem 3.1 is generalization of the Result
[10, Theorem 2.1], where [10, Theorem 2.1] obtained by taking e = 0 in Theo-
rem 3.1.
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Theorem 3.4. Let (X, G) be a complete G-metric space, and let T : X —
X be such that

+dG(z,y,2)
€, T($>7 T(x))a G(y, T(:’J)’ T(y)), G(Z’ T(z)’ T(z>)}
(5)

for all x,y,z € X, where a,b,c,d,e > 0 with 2a + 2b+ 2c + d + 2e < 1. Then
T has a unique fized point (say u) in X and T is G-continuous at u.

Proof. Let g € X be an arbitrary point and define the sequence (z,) by
Ty = T"(x0). Assume x,, # Tp41 for all n. Then by (5), we have

G(@ny Tpt1,Tnt1) < a{G(@n-1,Tnt1,Tn+1) + G(Tn, Tpn,xn)}

+b {G(zn, Tnt1, Tnt1) + G(@n, Tnt1, Tnv1)}

+e {G(zn, pn,xn) + G(@n—1,Tni1, Tnt1)} + AdG(Xp—1, T, Tpn)
+emar {G(xp-1,Zn, Tn), G(Tn, Tnt1, Tnt1), G(Tny Tnt1, Tnt1)}
a{G(Tn—1,Tn,Tn) + G(Tn, Tni1, Tny1)} + 20 G(Tp, Tpt1, Tny1)
+e {G(zp_1,2n,20) + G(@n, Tpi1, Tni1)} + AG(Xp—1,Tn, Tpn)
+e {G(Xp_1,Tn, 2n) + G(Tpn, Tni1, Tni1)}

IN

which implies that,

a+c+d+e
G(xn7mn+17 xn-&-l) S l—a—92%—c—_e G(l’n_hl‘n, Z‘n) (6)

Let ¢ = %, then ¢ < 1 since 2a+2b+2c+d+2e < 1 and by repeated
application of (6), we have

G(Tn, Tpi1, Tnt1) < " G(xo, 21, 21). (7)

Then for all n,m € N, n < m, we have by repeated use of the rectangle
inequality and (7) that

G(@Tn, TmyTm) < G(TpyTpi1, Tnt1) + G(Tnt1, Tnt2, Tnio)
+G(Tpt2, Tnts, Tnts) + -+ G(Tm—1, Ty Tin)
(@"+q" +-+ ") Glwg, 21, 71)

"
l1—q

IN

IN

G(CL’Q7ZL'1,(E1).
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Then, lim G2y, T, Tm) = 0, as n,m — oo, since limlq—jq G(zo,x1,21) = 0,
as n,m — oo. For n,m,l € N, (G5) implies that

G(xnaxmaml) S G(x'ruxmyxm) + G(Z‘l, 337n,$»m),

taking limit as n, m,l — oo, we get G(zpn, Tm,x;) = 0. So (z,) is a G-Cauchy
sequence. By completeness of (X, G), there exists u € X such that (z,) is
G-convergent to u. Suppose that T'(u) # u, then

Gz, T(u),T(u) < a{G(xp_1,T(u),T(uw)+ G(u,zn,x,)}
+b {G(u, T(u), T(u)) + G(u, T(uw), T(u))}
+e {G(u,xp, zn) + G(rp_1, T(u), T(u)} +dG(xp_1,u,u)
+emax {G(xp_1,2n,2n), G(u,T(u), T(u)), G(u,T(u), T(u))}.

Taking the limit as n — oo, and using the fact that the function G is
continuous on its variables, we have

Gu,T(u), T(uw)) <(a+2b+c+e)Gu,T(u), T(u)),
which is a contradiction since 0 < a+2b+c+e < 1. So, u =T (u).

For uniqueness of u, suppose that v # w is such that T'(v) = v, then (5)
implies that

G(u,v,v) =G(T(v), T(v), T(v)) < a{Gu,v,v)+ G, u,u)}+2bG(v,v,0)
+c {G(v,u,u) + G(u,v,0)} + d G(u,v,v)
+emaz {G(u,u,u), G(v,v,v), G(v,v,v)}
— (a+0) {Glu,v,0) + Glv,u,u)} + dGlu,v,v).
So, it must be the case that,
a—+c
< —m .
G(u,v,v) < T u CidG(v,u,u)

Again by the same argument we will find

a—+c

G(v,u,u) < mG(u,v,v).
Thus, we have
G(u,v,v) < <a—|—c>2 G(u,v,v)
l-a—c—d
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which implies that, u = v, since 0 < 1721_27(1 < 1.

To see that T is G-continuous at u, let (y,) be any sequence in X such
that (y,) is G-convergent to w. Then

G(T(yn), T(u), T(u)) < a{G(yn,T(u),T(u)+ G(u,T(yn),T(yn))}
+b {G(u, T(u), T(uw)) + G(u, T(u), T(u))
+c {G(u, T(Yn), T (yn)) + G(yn, T ( ), T(u)} + dG(yn, u,u)
+emax {GYn, T(Yn), T(yn)), G(u, T'(u), T(u)), G(u, T(u), T(u))}

which gives,

G(T(yn),u,u) < a{G(yn,u,u)+2G(T(yn),u,u)} + 2bG(u,u,u)
+c {2G(T(yn), u, u) + G(yn, u, )} + d G(yp, u, u)
e {G(Yn, u,u) +2G(T(yn), u,u))} -

Thus, we deduce that,

G(T(yn), uyu) < 2T CTATE

S 920 g0 ClUm ).

Taking the limit as n — oo, we see that G(T'(y,), u,u) — 0 and so, by Propo-
sition 2.5, the sequence (T'(y,)) is G-convergent to u = T(u). Therefore
Proposition 2.9 implies that T is G-continuous at u.

We see that Theorem 3.4 is generalization of the Result [10, Theorem 2.9],
where [10, Theorem 2.9] obtained by taking b = ¢ = d = e = 0 in Theorem
3.4. O

As an application of Theorem 3.4, we have the following results.

Corollary 3.5. Let (X,G) be a complete G-metric space. Suppose that
T : X — X satisfies for some m € N:

G(IT™(2), T"(y), T™(2)) < a{G(z,T™(y),T"(y)) + G(y, T"(x), T™(z))}
+o {G(y, T™(2), T™(2)) + G(2, T™(y), T™(y))
+c {G(z, T™(z), T™(z)) + G(z, T™(2), T™

Gz, T (x), T™(x

~
N

~—

~—

}
}
+dG(z,y,2) + emaz § Gy, T"(y), T (y)), ]

G(z,T7(2), T™(2))
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for all x,y,z € X, where a,b,c,d,e > 0 with 2a + 2b+ 2c+ d+ 2e < 1. Then
T has a unique fixed point (say w) in X and T™ is G-continuous at u.

Proof. The proof follows from Theorem 3.4 and the same argument used in
Corollary 3.2. O

Corollary 3.6. (see [13]) Let X be a complete G-metric space. Suppose
there is k € [0,1) such that the map T : X — X satisfies

G(T(2),T(y), T(2) < kG(x,y,2),
for all z,y,z € X. Then T has a unique fixed point (say u) and T is G-

continuous at u.

Proof. Result follows from Theorem 3.4 by taking a =b=c=e =0 and d =
k.
O

Theorem 3.7. Let (X,G) be a complete G-metric space, and let T : X —
X be a mapping which satisfies the following condition

G(T(x),T(y), T(2)) < kmazx

Gz, T(2),T(x)), Gy, T(y),T(y)), G(2,T(2),T(2)),
Gz, T(y), T(y)), Gy, T(2),T(2)), G(z,T(x), T(x)),
G(2,T(2),T(2)), Gy, T (), T(x)), G(z,T(y), T(y)),
Gz, T(y), T(2)), Gy, T(2),T(x)), G(2,T(x),T(y)),

G(z,y,T(2)), G(y,2,T(x)), G(z,2,T(y)), g)(fr,yw)

forallz,y,z € X, and 0 < k < % Then T has a unique fized point (say u)
i X and T is G-continuous at u.

Proof. Let xyp € X be an arbitrary point and define the sequence (z,) by
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Xy = T"(x9). Assume x,, # 2,41 for all n. Then by (8), we have

G(xn-1,Zn, Tn), G(Tn, Tnt1, Tnt1), G(Tny Tpnt1, Tnt1),
G(Tn—1,Tnt1,Tnt1)s G(@n, Tng1, Tni1), G(Xn, Tn, Tn),
G(®n—1,Tns1,Tn+1), G(@n, Tn,xn), G(Tpn, Tnat, Tna1),
G(Tpn, Tnt1, Tny1) < kmaz

G(xnfla Tn+1, anrl)v G(mna Tn41, anrl)a G(xn, T, xn+1)a

G(xn717 Ty xn+1)7 G(:En; Tn, w’n)a G(.'L'n, Tn—1, xn+1)7

G(xn—la Ly T'n)
So,

G(xnflu Ty .Tn), G(xnfla Tn+1, xn+1)7
G(Tp, Tpg1, Tny1) < kmaz
G(x’ru T, xn-‘rl)) G(xn—ly T, -rn-i-l)
(9)
But by (G5), we have

G(In—la Ly xn) + G(Ivu Ty :En—&-l)
G(J?n_1, Tn,s xn) + 2G(xn7 Tn41, xn-ﬁ-l)

G('Tn—ly T, 'Tn—&-l)

IA A

and

G(xn—lax7t+1axn+1) < G(xn—hxnvxn) + G(l‘n, zn+1’x7l+1)~

So, (9) becomes
G(xna Tn+1, anrl) S k {G(‘rnfla Tn, xn) + 2G(£L’n, Tn+1, xn+1)}

which implies that,

k

mG(.’I;nfl,fEn,xn). (].0)

G(mTﬂ Tn+1, xn+1) <

Let g = then g < 1since 0 < k < % and by repeated application of (10),

we have

_k_
1-2k’

G(Tp, Tpi1, Tng1) < ¢ G(xo,1,71). (11)
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Then for all n,m € N, n < m, we have by repeated use of the rectangle
inequality and (11) that

G((Enaxmamm) S G(‘rnaanrhwnJrl) + G($n+17$n+2,$n+2)
+G(In+2, Tn+3, $n+3) +-+ G(xm—la LTy xm)
(¢" + ¢+ qul) G(zo,71,21)

n

1—g¢q

IN

<

G(zo, 71, 21).
Then, lim G(xn, Tm, Tm) = 0, as n,m — oo, since limlq—_nq G(xo,x1,21) = 0,
as n,m — oo. For n,m,l € N, (G5) implies that

G(ny Tm, 1) < G(Tn, Ty Tin) + G (21, Ty T,

taking limit as n,m,l — oo, we get G(xy, Tpm,x;) — 0. So (z,) is a G-Cauchy
sequence. By completeness of (X, G), there exists u € X such that (x,) is
G-convergent to u. Suppose that T'(u) # u, then

G(Tn-1,Zn,Tn), Gu,T(u), T(u)), G(u,T(u),T(u)),
G(xp_1,T(u), T(u), Gu,T(u), T(u)), G(u, xy,x,),
G(xn,l,T(uLT(U)), G(u»xna‘rn)a G(u,T(u),T(u)),
G(zp, T(u), T(u)) < kmax
G(xn-1,T(u),T(uw)), G(u, T(u),x,), G(u,x,, T(u)),

G(‘Tﬂ—huvT(u))v G(uau;zn)a G(ua xn—hT(u))a

G(xp-1,u,u)

Taking the limit as n — oo, and using the fact that the function G is continuous
on its variables, we have

G(u, T(u), T(u)) kmaz {G(u, T (u),
kmax {G(u,T(u),

2k. G(u, T(u), T(u))

< T(w)), G(u, T(u),u)}
< T(u)),2G(u, T(u), T(u))}

which is a contradiction since 0 < k < 3. So, u = T (u).

For uniqueness of u, suppose that v # u is such that T'(v) = v, then (9)
implies that

G(u,v,v) = G(T(u), T(v), T(v)) < kmaz{G(u,v,v), Gv,u,u)}.
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So, it must be the case that,

G(u,v,v) < kG(v,u,u).

Again by the same argument we will find

G(v,u,u) < kG(u,v,v).

Thus, we have

G(u,v,v) < k* G(u,v,v)

which implies that, u = v, since 0 < k < %
To see that T' is G-continuous at u, let (y,) be any sequence in X such
that (y,,) is G-convergent to u. Then

G(T(yn), T(u), T(u)) < kmax

which gives,

G(Yn, T (yn), T(yn)), G(u,u,u), G(u, u, u),
G (yn,u,u), Gu,u,u), Gu, T(yn), T (yn)),
G (Yn,u,u)y G(u, T(yn), T(yn)), G(u, u, u),
G(yn, u,u), Gu,u, T(yn)), G(u, T(yn),w),

G(yn7u7 u)? G(u7 u? T(yn))7 G(u7 yn7u)7 G(y’ﬂ7u7 u)

G(T(yn),u,u) < kmax {G(Yn, T(Yn), T(yn)); G, T(yn), T(Yn)), G(Yn,u,u)}.

By (G5), we have

G(Yn, T(Yn), T(Yn)) < Gy, u,w) + G(u, T(yn), T (yn))-

Thus, we deduce that,

G(T(yn) u,u) < kA{GWYn,u,u) +G(u, T(Yn), T(Yn))} -

So,

G(T (yn), u,

u)

< — .
= 1 o 2]€ G(ynvu?u)

Taking the limit as n — oo, we see that G(T(y,), u,u) — 0 and so, by Propo-
sition 2.5, the sequence (T'(yn)) is G-convergent to u = T(u). Therefore
Proposition 2.9 implies that 7" is G-continuous at u.

O
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As an application of Theorem 3.7, we have the following result.

Corollary 3.8. Let (X, G) be a complete G-metric space, and let T : X —
X be a mapping which satisfies the following condition for some m € N:

G(IaTm(I)aTm(I))a G(yaTm(y)aTm(y))v
G(z,T™(2),T™(2)), G(z, T™(y), T™(y)),
Gy, T™(2),T™(2)), G(2, T™(x),T™ (z)),
Gz, T™(2), T™(2)), Gy, T™ (), T™ (),
G(T™(x), T (y), T™(z)) < kmax
G(z, T (y), T™(y)), G(x, T™(y), T™(2)),
Gy, T™(2), T™(z)), G(z, T™(x), T™(y)),

G(z,y,T™(2)), G(y,2,T™(z)),

G(z,2,T™(y)), G(x,y,2)

forall z,y,z € X, and 0 < k < % Then T has a unique fized point (say u)
m X and T™ is G-continuous at u.

Proof. The proof follows from the previous theorem and the same argument
used in Corollary 3.2. O

Theorem 3.9. Let (X,G) be a complete G-metric space, and let T : X —
X be a mapping which satisfies the following condition

Gz, T(y), T(y)) + Gy, T(x),T(x)) + G(2,T(2), T(2)),
G(T(x), T(y), T(2)) < kmaz ¢ G(y,T(2),T(2)) + G(2,T(y), T(y)) + G(x, T(x), T(x)),
G(z,T(x), T(2)) + G(2,T(2), T(2)) + G(zz,lg)(y), T(y))

forallz,y,z € X, and 0 < k < % Then T has a unique fized point (say u)
in X and T is G-continuous at u.

Proof. Let xyp € X be an arbitrary point and define the sequence (z,) by
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Xy = T"(x0). Assume x,, # 2,41 for all n. Then by (12), we get
G(fnfla Tn+1, anrl) + G($n7 Tn,s xn) + G(xna Tn+1, xn+1)7
G(.’En, Tn+1, $n+1) S k max G(xnv Tn+1, mn-‘rl) + G(l‘n, Tn+1, xn-i—l) + G(-ﬁn—la Tn, -rn)a

G(xna T, xn) + G(xn—h Tn41, mn—O—l) + G(mm Tn41, -rn+1)

(13)
By (G5), we have
G(J?n,l, Tn+1, anrl) S G(l‘n,h Tns xn) + G(xn; Tn41, xn+1)~
So, (13) becomes
G(Z‘n, Tn+1, anrl) S k {G(-/L’nfla Tn, xn) + QG(.’IJH, Tn41, In+1)}
which implies that,
& )< ) (14)
TnyTn+l:Tn+1) S 1—2](,’ Tn—1yTn,Tn).

Let g = ﬁ, then ¢ < 1since 0 < k < % and by repeated application of (14),
we have

G(xnaanrlvanrl) é qn G($0,£L’1,1’1). (15)

Then for all n,m € N, n < m, we have by repeated use of the rectangle
inequality and (15) that

G(@n, Ty Tm) < G(Tn, Tng1, Tn1) + G(Tng1, Tnia, Tni2)
+G(Tnt2y Tngss Tnts) + -+ G(Tm—1, Tm, Tm)
(" + "+ 4 ¢ ") G, w1, 71)

q"
I—q

IN

< G(xo,x1,21).

Then, lim G(zp, Tm,Tm) = 0, as n,m — oo, since lim% G(xo,x1,21) = 0,
as n,m — oo. For n,m,l € N, (G5) implies that

G(-’L‘n7$maml) < G(SL‘n,.’Em7.’Em) + G(xl,$m7xm)a
taking limit as n,m,l — oo, we get G(xy, Tm,x;) — 0. So (z,) is a G-Cauchy

sequence. By completeness of (X, G), there exists u € X such that (x,) is
G-convergent to u. Suppose that T'(u) # u, then
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G(xp_1,T(w), T(uw) + G(u, zp, x,) + G(u, T(u), T(u)),
G(xn, T(u),T(w) < kmaz Gu,T(uw),T(u)) +Gu, T(u),T(uw) + G(@n-1,Tn,Tn),
G(u, T, xn) + G(xp-1,T(u), T(u)) + G(u, T(u), T(u))

Taking the limit as n — oo, and using the fact that the function G is continuous
on its variables, we have

G(u,T(u), T(u)) <2kG(u,T(u),T(u))
which is a contradiction since 0 < k < %. So, u = T (u).
To prove uniqueness of u, suppose that v # u is such that T'(v) = v, then
G(u,v,v) + G(v,u,u) + G(v,v,v),
G(u,v,v) < kmaz G(v,v,v)+ G(v,v,v) + G(u,u,u),
G, u,u) + Glu,v,v) + G(v,v,v)
So, it must be the case that,
G(u,v,v) <k {G(u,v,v) + G(v,u,u)}
which implies that,

k
< — .
G(u,v,v) < T % G(v,u,u)

Again by the same argument we will find

G(v,u,u) < % G(u,v,v).

Thus, we deduce that,

k

o< (+57) otua

which implies that, u = v, since 0 < k < %
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To see that T' is G-continuous at u, let (y,) be any sequence in X such
that (y,) is G-convergent to u. Then

G(yn, T(u), T(uw)) + G(u, T (yn), T(yn))
+G(u, T(u), T(u)),

G(u, T(u), T(w) + G(u, T(u), T(u))
G(T(yn), T(u), T(u)) < kmax
+G(Yns T(yn), T(yn)),

G(u, T(yn), T(yn)) + G(yn, T(u), T(w))

+G(u, T (u), T(u))
which gives,

G(T(yn), u,u) < kmaz {G(yn, u,u) + G(u, T(yn), T(Yn)); G(Yn, T (yn), T(yn))} -

(16)
By (Gs), we have
GWn, T(Yn), T(yn)) < G(yn,u,u) + G(u, T(yn), T'(yn))-
Thus, (16) becomes
G(T(yn),u,w) <k A{G(yn, u,w) + G(u, T (yn), T(yn))} - (17)

Again by (G5), we have
G(u, T(yn), T(yn)) < 2G(T (yn), u, ).
Therefore (17) implies that
G(T(yn), u,uw) <k {G(yn, u,u) + 2G(T (yn), u, u}

and we deduce that

G(T(yn),u,u) <

G n»y ) :
=25 Glon )
Taking the limit as n — oo, we see that G(T'(y,), u,u) — 0 and so, by Propo-
sition 2.5, the sequence (T(y,)) is G-convergent to u = T(u). Therefore
Proposition 2.9 implies that T is G-continuous at u.

Some results in the literature related to Theorem 3.7 and Theorem 3.9 are
available in [9]. O
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Corollary 3.10. Let (X,G) be a complete G-metric space, and let T :
X — X be a mapping which satisfies the following condition for somem € N:

Gz, T (y), T™(y)) + Gy, T™ (x), T™ ()
+G(z,T™(2), T™(2)),

Gy, T™(2),T™(2)) + G(2,T™(y), T™ (y))
G(T™(x), T (y), T™(2)) < kmax
+G(z, T™(x), T™(x)),

Gz, T™(x), T™(x)) + Gz, T™(2), T™(2))

+G(y, T (y), T™ (y))

forallz,y,z € X, and 0 < k < % Then T has a unique fized point (say u)
in X and T™ is G-continuous at u.

Proof. The proof follows from the previous theorem and the same argument
used in Corollary 3.2. O

Theorem 3.11. Let (X,G) be a complete G-metric space, and let T :
X — X be a mapping which satisfies the following condition

G(z,T(y), T(y)) + Gy, T(2),T(x)) + G(2,T(x), T(y)),
G(T(z),T(y),T(2)) < kmaz ¢ G(y,T(2),T(z)) + G(2,T(y), T(y)) + G(z, T(y), T(2)),
G(z,T(z), T(x)) + G(z,T(2),T(2)) + Gy, T(2), T(z))

forall z,y,z € X, and 0 < k < %. Then T has a unique fixed point (say u)
m X and T is G-continuous at u.

Proof. The proof follows from the argument similar to that used in Theorem
3.9. O

Theorem 3.12. Let (X,G) be a complete G-metric space, and let T :
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X — X be a mapping which satisfies the following condition
G(x,T(y).T(y) + Gy, T(x), T(z)) + G(x,y,T(=)),
G(T(x),T(y),T(2)) < kmaz { G(y,T(2),T(2)) + G(2.T(y). T(y)) + Gy, 2, T(x)),
G(z,T(x),T(z)) + G(z,T(2),T(2)) + G(z,2, T(y))

forallz,y,z € X, and 0 < k < % Then T has a unique fixed point (say u)
i X and T is G-continuous at u.

Proof. The proof can be obtained by the argument similar to that used in
Theorem 3.9. O
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