An. St. Univ. Ovidius Constanta Vol. 19(3), 2011, 195-204

Warped product pseudo-slant submanifolds of
nearly Kaehler manifolds

Siraj Uddin, A.Y.M. Chi

Abstract

In this paper, we study warped product pseudo-slant submanifolds of
nearly Kaehler manifolds. We prove the non-existence results on warped
product submanifolds of a nearly Kaehler manifold.

1 Introduction

Slant submanifolds of an almost Hermitian manifold were defined by B.Y.
Chen [3] as a natural generalization of both holomorphic and totally real sub-
manifolds. Since then many researchers have studied these submanifolds in
complex as well as contact setting [2, 8]. The notion of semi-slant subman-
ifolds of an almost Hermitian manifold was introduced by N. Papaghiuc [9],
and is in fact a generalization of CR-submanifolds. Pseudo-slant submanifolds
were introduced by A. Carriazo [2] as a special case of bi-slant submanifolds.

Recently, B. Sahin [10] introduced the notion of warped product hemi-
slant (pseudo-slant) submanifolds of Kaehler manifolds. He showed that there
does not exist any warped product hemi-slant submanifolds in the form M, x
tMpg. He considered warped product hemi-slant submanifolds in the form
Mg x f M| where M is a totally real submanifold and My is a proper slant
submanifold of a Kaehler manifold, and gave some examples for their existence.
In this paper we prove that there do not exist warped product submanifolds
of the types N x yNy and Ny X ;N in a nearly Kaehler manifold M, where
N, is a totally real submanifold and Nj is a proper slant submanifold of M.
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2 Preliminaries

Let M be an almost Hermitian manifold with almost complex structure J and
a Riemannian metric g such that

(a) J?=~I, () 9(JX,JY) =g(X,Y) (2.1)

for all vector fields X,Y on M.

Further let TM denote the tangent bundle of M and V, the covariant
differential operator on M with respect to g. If the almost complex structure
J satisfies

(VxJ)X =0 (2.2)

for any X € TM, then the manifold M is called a nearly Kaehler manifold.
Equation (2.2) is equivalent to (VxJ)Y + (VyJ)X = 0. Obviously, every
Kaehler manifold is nearly Kaehler manifold.

For a submanifold M of a Riemannian manifold M, the Gauss and Wein-
garten formulae are respectively given by

?XY =VxY +h(X,)Y) (2.3)

and
VxN = —AyX + V%N (2.4)

for all X,Y € TM, where V is the induced Riemannian connection on M, N
is a vector field normal to M, h is the second fundamental form of M, V+
is the normal connection in the normal bundle T+ M and Ay is the shape
operator of the second fundamental form. They are related as in [11] by

where g denotes the Riemannian metric on M as well as the metric induced

on M. The mean curvature vector H of M is given by

n

H= % Zh(ei, €i) (26)

i=1

where n is the dimension of M and {ej,es,- - ,e,} is a local orthonormal
frame of vector fields on M.

A submanifold M of an almost Hermitian manifold M is said to be a
totally umbilical submanifold if the second fundamental form satisfies

WX,Y) =g(X,Y)H (2.7)
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for all X, Y € TM. The submanifold M is totally geodesic if h(X,Y) = 0, for
all X,Y € TM and minimal if H = 0.

For any X € TM and N € T+ M, the transformations JX and JN are
decomposed into tangential and normal parts respectively as

JX =TX + FX (2.8)

JN = BN +CN. (2.9)

~ Now, denote by PxY and QxY the tangential and normal parts of
(VxJ)Y, respectively. That is,

(VxJ)Y =PxY +QxY (2.10)

for all X,Y € TM. Making use of equations (2.8), (2.9) and the Gauss and
Weingarten formulae, the following equations may be obtained easily.

PxY = (VxT)Y — Apy X — Bh(X,Y) (2.11)

QxY = (VxF)Y + h(X,TY) — Ch(X,Y) (2.12)

~ Similarly, for any N € T L+ M, denoting tangential and normal parts of
(VxJ)N by PxN and Qx N respectively, we obtain

PxN = (VxB)N +TANX — Acn X (2.13)

QxN = (VxC)N + h(BN,X) + FANX (2.14)
where the covariant derivatives of T, F, B and C are defined by

(VxT)Y =VxTY —TVxY (2.15)
(VxF)Y =VxFY — FVxY (2.16)
(VxB)N =VxBN — BVxN (2.17)
(VxC)N = V%CN — CVxN (2.18)

for all X,Y € TM and N € T+ M.
It is straightforward to verify the following properties of P and Q, which
we enlist here for later use:

(p1) (1) PxeyW =PxW 4+ Py W, (it) Qx4yW = QxW + Qy W,

(p2) (1) Px(Y+W)=PxY+PxW, (ii) QxY+W)=9xY +QxW,
(p3) (1) g(PxY, W)=—g(Y,PxW), (ii)) g(QxY, N)=—g(Y,PxN),
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(p4) JDXJY'FQ)(JY:—J({P)(Y‘FQ)(Y)

for all X,Y,W € TM and N € T+ M.
On a submanifold M of a nearly Kaehler manifold, by equations (2.2)
and (2.10), we have

(a) PxY +PyX =0, (b) QxY +9yX =0 (2.19)

for any X, Y € TM.

The submanifold M is said to be holomorphic if F' is identically zero,
that is, X € TM for any X € TM. On the other hand, M is said to be
totally real if T is identically zero, that is X € T+ M, for any X € T M.

A distribution D on a submanifold M of an almost Hermitian manifold
M is said to be a slant distribution if for each X € D,, the angle 6 between
JX and D, is constant i.e., independent of x € M and X € D,. In this case,
a submanifold M of M is said to be a slant submanifold if the tangent bundle
TM of M is slant.

Moreover, for a slant distribution D, we have

T?°X = —cos? X (2.20)

for any X € D. The following relations are straightforward consequences of
equation (2.20):
g(TX,TY) = cos? 0g(X,Y) (2.21)
g(FX,FY) = sin?g(X,Y) (2.22)
forall X,Y € D. )
A submanifold M of an almost Hermitian manifold M is said to be a

pseudo-slant submanifold if there exist two orthogonal complementary distri-
butions D; and D, satisfying:

(i) TM = D1 ® Do
(ii) D is a slant distribution with slant angle 6 # 7 /2
(iii) Dy is totally real i.e., JDy C T+ M.

A pseudo-slant submanifold M of an almost Hermitian manifold M is
mixed geodesic if
hMX,Z)=0 (2.23)

for any X € Dy and Z € Ds.
If p is the invariant subspace of the normal bundle 7 M, then in the case
of pseudo-slant submanifold, the normal bundle T-M can be decomposed as

follows:
T+*M = @ FD, @ FD,. (2.24)
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3 Warped product pseudo-slant submanifolds

In 1969 Bishop and O’Neill [1] introduced the notion of warped product man-
ifolds. These manifolds are natural generalizations of Riemannian product
manifolds. They defined these manifolds as: Let (Ni,g1) and (Na,g2) be
two Riemannian manifolds and f, a positive differentiable function on Nj.
The warped product of N; and N is the Riemannian manifold Ny X Ny =
(N1 x N3, g), where

g=g1+ g (3.1)

A warped product manifold Ny x ¢Ny is said to be trivial if the warping
function f is constant. We recall the following general formula on a warped
product [1].

VxZ=VzX=(XInf)Z, (3.2)

where X is tangent to N7 and Z is tangent to Ns.

Let M = Ni x ;N be a warped product manifold. This means that IV;
is totally geodesic and Nj is a totally umbilical submanifold of M [1].

Throughout this section, we consider warped product pseudo-slant sub-
manifolds which are either in the form N, x Ny or Ny x ¢N, in a nearly
Kaehler manifold M, where Ng and N are proper slant and totally real sub-
manifolds of M, respectively. In the following theorem we consider the warped
product pseudo-slant submanifolds in the form M = N X Ny of a nearly
Kaehler manifold M.

Theorem 3.1. Let M be a nearly Kaehler manifold. Then the warped product
submanifold M = N, x yNy is a Riemannian product of N1 and Ny if and
only if PxTX lies in T Ny, for any X € TNy, where N, and Ny are totally
real and proper slant submanifolds of M, respectively.

Proof. Let M = N, x Ny be a warped product pseudo-slant submanifold of
a nearly Kaehler manifold M. For any X € TNy and W € TN, we have
gWMTX,W),FX)=g(VwTX,FX)=—g(TX,VyFX).
Using (2.8), we derive
g(WMTX,W),FX)=g(TX,VwTX)—g(TX,ViwJX).
Then from (2.3) and the covariant derivative property of .J, we obtain

g(hW(TX,W),FX) = g(TX,ViwTX) — g(TX, (VwJ)X) — g(TX, IV X).
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Thus, using (2.1), (2.10) and (3.2) we get
g(WMTX, W), FX) = (W f)g(TX, TX) — g(TX,PwX) + g(JTX,Viy X).
Using (2.3), (2.8), (2.19) (a) and (2.21), we obtain

g(h(TX,W),FX) = (Wln f)cos? 0| X|*> + g(TX,PxW)

+ g(T2X, Vi X) + g(h(X, W), FTX).
Thus by property ps (i), (2.20) and (3.2), we derive

g(WMTX,W),FX) = (Wln f)cos? 0| X||* — g(PxTX, W)

— (Win f)cos? 0| X||? + g(h(X, W), FTX).

Hence the above equation takes the form

g(PxTX, W) =gh(X,W),FTX) — g(h(TX,W),FX). (3.3)
On the other hand for any X € TNy and W € TN, we have

g(WMX, TX),JW) = g(VrxX,JW) = —g(JVrx X, W).
Using the covariant differentiation formula of J, we get

g(M(X,TX),JW) = g(Vrx )X, W) — g(Vrx JX,W).
Then by (2.10) and property of V, we derive

g(h(X,TX),JW) = g(Prx X, W) + g(JX,VrxW).
Thus from (2.3), (2.8) and (2.19) (a), we obtain
g(MX,TX),JW) = —g(PxTX, W)+ g(TX,VrxW)+gh(TX,W),FX).
By (3.2), the above equation reduces to
g(h( X, TX),JW) = —g(PxTX, W)

+ (Wi f)g(TX, TX) + g(h(TX, W), FX).
Hence, using (2.21), we get

g(WMX,TX),JW) = —g(PxTX, W)+ (Wln f) cos® 0] X ||?

+ g(W(TX,W),FX). (3.4)
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By property (p3) (i), the above equation reduces to
g(MX,TX),JW) = g(TX,PxW)+ (Wln f)cos® 0| X |
+g(h(TX, W), FX).
Interchanging X with TX and then using (2.20) and (2.21), we obtain
—cos? 0g(h(X,TX),JW) = —cos? 0g(X, PrxW) + (Wln f) cos* g (X, X)
—cos® Og(h(X, W), FTX).
Again, by first using property (p3) (i) followed by (2.19) (a) we arrive at
—g(h(X,TX),JW) = —g(PxTX, W) + (Wln f) cos? §|| X ||*
— g(h(X, W), FTX). (3.5)
Then from (3.4) and (3.5), we obtain
2(Wln f) cos? 0|| X ||* = 29(PxTX, W) + g(h(X, W), FTX)

— g(h(TX, W), FX). (3.6)
Thus, by (3.3) and (3.6), we conclude that

(Wn f) cos® 0| X ||> = gg(TXTX,W). (3.7)

Since Ny is proper slant, thus we get (W ln f) = 0, if and only if PxTX lies in
TNy for all X € TNy and W € TN, . This shows that f is constant on V| .
The proof is thus compelete. O

Theorem 3.2. The warped product submanifold M = Ng X y N1 of a nearly
Kaehler manifold M is simply a Riemannian product of Ny and N, if and
only if

gWX,Z2),FZ)=g(WMZ,2),FX), (3.7)

for any X € TNy and Z € TN, where Ny and N are proper slant and
totally real submanifolds of M, respectively.

Proof. Let M = Ny x N, be a warped product submanifold of a nearly
Kaehler manifold M. Then for any X € TNy and Z € TN, , we have

g(W(TX,Z),FZ) = g(V,TX,J]Z).
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Using (2.1), we get
gWMTX,Z),FZ)=—g(JVzTX,Z).
Thus, on using the covariant differentiation property of J, we obtain
gWTX,2),FZ)=g(VzTX,Z) - g(VzJTX, Z).
Then from (2.8) and (2.10), we derive
g(WTX,2),FZ) = g(P;TX,Z) — g(VzT*X,Z) — g(VzFTX, 7).
Now, using (2.4), (p3) (i) and (2.20) we obtain that
g(WTX,2),FZ) = —g(PzZ,TX) +cos? 0g(VzX,Z) + g(Arrx Z, Z).

Since on using (2.2) and (2.10) we have PzZ = 0, then from (2.5) and (3.2),
we get

g(WMTX,Z),FZ) = (X1n f)cos? || Z||* + g(WZ, Z), FTX). (3.8)
Interchanging X with 7X in (3.8), we obtain
cos?0g(WX,Z),FZ) = —(TX In f)cos? 0| Z||> + cos? 0g(h(Z, Z), FX).
The above equation can be written as
(TX I )| 212 = g(h(Z, Z), FX) - g(h(X., Z), F ). (3.9)

Thus, (TX1n f) = 0 if and only if g(h(Z,2),FX) = g(h(X,Z),FZ). This
proves the theorem. O

The following corollaries are consequences of the above theorem.

Corollary 3.1. There does not exist any warped product pseudo-slant sub-
manifolds M = Ng x N of a nearly Kaehler manifold M, if the condition

h(TM,Db) € p,

holds, where i is the invariant normal subbundle of TM and D+ is a distri-
bution corresponding to the submanifold N .

Proof. The proof follows from (3.9). O

Corollary 3.2. There does not exist any mized totally geodesic pseudo-slant
warped product submanifold M = Ng X 1N of a nearly Kaehler manifold M
such that h(Z,Z) € u for all Z € D*.
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