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Strong convergence theorems for equilibrium
problems and quasi-¢-asymptotically
nonexpansive mappings in Banach spaces

Jing Zhao, Songnian He

Abstract
In this paper, we introduce two modified Mann-type iterative algo-
rithms for finding a common element of the set of common fixed points
of a family of quasi-¢-asymptotically nonexpansive mappings and the
set of solutions of an equilibrium problem in Banach spaces. Then we
study the strong convergence of the algorithms. Our results improve
and extend the corresponding results announced by many others.

1. Introduction

Let E be a Banach space and let E* be the dual space of E. Let C be a
nonempty closed convex subset of E and f : C' x C — R a bifunction, where
R is the set of real numbers. The equilibrium problem is to find Z € C such
that

f(,y) =0 (1.1)

for all y € C. The set of solutions of (1.1) is denoted by EP(f). Given
a mapping T : C — E*, let f(z,y) = (Tx,y — x) for all 2,y € C. Then
Z € EP(f) if and only if (T'#,y — &) > 0 for all y € C, i.e., & is a solution
of the variational inequality. Numerous problems in physics, optimization,
engineering and economics reduce to find a solution of (1.1). Some methods

have been proposed to solve the equilibrium problem; see, for example, Blum-
Oettli [2] and Moudafi [7].
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For solving the equilibrium problem, let us assume that a bifunction f :
C x C — R satisfies the following conditions:
(A1) f(z,xz) =0 for all x € C;
(A2) f is monotone, that is, f(x,y) + f(y,x) <0 for all z,y € C;
(A3) for each z,y,z € C,

lim fltz+ (1 —t)z,y) < flz,y);

(A4) for each x € C, the function y — f(x,y) is convex and lower semicontin-
uous.

Let T : C' — C be a nonlinear mapping. A point z € C' is said to be a
fixed point of T provided Tx = x. A point x € C is said to be an asymptotic
fixed point of T provided C' contains a sequence {z,} which converges weakly
to x such that lim,, o ||2n —Tzy|| = 0. We denote the set of fixed points of T'
and the set of asymptotic fixed points of T by F(T) and F*(T), respectively.
Recall that a mapping T : C' — C is called nonexpansive if

[Tz =Tyl <lle—yll, Vo,yeC.

A mapping T : C' — C' is called asymptotically nonexpansive if there exists a
sequence {k,} of real numbers with k,, — 1 as n — oo such that

Tz — T"y|| < kypllz —y||, Vz,yeC.

Recently, many authors studied the problem of finding a common element
of the set of fixed points of nonexpansive mappings and the set of solutions of
an equilibrium problem in the framework of Hilbert spaces and Banach spaces,
respectively; see, for instance, [4, 5, 9, 11] and the references therein.

Very recently, Takahashi and Zembayashi [10] introduced the following
iterative process:

ro=x € C,

Yn = J HanJz, + (1 — ay)JSzy),

Uy € C such that f(un,y) + %ﬂ(y — Up, Jup, — Jyn) >0, Vy € C,
H,={z€C:¢(zun) < d(z,2,)},

W, ={2¢€C:{(x, —z,Jr — Jz,) > 0},

Tps1 = Uy, aw,z, Vn>1,

(1.2)

where f: C'x C — R is a bifunction satisfying (A1)-(A4), J is the normalized
duality mapping on F and S : C' — C is a relatively nonexpansive mapping.
They proved the sequences {x,} defined by (1.2) converge strongly to a com-
mon point of the set of solutions of the equilibrium problem (1.1) and the
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set of fixed points of S provided the control sequences {«,} and {r,} satisfy
appropriate conditions in Banach spaces.

Qin et al. [8] proved strong convergence theorem for finding a common
point of the set of solutions of the equilibrium problem (1.1) and the set of
fixed points of two quasi-¢-nonexpansive mappings.

In 2009, Cho et al. [3] introduced a modified Halpern-type iteration algo-
rithm and proved strong convergence for quasi-¢-asymptotically nonexpansive
mappings.

Motivated and inspired by the research going on in this direction, we prove
strong convergence theorems for finding a common element of the set of solu-
tions of an equilibrium problem and the set of common fixed points of a family
of quasi-¢-asymptotically nonexpansive mappings in Banach spaces.

2. Preliminaries

Throughout this paper, we denote by N and R the sets of positive integers
and real numbers, respectively. Let F be a Banach space with the dual space
E*. We will use the following notations:

(i) — for weak convergence and — for strong convergence;
(ii) (z, z*) denotes the value of z* at = for all z € E and z* € E*.
(iii) S(E) denotes the unit sphere of E, that is, S(E) ={z € E: ||z| = 1}.

The normalized duality mapping J on E is defined by

J(@) = {a" € E" : (z,2") = |l]* = ="}

for every z € E. A Banach space E is said to be strictly convex if w <1
for z, y € S(F) with  # y. It is also said to be uniformly convex if for each

e € (0,2], there exists § > 0 such that w <1-¢forz, y € S(E) with ||z —

y|| > e. The space E is said to be smooth if the limit lim;_.o llz+tyli=lizll oyists

for all z, y € S(F). It is also said to be uniformly smooth if the limit exists
uniformly for z, y € S(E). We know that if E is uniformly smooth, strictly
convex and reflexive, then the normalized duality mapping J is single-valued,
one-to-one, onto and uniformly norm-to-norm continuous on each bounded
subset of E.

Let E be a smooth, strictly convex and reflexive Banach space and C' a
nonempty closed convex subset of . Throughout this paper, we denote by ¢
the function defined by

¢(x,y) = llz|* = 2{z, Jy) + |y|?, Vo, y € E.

Following Alber [1], the generalized projection II¢ : F — C is a mapping
that assigns to an arbitrary point x € E the minimum point of the functional
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¢(y, z), that is, Illcx = T, where Z is the solution to the following minimization
problem:

¢(z,z) = inf Py, ).

yeC

It follows from the definition of the function ¢ that

(lyll = ll=1)* < é(y. @) < (lyll + ll=[)?, Vo, y € B,

see [3] for more details. If E is a Hilbert space, then ¢(y,z) = ||y — z||*> and
I[Ic = Pc¢ is the metric projection of H onto C.

Now, we give some definitions for our main results in this paper.

Let C' be a nonempty, closed and convex subset of a smooth Banach E and
T a mapping from C' into itself.

(1) The mapping T is said to be relatively nonexpansive if

FYT)=F(T) #0, ¢(p,Tz) < ¢(p,x), Vo € C, p € F(T).
(2) The mapping T is said to be relatively asymptotically nonexpansive if
FYT)=F(T) #0, ¢(p,T"z) < knd(p,x), Yz € C, p € F(T),

where k, > 1 is a sequence such that k, — 1 as n — oo.
(3) The mapping T is said to be ¢-nonexpansive if

¢(Tz,Ty) < ¢(x,y), Vo, y € C.
(4) The mapping T is said to be quasi-¢-nonexpansive if
F(T) #0, ¢(p,Tz) < ¢(p,x), Yx € C, p € F(T).

(5) The mapping T is said to be ¢-asymptotically nonexpansive if there
exists some real sequence {k,} with k, > 1 and k,, — 1 as n — oo such that

H(T"x, T"y) < knp(z,y), Vo, y € C.

(6) The mapping T is said to be quasi-¢-asymptotically nonexpansive if
there exists some real sequence {k,} with k, > 1 and k,, — 1 as n — oo such
that

F(T) #0, ¢(p,T"z) < kno(p,z), Vo € C, p € F(T).

(7) The mapping T is said to be asymptotically regular on C' if, for any
bounded subset K of C,

limsup{||T" 2z —T"z| : 2 € K} = 0.

n—oo
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(8) The mapping T is said to be closed on C' if, for any sequence {z,} such
that lim,, o, x, = z¢ and lim,,_, T'x,, = yg, then Txzg = yp.

Remark 2.1 The class of quasi-¢-nonexpansive mappings and quasi-¢- asymp-
totically nonexpansive mappings are more general than the class of relatively
nonexpansive mappings and relatively asymptotically nonexpansive mappings,
respectively. The quasi-¢-nonexpansive mappings and quasi-¢-asymptotically
nonexpansive mappings do not require F(T') = F*(T).

Remark 2.2 A ¢-asymptotically nonexpansive mapping with F(T) # 0 is a
quasi-¢-asymptotically nonexpansive mapping, but the converse may be not
true.

In order to the main results of this paper, we need the following lemmas.

Lemma 2.3([1, 6]) Let C' be a nonempty closed convex subset of a smooth,
strictly convexr and reflexive Banach space E. Then

o(z, ley) + oMoy, y) < ¢(z,y), Ve e C,y € E.

Lemma 2.4([1, 6]) Let C' be a nonempty closed convex subset of a smooth,
strictly convex, and reflexive Banach space E, let x € FE and let z € C. Then
z=ler <= (y—=z, Je — Jz) <0, Vy € C.

Lemma 2.5([6]) Let E be a smooth and uniformly convex Banach space and
let {z,} and {yn} be sequences in E such that either {x,} or {y,} is bounded.
If limy, 00 (2, yn) = 0, then limy,_ o |25 — | = 0.

Lemma 2.6([12, 13]) Let E be a uniformly convex Banach space and let r >
0. Then there exists a strictly increasing, continuous, and convex function

g:[0,2r] — R such that g(0) =0 and

[t + (1 = t)y[|* < tllz|> + (1 = t)llyll* — t(1 = t)g(llz — y))
forallz,y € B, and t € [0,1], where B, ={z € E : ||z|| < r}.
Lemma 2.7([2]) Let C be a closed convex subset of a smooth, strictly convex,

and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1) — (A4), and let r > 0 and x € E. Then, there exists z € C' such that
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f(zy)+ %(y—z,Jz—Jx) >0, Yy e C.

Lemma 2.8([10]) Let C be a closed conver subset of a uniformly smooth,
strictly convex, and reflexive Banach space E, and let f be a bifunction from
C x C to R satisfying (A1) — (A4). For r > 0 and x € E, define a mapping
T, : E— C as follows:

T.(x)={2€C: f(z,y)+ 2y —2Jz— Jz) >0, Wy € C}
for all x € E. Then, the following hold:
(1) T is single-valued;
(2) T, is firmly nonexpansive, i.e., for any x,y € E, (T,x — Ty, JTrz —
JTry> < <TJ,‘ _TryaJm_ Jy))
(3) F(T,) = BP(f);
(4) EP(f) is closed and convet.

Lemma 2.9([10]) Let C' be a closed convex subset of a smooth, strictly convex,
and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1) — (A4), and let r > 0. Then, for x € E and q € F(T)

¢(Q7 T?"x) + d)(TT'l‘? JU) S ¢(Q7 I)

Lemma 2.10([3]) Let E be a uniformly convex and uniformly smooth Banach
space, C' a nonempty, closed and conver subset of E and T a closed quasi-
@-asymptotically nonexpansive mapping from C into itself. Then F(T) is a
closed convex subset of C'.

3. Strong convergence theorems

First, we propose a modified Mann-type iterative algorithm for finding a
common element of the set of common fixed points of a countable infinite fam-
ily of quasi-¢-asymptotically nonexpansive mappings and the set of solutions
of an equilibrium problem in Banach spaces.

Theorem 3.1 Let C be a nonempty, closed and convex subset of a uni-
formly convex and uniformly smooth Banach space E and {T;}icr : C — C a
family of closed quasi-p-asymptotically nonexpansive mappings with sequences
{kni} C[1,00) such that lim,_,o kyn; = 1. Let f be a bifunction from C x C
to R satisfying (A1)-(A4) such that F = ((\;c; F(T3)) VEP(f) # 0. Assume
that T; is asymptotically reqular on C for eachi € I and F is bounded. For each
i€l let {an,;} be a sequence in (0,1) such that iminf, o ap (1 —ay ) >0
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and {ry,;} a sequence in [a,o0) for some a > 0. Define a sequence {z,} in C
in the following manner:

xg € C chosen arbitrarily,

Cri=C, Cr =ie; Cryis w1 = Ilg, 2o,

Yni = I NamiJz, + (1 — i) JTwy,),

Un,i € C such that f(un:,y) + ri,i (Y — Un,is Juni — Jyn,i) >0, Yy € C,
Croy1,,={2€C:0(z,un;) < ¢(z,20) + (1 — any)(kns — 1)Ly},

Cni1 = Nics Cnt1is

@1 =C,

Qui1={2€Qn:{(xy—2z,Jax; — Jz,) > 0},

Tniy1 = ch+1ﬁQn+1x1

(3.1)
for every n > 0, where J is the normalized duality mapping on E and L, =
sup{o(p,x,) : p € F} < 0o. Then {x,} converges strongly to Upx;.

Proof. We break the proof into eight steps.
Step 1. I1gx; is well defined for z; € C.

By lemma 2.10 we know that F(T;) is a closed convex subset of C for every
i € I. Hence F' = (;c; F(T3)) N EP(f) is a nonempty closed convex subset
of C. Consequently, IIpz; is well defined for 1 € C.

Step 2. C, and @Q,, are closed and convex for all n € N.

It is obvious that C; = C;; = C is closed and convex for every ¢ € I. Since
the defining inequality in C,,y; ; is equivalent to the inequality:

2(z, Jxn — Juni) < Hxnnz - ||un2H2 + (1 = ani)(kni — 1)Qn

for every ¢ € I. This shows that Cj,41; is closed and convex for every ¢ € I.
So, we have C), 11 = ﬂie 7 Cnt1, 1s a closed and convex subset of C' for all
n > 1. From the definition of @, it is obvious that @),, is closed and convex
for each n > 1. Consequently, Il¢c, ,,nq, ., 71 is well defined.

Step 3. FC C,Qy for all n > 1.

For n =1, we have F C C = C;. Let p € F C C and i € I. Putting
Un,i = Ty, ,Yn,; for all n € N, we have that T} , is relatively nonexpansive

n,i n,i
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from Lemma 2.9. Since T; is quasi-¢—asymptotically nonexpansive, we have

¢(p7 un,i) = Qb(p» Tr",iyn,i) < (b(pa yn,z)
=¢(p, J Hanidzn + (1 — an i) JT )
=||p||2 = 2(p, aniJzn + (1 — an i) JT vn) + o i JTn + (1 — O‘n,i)']Tinxn”Q
§||p||2 = 20n,i(p, Jzn) — 2(1 — an i) (p, JT] zn) + C“n,i”an2 + (1 - O‘nZ)”TznanQ
:an,i¢(p7 IZ?n) + (1 - Oén,i)éb(p, T’ann)
S@n,i¢(p, xn) + (1 - an,i)kn,i¢(p7 xn)
:¢(p7 xn) + (1 - an,i)(kn,i - 1)¢(pa an)
§¢(pv mn) + (1 - an,i)(kn,i - ]-)er
(3.2)
which shows that p € Cpy;1,; for all n > 1. It follows that p € C,y1 =
ﬂiel Cp1,; for all n > 1. This proves that £ C (), for all n > 1.
Next, we show by induction that F C @, for all n > 1. For n = 1, we have

F C C = Q. Assume that F C @, for some n > 1. We show F C Q1.
Since z,, = llg,ng, 21, by Lemma 2.4, we have

(X — 2z, Jx1 — Ja,) >0, Vz € CnﬂQn.
Since F' C Cy, (| Qn by the induction assumptions, we have
(X — 2z, Jx1 — Jan,) >0, Vz € F.

This implies that F' C Qpn+1. So, we get F' C @, for all n > 1. Therefore
we have F' C C,, (| @y, for all n > 1. This means that the iteration algorithm
(3.1) is well defined.

Step 4. lim, o ¢(xy, z1) exists and {z,} is bounded.

Noticing that z,, = g, ,,z1 and x,41 = ll¢, Q.1 T1 € Qni1, we have

d(Tn, 1) < P(@ny1,21)

for all n > 1. We, therefore, obtain that {¢(z,,21)} is nondecreasing. From
Lemma 2.3, it follows that

¢($n,$1) = (b(HQnJrlxhxl) S ¢(p7xl) - ¢(p7xn) S (b(paxl)

for all p € F and n > 1. This shows that the sequence {¢(zy,x1)} is bounded.
Therefore, the limit of {¢(x,,x1)} exists and {z,} is bounded. Moreover, for
each i € I, {yn,;} and {u,;} are bounded.

Step 5. x, — w € C.



STRONG CONVERGENCE THEOREMS FOR EQUILIBRIUM PROBLEMS... 355

By the construction of @, we know that Q.11 C Qn and x,, =Ilg,, ., 71 €
Q. for any positive integer m > n. Notice that

¢(xma 'In) - ¢(:CWL7HQW,+1J:1) S (ZS(ImaiUl) - ¢(HQW,+1I’1; ml)
= ¢(xm7 xl) - ¢($n,$1).

In view of step 4 we deduce that ¢(x.,,z,) — 0 as m, n — oco. It follows
from Lemma 2.5 that ||z,, — z,| — 0 as m, n — co. Hence {x,} is a Cauchy
sequence of C. Since E is a Banach space and C is closed subset of E, we
have

(3.3)

Ty —w € C (n— 00).

Step 6. w € (), F(T3).
By taking m = n+ 1 in (3.3), we have

nhﬁn;(} O(Tpy1,2n) =0. (3.4)
From Lemma 2.5, it follows that

lim ||2n4+1 — 2] = 0. (3.5)

n—oo

Noticing that z,41 € Cy41, for any ¢ € I, we obtain
¢(xn+laun,i) S ¢(xn+1axn) + (1 - an,i)(kn,i - 1)Ln

From (3.4) and lim,,_,o0 kp; = 1 for any i € I, we know

lim ¢(Zps1,tns) =0, Vi € 1. (3.6)
Thus
lim ||zp41 — unql| =0, Viel. (3.7)

Notice that
|20 — tnill < |20 — ot || + [|Tng1 — unll

for all n > 1 and ¢ € I. Tt follows from (3.5) and (3.7) that

nh_)rrolo |27 — un,ill =0, Vi€ I (3.8)
From z,, — w (n — 00), we know

nan;O [lw —un || =0, Viel. (3.9

Since J is uniformly norm-to-norm continuous on bounded sets, from (3.8),

we have
lim ||Jz, — Ju, || =0, Viel. (3.10)

n—
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Let r; = sup{||za||, |T]@x|| : n € N} for each ¢ € I. Since F is uniformly
smooth Banach space, we know that £E* is a uniformly convex Banach space.
Therefore, from Lemma 2.6, for each ¢ € I, there exists a strictly increasing,
continuous, and convex function g; : [0, 2r;] — R such that g;(0) = 0 and

[tz + (1= 1)y | < tlla™|* + (1 = O)lly" [ =t = ga(lla” =y

for all z*, y* € By, and t € [0,1]. Let i € I and p € F, we have

B(p, un z)
=o(p, Tr,,. ,Yn.i)
<oé(p D> Yn, i)

=¢(p, T an,iJwn + (1 = an ) J T} zn))
:||pH2 = 2a,i(p, Jap) — 2(1 — an ) {p, JT; wn)

+ lamiJzn + (1= O‘n,i)JTinfcn)Hz
SHPHQ = 20,1 (p, Jop) — 2(1 — an ) {p, ST wn)

+ an,innHQ +(1- anZ)”TznanQ — ani(1 = ani)gi([|Jn — JT 20|
:Oén,id)(p, zn) + (1 - an,i)¢(pa Tznxn) - an,i(l - O‘n,i)gi(”an - JTinan)
<o xn) + (1 = an,i)(kn,i — 1) Lo — o i(1 = ang)gi([[Jon — JT 0])).

(3.11)
Therefore, for each i € I, we have
an,i(l - O‘n,i)gi(Han - JTinxn”) (3 12)
S(b(pa xn) - ¢(p7 un,i) + (1 - an,i)(kn,i - 1>Ln
On the other hand, for each ¢ € I, we have
:|Han2 = lun, 2(p, Jxn — Jun)|
<anll = lunall[Uznll + lun ) + 20120 = Junllllp]
Sllen = unll(lznll + l[un, ) + 2l T2 — Junslllp]-
It follows from (3.8) and (3.10) that
lim (¢(p, zy) — ¢(p,un ) =0, Vi e 1. (3.13)

n—oo

Since limy,, o0 kpn; = 1 and liminf,, o ap i (1 — ;) > 0 for each ¢ € I, from
(3.12) and (3.13) we have

lim g;(||Jzn, — JT'@,||) =0, Vi € 1.
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Therefore, from the property of g;, we obtain

nhﬂn;o |Jzy — JT @y | =0, Vi€ I (3.14)
Since J~! is uniformly norm-to-norm continuous on bounded sets, we have
nl;rrgo |lzn — T]'x,|| = 0, Vi€ 1.
Noting that x,, — w as n — 0o, we have
nh_)rr;o Tz, —w| =0, Viel. (3.15)

Since
1T — wl| < (TP — T wn|| + 1T 20 — wl],

it follows from the asymptotic regularity of T; and (3.15) that

lim |7/ 2, —w| =0, Vi€ 1.

n—

That is, T;(T"x,) — w as n — oo for each i € I. From the closedness of T,
we get Tjw = w for each i € I. So, w € (;¢; F(T3).

Step 7. w e F.

For each i € I, from y,, ; = J (e iJzy + (1 — oy i) JT'2y,), we have

1 Tyn,i — Jzn| =|laniJan + (1 — o) JT wp — Ja ||
=(1 = an i) |JT wn — T .

It follows from (3.14) that
nango | Tyni — Jzn|| =0, Vie I (3.16)
Noting that
[Jtn,i = JYnill < | Juni — Jzull + [[J2n — Jynill,
from (3.10) and (3.16) we obtain
nlLII;O | Jtn,s — Jynil| =0, Vie I (3.17)
From the assumption r, ; > a, we get

lim HJunz - JymiH

n—oo

=0, Viel (3.18)

Tn,i
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For each ¢ € I, noting that u, ; =T,

Tn,i

Yn,i, We obtain

1
f(un,l'a y) + r <y - un,ia Jun,i - Jyn,1> Z 07 Vy € C
From (A2), we have

HJun,z - Jyn,zH Zi

lly — wnill (Y = Unyi, JUni — JYn i)

Tn,i Tn,i
2 - f(un,i7 y)
Zf(yvun,i)7 Vy eC.

Letting n — oo, from (3.9), (3.18) and (A44), we have
0> f(y,w), Vy € C.

FortwithO<t<landye€ C,let yr =ty+(1—t)w. Since y € C and w € C,
we have y; € C and hence f(y:,w) < 0. So from (A1) and (A4) we have

0< flye, ) <tf(ye,y) + (1 =) f(ye,w) < tf(ye,y)

and hence 0 < f(y,y). Letting ¢ | 0, from (A3), we have 0 < f(w,y) for all
y € C. This implies that w € EP(f). Therefore, in view of step 6 we have
weF.

Step 8. w =1Ilpx;.

From z,, =1lg,, r1, we get

(X — 2z, J21 — J2y) >0, V2 € Q1.
Since F' C Q,, for all n > 1, we arrive at
(X —p, Jr1 — J2y) >0, Vp € F.
Letting n — oo, we have
(w—p,Jz1 — Jw) >0, Vp € F,

and hence w = IIpxy by Lemma 2.4. This completes the proof. (I

Next, we consider a simpler algorithm for finding a common element of
the set of solutions of an equilibrium problem and the set of common fixed
points of a family of quasi-¢-asymptotically nonexpansive mappings in Banach
spaces.
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Theorem 3.2 Let C be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E and {T;}ic; : C — C a family of
closed quasi-¢-asymptotically nonecpansive mappings with sequences {k, ;} C
[1,00) such that lim,_,oc kn; = 1. Let f be a bifunction from C x C to R
satisfying (A1)-(A4) such that F = ((;c; F(T3i)) NEP(f) # 0. Assume that
T; is asymptotically reqular on C for each i € I and F is bounded. For each
i€, let {an,;} be a sequence in (0,1) such that iminf, o ap (1 —ay) >0
and {rni} a sequence in [a,00) for some a > 0. Define a sequence {x,,} in C
in the following manner:

xg € C chosen arbitrarily,

Ol,i =C, C = ﬂiel Cl,i, €Tl = Hclxm

Yni = J Yo iJz, + (1 — i) JTNay,),

Un,i € C such that f(uni,y) + 2=y = tnis Juni — Jyni) >0, Vy € C,
Crsri = {2 € Ot (2,tns) < D2, 20) + (1 — int) (kini — 1) L},
Cnt1=Nies Cnt1,

xn+1 = ch+1 1

for every n € N, where J is the normalized duality mapping on E and L, =
sup{d(p, z,) : p € F'} < oo. Then {x,} converges strongly to Ilpx;.

Proof. Following the lines of the proof of Theorem 3.1, we can show that:

(1) F is a nonempty closed convex subset of C' and hence pz; is well
defined for z; € C.

(2) C), is closed and convex for all n € N.

It is obvious that C; = C;; = C is closed and convex for every ¢ € I. Since
the defining inequality in C,,1; is equivalent to the inequality:

2 + (1 - an,i)(kn,i - 1)Qn

for every ¢ € I. This shows that C),41; is closed and convex for every i € I.
So, we have C,41 = ﬂie] Chn+1, is a closed and convex subset of C for all
n > 1. Consequently, Il¢,, , x; is well defined.

(3) Fc C, foralln > 1.

It suffices to show that Vi € I, F' C C,,; for all n > 1. This can be proved
by induction on n. For n =1, we have F' C C = ;. Assume that F' C Cy, ;
for some n > 1. From the induction assumption, (3.2) and the definition of
Cp+1,i, we conclude that F' C C41,; and hence F C C,,; for all n > 1.

(4) limp,—, 00 @@y, 21) exists and {z,} is bounded.

Since x, = I, z1 and xp41 =Il¢, 21 € Chp1 C Cy, we have

2(z, Ja, — Jun,i) < HanQ - ”un,i

n+1

d(Tn,x1) < A(XTpt1,21)
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for all n > 1. We, therefore, obtain that {¢(x,,z1)} is nondecreasing. From
Lemma 2.3, it follows that

d(rp, 1) = (Lo, w1, 21) < d(p, 1) — d(P, T0) < (P, 1)

for all p € F and n > 1. This shows that the sequence {¢(zy,z1)} is bounded.
Therefore, the limit of {¢(x,, 1)} exists and {z,,} is bounded. Moreover, for
each i € I, {yn;} and {u, ;} are bounded.

(5) x, —weC.

By the construction of C),, we know that C,,, C C,, and x,,, = Il z1 € C,,
for any positive integer m > n. Notice that

Qb(xmvxn) = Qﬁ(l'maHCnl'l) S d)(zmaxl) - ¢(chxlazl)
= ¢(Z‘m,$1) - ¢($n,$1).

In view of (4) we deduce that ¢(xy,,z,) — 0 as m, n — oo. It follows from
Lemma 2.5 that ||z, — z,| — 0 as m, n — oo. Hence {z,} is a Cauchy
sequence of C. We have

T, —w € C (n— 00).

(6) By the same method given in Step 6 and Step 7 of the proof of Theorem
3.1 we have w € F.

(7) w = HF:EL

From z,, =Il¢, z1, we get

(xn — 2z, Jx1 — Jxp) >0, Vz € Cp.
Since F' C C,, for all n > 1, we arrive at
(xn —p,Jx1 — Jxpy) >0, Vp € F.

Hence
(w—=p,Jz1 — Jw) >0, Vp € F.

It follows that w = IIpx; by Lemma 2.4. This completes the proof. O

As some corollaries of Theorem 3.1 and Theorem 3.2, we have the following
results immediately.

Corollary 3.3 Let C' be a nonempty, closed and convex subset of a uniformly
convez and uniformly smooth Banach space E andT : C' — C a closed quasi-¢-
asymptotically nonexpansive mapping with sequence {k,} C [1,00) such that
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lim, oo kn = 1. Let f be a bifunction from C x C to R satisfying (Al)-
(A4) such that F = F(T)(\EP(f) # 0. Assume that T is asymptotically
regular on C and F is bounded. Let {ay} be a sequence in (0,1) such that
liminf, o an(l — an) > 0 and {r,} a sequence in [a,c0) for some a > 0.
Define a sequence {x,,} in C in the following manner:

xo € C' chosen arbitrarily,

C1 =0, z1 =l¢g, xo,

Yn = J HapJz, + (1 — ap)JT™x,),

un € C such that f(un,y) + 7=y — tn, Jun — Jyn) >0, Vy € C,
Crr1={2€C:¢(z,up) < P(z,2,) + (1 — ) (kp, — 1)Ly },
Q1=0C,

Qni1 ={2€ Qn : {xy — 2z, Jx1 — Ja,) >0},

Tn+1 = HCn+1 NQn+1T1

for every n > 0, where J is the normalized duality mapping on E and L, =
sup{o(p,x,) : p € F} < 0o. Then {x,} converges strongly to Upx;.

Corollary 3.4 Let C' be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E andT : C — C' a closed quasi-¢-
asymptotically nonexpansive mapping with sequence {k,} C [1,00) such that
lim, oo kn = 1. Let f be a bifunction from C x C to R satisfying (Al)-
(A4) such that F = F(T)(\EP(f) # 0. Assume that T is asymptotically
regular on C and F is bounded. Let {a,} be a sequence in (0,1) such that
liminf, o an(l — an) > 0 and {r,} a sequence in [a,c0) for some a > 0.
Define a sequence {x,,} in C in the following manner:

xo € C' chosen arbitrarily,

C1 =0, z1 =l¢g, xo,

Yn = J HapJz, + (1 — ap)JT™x,),

un € C such that f(un,y) + 7=y — tn, Jun — Jyn) >0, Vy € C,

Crhr1={2€Cy:d(z,un) < o(z,2,) + (1 — a)(kp, — 1)Ly },
xn+1 = ch+1x1

for every n € N, where J is the normalized duality mapping on E and L, =
sup{d(p,x,) : p € F'} < oo. Then {x,} converges strongly to llpx;.

Corollary 3.5 Let C be a nonempty, closed and convexr subset of a Hilbert
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space H and {T;}icr : C — C a family of closed quasi-¢p-asymptotically non-
expansive mappings with sequences {k, ;} C [1,00) such that lim, o ky; = 1.
Let f be a bifunction from C x C to R satisfying (Al)-(A4) such that F =
(Mier F(M))NEP(f) #0. Assume that T; is asymptotically regular on C for
each i € I and F is bounded. For each i € I, let {c,;} be a sequence in (0,1)
such that Uminf, o an (1 — i) > 0 and {r,;} a sequence in [a,o0) for
some a > 0. Define a sequence {x,} in C in the following manner:

xg € C chosen arbitrarily,

Cu =C, C = ﬂiel Cl,ia Tl = Pclxo,

Yn,i = Qn iTn + (1 - an,i)Tinxna

Un,i € C such that f(un;,y) + %{y — Un,i, JUn; — JYn,i) >0, Vy e C,
Crt1: ={2 € C |z —unill < |1z — 2all + (1 — i) (kns — 1) Ln},

Cni1 = Nics Cns1,

Ql = Ca

Qni1 ={z€Qn:{xy—2z,Jx; — Jz,) > 0},

mn+1 = PCn+1ﬂQn+1x1

for every n > 0, where J is the normalized duality mapping on E and L, =
sup{|lp — an|| : p € F} < 0o. Then {z,} converges strongly to Ppx;.

Corollary 3.6 Let C be a nonempty, closed and convexr subset of a Hilbert
space H and {T;};cr : C — C a family of closed quasi-p-asymptotically non-
expansive mappings with sequences {k, ;} C [1,00) such that lim,_,oc kp; = 1.
Let f be a bifunction from C x C to R satisfying (Al)-(A4) such that F =
(Nier F(T)) NEP(f) # 0. Assume that T; is asymptotically regular on C for
each i € I and F is bounded. For each i € I, let {a,,;} be a sequence in (0, 1)

such that iminf, o ay, (1 — ayi) > 0 and {r,;} a sequence in [a,o0) for
some a > 0. Define a sequence {x,} in C in the following manner:

xg € C chosen arbitrarily,

Cri=C, Cr =ie; Criy w1 = Po, o,

Ynyi = Qn iy + (1 — )T @y,

Un,; € C such that f(uni,y) + Tiﬂ_ (Y — Un,isUni — Yni) >0, Vy e C,
Cnt1,i={2€Cn; |z - un,iHQ <z =z |? 4+ (1 - on,i)(kni — 1)L},
Cnt1 = Nicr Cnt1sis

Tny1 = Po, 171

for every n > 0, where J is the normalized duality mapping on E and L,, =
sup{|lp — zn||* : p € F} < 0o. Then {z,} converges strongly to Ppx.
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Remark 3.7 Theorem 3.1 and Theorem 3.2 extend the main results of
[8, 10] from either equilibrium problems and relatively nonexpansive map-
pings or equilibrium problems and quasi-¢-nonexpansive mappings to equi-
librium problems and a countable infinite family of quasi-¢-asymptotically
nonexpansive mappings.
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