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A MODIFIED ITERATIVE PROCESS FOR
COMMON FIXED POINTS OF TWO FINITE
FAMILIES OF NONEXPANSIVE MAPPINGS

Safeer Hussain Khan

Abstract
In this paper, we introduce an iterative process for approximating
common fixed points of two finite families of nonexpansive mappings
in Banach spaces. Our process contains some iterative processes being
used for the purpose. We prove some weak and strong convergence
theorems for this iterative process. Our results generalize and improve
some results in contemporary literature.

1 Introduction

Let K be a nonempty closed convex subset of a real normed linear space F, and
T: K — K a mapping. T is said to be nonexpansive if ||Tx — Ty|| < ||z — y||
for all x,y € K. Throughout this paper, N denotes the set of natural numbers
and J = {1,2,..., N}, the set of first N natural numbers. Denote by F (T)
the set of fixed points of T, that is, F(T) = {# € K : Te = z} and by F
= (NjesF (T;))N(NjesF (S;)), the set of common fixed points of two families
{S; :j € J}and {Tj : j € J}. In what follows we fix zy € K as a starting point
of a process unless stated otherwise, and take {ay},{8,,},{7,} sequences in
(0,1).

Mann iterative process for common fixed points of a finite family of map-
pings {7} : j € J} is as follows:

Ty = QpTp—1 + (1 - aTL)Tern—lv n €N (11)
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where T, = T}, (moa n) and the mod N function takes values in J.
Concerning the common fixed points of the finite family {7} : j € J}, Xu and
Ori [8] introduced the following implicit iterative process:

Tp = pZp-1+ (1 —ap) Thx,, mneN (1.2)

where T}, = T}y (mod N) -
Zhao et al. [9] introduced the following implicit iterative process for the same
purpose.

Tp = nTp_1 + B, TnTn—1+v,Tntn, n€N (1.3)
where Tn = Tn(mod N)-
Plubtieng et al. [5] defined an implicit iterative process for two finite families
of nonexpansive mappings {T; : j € J} and {S; : j € J} as follows:

Tp = QpTp—1 + (]- - an) TnYn, (14)
Yn = Bpxn + (1 —8,) Spzn, n€N

where T;, = Tn(mod N)» Sn = Sn(mod N)-
Our purpose in this paper is to present an iterative process for two finite
families of nonexpansive mappings {S; : j € J} and {Tj : j € J} as follows:

r1 = o1Tg+ ,8151330 + ’Y1T1$17
Ty = oowy + PoSamy + v hwa,
TN = anTy-1+BySNTN_1+YNINTN,
TNy1 = onN1ON + By1SN11ZN F YN 1 TN 1T N1,

which can be written in compact form as:
Tp = WnZn-1 + B,Tn-1+ VpInTn, n €N (1.5)

where T, = T}y (moa Ny and Sy, = Sy (mod N)-

The process (1.5) reduces to (1.3) when S; = T; for all i € J, to the
iterative process (1.2) when S; = I for all ¢+ € J and to the Mann iterative
process (1.1) when T; = I for all 4 € J. Moreover, our process (1.5) is simpler
than (1.4) from computational point of view.

Using process (1.5), we prove some weak and strong convergence theorems
for approximating common fixed points of two finite families of mappings
in a uniformly convex Banach space. We not only extend and improve the
corresponding results of Chidume and Shahzad [2] and Zhao et al.[9] but also
give some other results.
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2 Preliminaries

Let F be a Banach space, K a nonempty closed convex subset of E and
{S;:jeJ}and {T;: j € J} be two finite families of nonexpansive mappings.
Let {z,} be defined by (1.5). Define a mapping W; : K — K by Wiz =
a1xo + 15120 + v, Thx for all x € K where o + 8, + v, = 1. Existence of x;
is guaranteed if Wj has a fixed point. Now for any =,y € K, we have

Wiz — Wy 7 Tz = Thyl|

< il =yl

Since v; < 1,W; is a contraction. By Banach contraction principle, W; has
a unique fixed point. Thus the existence of x; is established. Similarly, the
existence of xg x3,... is established. Thus the iteration process (1.5) is well-
defined.

We also give an example to show that there do exist two families of non-
expansive mappings with a common fixed point.

Example 1. DefineT,, : K - K and S, : K — K as

Tz — 20 +n—1
2n
and )
n“—2r+1
Spr = ———
. 2n2

for all n € N. Then both T, and S, are nonexpansive families and F :=
(NjesF (T3)) N (NjesF (7)) = {3}-

Let K be a nonempty closed subset of a real Banach space E. T : K —
K is said to be semicompact if for any bounded sequence {z,} C K with
limy, o0 |2n — T, || = 0, there exists a subsequence {x,, } of {x,} such that
{a:nj} converges strongly to p € K.

A mapping T : K — K with F(T) # @ is said to satisfy the Condition
(A) [7] if there exists a nondecreasing function f : [0,00) — [0,00) with
f(0)=0,f(t) >0 for all t > 0 such that

l = Ta|| = f(d(z, F(T)))

for all x € K, where d (z, F(T)) = inf {||z — q|| : ¢ € F(T)}.

Two mappings T, S : K — K with F* := F(T)N F(S) # @ are said
to satisfy the Condition (A’) [3] if there exists a nondecreasing function f :
[0,00) — [0,00) with f(0) =0, f (¢) > 0 for all ¢ > 0 such that

either || — Tx| > f (d(x, F")) or ||x — Sz| > f(d(x, F"))
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for all z € K, where d (z, F*) = inf {||z — q|| : ¢ € F*}.

Let {T;:j € J} be a finite family of nonexpansive mappings of K with
nonempty fixed points set F(7;). Then {Tj:j € J} is said to satisfy the
Condition (B) on K [2] if there exists a nondecreasing function f : [0, 00) —
[0,00) with f(0) =0 and f(¢) > 0 for all ¢ > 0 such that

max |z — Tjz|| > f(d(z, F(T})))

for all z € K.

We can modify this definition for two finite families of mappings as fol-
lows. Let {T;:j € J} and {S;:j € J} be two finite families of nonexpan-
sive mappings of K with nonempty fixed points set F'. These families are

said to satisfy Condition (B’) on K if there exists a nondecreasing function
f:]0,00) = [0,00) with f(0) =0 and f (¢) > 0 for all ¢ > 0 such that

cither max [ — Tyl > f (d (v, F)) or max |z — Sz > f (d(x, F))
J€ JE

for all z € K. The Condition (B’) reduces to the Condition (A’) when T7 =
To=..=Ty =T and S; = Sy = ... = Sy = 5, and to the Condition (B)
when §; =Tj for all j € J.

Note that the Condition (A) is weaker than both the semicompactness of the
mapping T : K — K and the compactness of its domain K , see [7]. Thus the
Condition (A’) is weaker than both the semicompactness of the mappings T,
S : K — K and the compactness of their domain K so that Condition (B’) is
weaker than both the semicompactness of {7} : j € J} and {S;:j € J} and
the compactness of their domain K.

Next, we state the following useful lemmas.

Lemma 1. [1, 4] Let E be a uniformly convex Banach space, let K be a
nonempty closed convexr subset of E, and let T : K — K be a nonexpansive
mapping. Then I — T is demiclosed at zero.

Lemma 2. [6] Let E be a uniformly convex Banach space and let a,b be two
constants with 0 < a < b < 1. Suppose that {t,} C [a,b] is a real sequence

and {zp},{yn} are two sequences in E. Then the conditions

lm |[t,2n, + (1 —t,) ynl| = d, limsup||z,| < d, limsup|ly,| <d
n—oo n—oo

n—oo

imply that lim, oo ||@n — ynl| = 0, where d > 0 is a constant.
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3  Main results

3.1 Strong convergence results

Lemma 3. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {Tj :j € J} and {S; : j € J} be two
finite families of nonexpansive mappings on K with nonempty fized points set
F. Let{a,},{B,} and {v,,} be three real sequences satisfying an+p,,+v, = 1,
0<a<anB,, v, <b< 1. From arbitrary o € K, define a sequence {x,}
by (1.5). Then lim, o ||x, — p|| exzists for each p € F.

Proof. Let p € F. Tt follows from (1.5) that

an |21 = pll + By [[Snn—1 = pll + 7y 1 Taen = pl|
an ||[Tn—1 = pll + B, [[tn—1 = Pl + 75 20 — pll
(an + Bn) lzn-1 = pll + 75 lzn — Il -

[zn — pl|

INIA

and this implies that

(1 =) lzn = pll < (en + By) €01 =PIl -

Since 1 —+,, >0 foralln € Nand 1 — v, = a, + §,,, we have
lzn = pll < ll#n- = pll-

By induction, |||z, —pl||| < ||zo — p|| so {||z» —p||} is a bounded increasing
sequence of real numbers. Thus lim,, . ||, — p|| exists for each p € F. This
completes the proof. I

Lemma 4. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {T; : j € J} and {S; : j € J} be two
finite families of nonexpansive mappings on K with nonempty fized points set
F. Let {a,},{B,} and {~,} be three real sequences satisfying cn+5,,+7v, =1,
0<a<ap,fB,, v, <b<1. From arbitrary zo € K, define a sequence {x,} by
(1.5). Then limy o0 ||Tn — Tj2n|| = limy o0 ||zn — Sjzn|| =0 for any j € J.

Proof. First we prove that

lim ||z, — Than| = 0= lim ||z, — Spa,]] (3.1)

Let p € F. Then lim, o |2, — p|| exists by above lemma. Suppose that
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limy, o0 |5 — p| = d. Then

Jim flz, —pl| = lim [lan (21 = p) + By (Snn—1 = D) + 75 (Tnwn = D)
B
_ lim (1 - PYn) 1— N (xn—l 7p) + 1— . (Snzn—l *p)
n—oo
TYn (Tnxn - p)
= d (3.2)

Since Ty, is a nonexpansive mapping for all n, we have || Tz, — p|| < ||z, — p||-
Taking lim sup on both sides of this inequality, we obtain

lim sup || T}z, — p|| < limsup ||z, — p|| = d. (3.3)
n— oo n—oo
Now
lim sup H " (2p_1—p)+ P (SnZn—1 p)H
n—oo |[1—7n 1=,
. Qp ﬂn
< hmsup PR ||xn—1 _pH + Hxn—l _pH
n—oo L1 —"p 1=,
= timsup (Y ) o -] = (3.4
n—00 1-— Yn
By using (3.2), (3.3), (3.4) and Lemma 2, we get
. «
lim - (xn—l - p) + /Bn (Snxn—l - p) - (Tnxn - p) =0.
This means that
lim D a1+ n S xn_1— Tntn
= lim ( ) lan®n—1+ B, SnTn-1— (1 —7,) Tnzs||
n—oo \ 1 — "
= 0.

Since 0 < a <7, <b< 1l wehave 1/(1—a) < 1/(1—7,) < 1/(1-0).
Thus

lim @, — Thz,| = 0. (3.5)
n—r oo
Similarly, we have
Qn Tn .
lim ||z, —p| = lim (1= 5n) 1-8 (@1 —p) + 1-5, (Tnzn = p) =d.
n—oo n—oo

+Bn (Snxnfl —D
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Taking lim sup on both sides of ||S,2,—1 — p|| < ||Zn—1 — pl|, we obtain

limsup ||z, 1 — p|| < limsup ||z, 1 — p|| = d.
n— 00

n— oo
Next,
) oy, Tn
limsup || —— (Zn-1 —p) + Tnwn —
) o, Tn
< limsu Tp—1 —pll + Tn = ]
Mop[l_ﬁnu w9l 2 e ol
. an ,‘YTL
< limsu + Tn—-1—
= limsup||zp—1 — p|
n— o0
= d.

Applying Lemma 2 once again, we have

np, Tn

) lan®n—1 + 3, Tnn — (1= B,) Sntn_1]|

Tnxn - Snxn—l

I
F =
e
VS
‘
=
3

Since 0 < a < B, <b< 1l wehavel/(1—a) <1/(1-5,) <1/(1-0).
Thus,
lim ||, — Spzn—1|| = 0. (3.6)

n— oo

Moreover, we have

(1— o) [6" (SnTn_1—p)+ In (Thxn — p)] —d

li_)m |z — pl| = lim 1—an, 1—a,
n—00 n—o0o tao, (xnfl _p)
and
lim sup P (Spn—1—p)+ Tn (Thzn — D)
n— 00 1—ay, 1—-a,
. B v
< limsup [n [2n—1 = pl| + " [lzn — p||
n—oo 1-—- Ay 1 — Qp
< limsup (m) |zn—1—pll
n—00 1 — Qp

= limsup||z,—1 — p||
n— oo

= d.
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By Lemma 2,

lim H bn SnTn_1 + 1 T ThTp —Tp1

1—a, — Qp

. 1
= nh—>Hc10 (1 — an) ||anxn—1 + ﬁnSnxn—l + VnTnxn - -Tn—lH

Since 0 < a < a, <b< 1l wehave 1/(1—a) <1/(1—-ap) < 1/(1-0).
Thus

lim ||, — 2,-1] = 0. (3.7)
n—oo
Thus
H-Tn - nxn” S ||mn - Snajnfl‘l + ||Sn$n71 - Snxn”
< lwn = Snwpoa|| + |1 — 24|

together with (3.6) and (3.7) implies that
lim ||, — Spa,|| = 0. (3.8)

n—oo

Now we show that, for any j € J,

lim ||z, — Tjz,| =0= lim |z, —Sjz,||.
n—oo n—oQ
From (3.7), we have lim |z, — 2,—1] = 0, so that for any j € J,
n— oo

Timn o — 5| = 0. (3.9)
Since, for any j € J, we have

lzn = Zptj | + 2ntj — Tt j®ntjll + 1 Tntj@ntj — Tntjznll
|zn — xn-‘rj” + ||xn+j - Tn+jxn+j|| + [|on — xn+jH

2|lzn = Tnjll + lent; — Totjznssll (3.10)

it follows from (3.5) and (3.9) that

lzn — n+jxn||

IAIA

nh_{rgo |20 — TntjTall =0

for all j € J. It follows that for any j € J,
lim ||z, — T;z,|| = 0. (3.11)

n—
Replacing T, +; by Sn4; in the inequality (3.10),we get
nh_}n;o |lzn — Sjzn]| =0 (3.12)

for any j € J. I
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Now we prove our strong convergence theorems as follows:

Theorem 1. Let E be a real uniformly conver Banach space and K be
a nonempty closed convex subset of E. Let {T;:j € J} and {S;:j € J} be
two finite families of nonexpansive mappings of K that satisfy the Condition
(B') and F # &. Let {a,} ,{B,}, {7} be three real sequences satisfying o, +
Bn+ v =10 < a < ayB,,7v, <b< 1. Then the iterative process {x,}
defined by (1.5) converges strongly to a common fized point of {T; :j € J}
and {S; :j € J}.

Proof. Let p € F. As proved in Lemma 3, ||z, —p| < ||xn—1 —p| for all
n € N. This implies that

d(xn, F) <d(xp-1,F).

Thus lim,, o0 d (T4, F') exists. Since {7} : j € J} and {9, : j € J} satisfy Con-
dition (B’), therefore

either f (d(zn, F)) < max||z, — Tjz,|| or f(d(zn, F)) < max ||z, — Sjz,] .
j€J j€d

It follows from (3.11) and (3.12) that lim, . f (d (2, F)) = 0. Since f is a
nondecreasing function and f(0) = 0, so it follows that lim,, o d(x,, F)) = 0.
Next, we show that {z,} is a Cauchy sequence in K. Let ¢ > 0 be arbi-
trarily chosen. Since lim, o d(2,, F') = 0, there exists a positive integer ng
such that c
d(zn, F) < 7 Vn > nyg.

In particular, inf{||z,, — p|| : p € F'} < §. Thus there must exist p* € F' such
that

€
Jin, — 7)) < 5.

Now, for all m,n > ng, we have

[Zntm = Zall < |Tntm — 0[] + |20 — 7]
< 2lzn, — 27l
€
< 2 (f) =e.
5 €

Hence {z,} is a Cauchy sequence in a closed subset K of a Banach space F
and so it must converge to a point ¢ in K. Now, lim, o d(z,, F) = 0 gives
that d(g, F') = 0. Thus we have q € F. 1

Although the following is a corollary to our Theorem 1, yet it is new in
itself.
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Theorem 2. Let E be a real uniformly convexr Banach space and K be a
nonempty closed convex subset of E. Let {Tj:j € J} be nonexpansive self-
mappings of K with ﬂ;-vle (T;) # @. Suppose that {T; : j € J} satisfies the
Condition (B). Let {an},{B,},{vn} be three real sequences satisfying o, +
Bpnt+vn =1,0<a < ap,pB,,7, <b< 1. Then the iterative process {x,}
defined by (1.3) converges strongly to a common fized point of the mappings

Proof. Choose S; =T for all j € J in Theorem 1. I

Taking S; = I for all j € J, we have the following corollary which handles
the case of iterative process (1.2).

Corollary 1. (Theorem 3.2,[2]) Let E be a real uniformly convex Banach
space and K be a nonempty closed convex subset of E. Let {I;:j¢€ J}
be nonexpansive self-mappings of K with ﬂ;-V:lF(Tj) # @. Suppose that
{T; : j € J} satisfies the Condition (B). Let {a,} be a real sequence satis-
fying 0 < a < ap, < b < 1. Then the iterative process {x,} defined by (1.2)
converges strongly to a common fized point of the mappings {T; : j € J}.

The results using Mann iterative process (1.1) are covered by the following
corollary by choosing T; = I for all j € J.

Corollary 2. Let E be a real uniformly conver Banach space and K be a
nonempty closed convex subset of E. Let {Tj:j € J} be nonexpansive self-
mappings of K with ﬂévle (T;) # @. Suppose that {T; : j € J} satisfies the
Condition (B). Let {a,} be a real sequence satisfying 0 < a < a,, < b < 1.
Then the Mann iterative process {x,} defined by (1.1) converges strongly to a
common fized point of the mappings {Tj : j € J}.

Note that the Condition (B’) is weaker than both the compactness of
K and the semicompactness of the nonexpansive mappings {7} : j € J} and
{S; :j € J}, therefore we already have the following theorem proved. How-
ever, for the sake of completeness, we include its proof in the following.

Theorem 3. Let E be a real uniformly convexr Banach space and K be a
nonempty closed convex subset of E. Let {Tj :j € J} and {S; : j € J} be two
finite families of nonexpansive mappings of K with nonempty fixed points set
F. Let {an},{B,.} {7V} be three real sequences satisfying o, + B,, +v,, = 1,
0<a<ap,pB,v, <b< 1l Assume that either K is compact or one of the
mappings in each of {T; : j € J} and {S; : j € J} is semicompact. Then the
iterative process {x,} defined by (1.5) converges strongly to a point of F.
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Proof. For any j € J, we first suppose that T; and S; are semicompact. By
(3.11) and (3.12), we have

lim ||z, — Tjz,|| = lim ||z, —S;jz.| =0.
n— oo n—oo

From the semicompactness of T and S;, there exists a subsequence {x,, } of
{n} such that {z,, } converges strongly to a ¢ € K. Using (3.11) and (3.12),
we have

lim me — TanJH =|l¢ — Tjq|| = 0 and Jlglgo me — ijnjH =|l¢g—Sjq| =0

J—00

for all j € J. This implies that ¢ € F. Since lim, H:an —qH = 0 and
lim,, o0 ||Zn — ¢ exists for all ¢ € F by Lemma 3, therefore

lim ||z, —q| =0.
n—oo

Next, assume the compactness of K, then again there exists a subsequence
{xnj} of {x,} such that {an} converges strongly to a ¢ € K and the proof
follows the above lines. 1

Remark 1. In view of simplicity of the iterative process (1.5) as compared
with (1.4), Theorem 1 and Theorem 3 improve Theorem 3.3 and Theorem 3.4
of [5] respectively and generalize the results generalized therein.

3.2 Weak convergence results

Here we give weak convergence theorems for two finite families of nonexpansive
mappings.

Theorem 4. Let E be a real uniformly convexr Banach space which satis-
fies Opial’s condition and K be a nonempty closed convex subset of E. Let
{T;:jeJ} and {S;:j € J} be two finite families of nonexpansive mappings
of K with nonempty fized points set F. Let {an},{B8,},{v.} be three real
sequences satisfying an + B, +7v, =1, 0 < a < ayp, B,,,7, < b < 1. Then the
iterative process {x,} defined by (1.5) converges weakly to a q € F.

Proof. Let x* € F. Then, as proved in Lemma 3, lim, . ||z, — 2*| exists.
We prove that {z,} has a unique weak subsequential limit in F. Since {z,}
is bounded sequence in a uniformly convex Banach space F, there exist two
convergent subsequences {x,, } and {x,;} of {z,}. Let 2; € K and 2, € K be
weak limits of the subsequences {z,,} and {z,,} respectively. By Lemma 4,
lim, o0 ||zn — Sjz, || = 0 and for every j, I —.S; is demiclosed with respect to
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zero by Lemma 1, so we obtain S;z; = 2; for every j. Similarly, Tjz; = 2; for
every j. Again, in the same way, we can prove that zo € F.

Next, we prove the uniqueness. For this, suppose that z; # zo. Then, by
the Opial’s condition, we have

lim ||z, — z1]| = lim ||z, — 2]
n—oo n; —00

N

lim ||z, — 22|
n;—00

= lim |z, — 22|
n— o0

lim |2, — 22|
’I’Lj*)OO

A

lim ||z, — 2|
TLJ'—>OO

= lim ||z, — 21],
n— oo
which is a contradiction. Hence {z,,} converges weakly to a point in F. I

As in the strong convergence case, although the following is a corollary to
Theorem 4, yet it is new in itself.

Theorem 5. Let E be a real uniformly convex Banach space which satis-

fies Opial’s condition and K be a nonempty closed convex subset of E. Let

{T} : j € J} be a finite family of nonexpansive mappings of K with ﬁ;»vle (T;) #
&. Let {an},{B,,},{v.} be three real sequences satisfying a, + B,, + v, = 1,

0<a<anfB,, v, <b< 1. Then the iterative process {x,} defined by (1.3)

converges weakly to a q € ﬂé\’:lF (Tj).

We can compare this theorem with Theorem 2.3 of Zhao et al. [9]. Basically
Zhao et al. proved the following.

Theorem 6. (Theorem 2.3, [9]) Let E be a real uniformly convex Banach
space which satisfies Opial’s condition and K be a nonempty closed convex
subset of E. Let {T; : j € J} be a finite family of nonexpansive mappings of
K with N} F (Tj) # @. Let {an},{B,},{vn} be three real sequences in [0, 1]
satisfying o+ 6, +7v, =1,0<a <7y, <b<1la,—0B, >c>0, wherea,b,c
are some constants. Then the iterative process {x,} defined by (1.3) converges
weakly to a q € ﬂé—vle (T5).

Note that Zhao et al. imposed the condition «,, — 3,, > ¢ > 0 which forces
o, to be greater than 3, whereas we do not impose any such condition on the
parameters ay,, 3,, in our Theorem 5.

We also have the following corollaries.
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Corollary 3. Let E be a real uniformly convexr Banach space which satis-
fies Opial’s condition and K be a nonempty closed convex subset of E. Let
{T; : j € J} be a finite family of nonexpansive mappings of K with ﬂ;-vle (T;) #
@. Let {an} be a real sequence satisfying 0 < a < a,, < b < 1. Then the
iterative process {x,} defined by (1.2) converges weakly to a q € ﬁ;-V:IF (Tj).

Corollary 4. Let E be a real uniformly convexr Banach space which satis-
fies Opial’s condition and K be a nonempty closed convex subset of E. Let
{T; : j € J} be a finite family of nonexpansive mappings of K with ﬁ;-vle (T;) #
&. Let {a,} be a real sequence satisfying 0 < a < o, < b < 1. Then the
iterative process {x,} defined by (1.1) converges weakly to a q € ﬂévle (Tj).

Remark 2. Theorem 4 improves Theorem 3.8 of [5] in view of simplicity of
the iterative process (1.5) as compared with (1.4).
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