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A HAHN-BANACH TYPE
GENERALIZATION OF THE HYERS-ULAM
THEOREM

Tamas Glavosits and Arpéd Szaz

Abstract
Having in mind a generalization of the classical Hahn-Banach exten-
sion theorem, we give a simple generalization of the classical Hyers—Ulam
stability theorem.

In 1941, giving a partial answer to a general question of S.M. Ulam, Hyers
[13] proved a Banach space particular case of the subsequent stability theorem.
(For some relevant generalizations, see [24], [33], [3], [20], [1] and [30].)

Hyers’s theorem was the starting point of an extensive theory of the sta-
bility of functional equations and inequalities. (For a rapid overview on the
subject, the reader may be referred to the pioneering book of Hyers, Isac and
Rassias [14].)

Theorem 0.1. If f is an e—approzimately additive function of a commutative
semigroup U to a Banach space X, for some € > 0, in the sense that

[f(ut0v) = flu) = flo)| <e

for all u,v € U, then there ezists an additive function g of U to X which is
e—near to f in the sense that

If(w) = g(w)]| < e
forallueU.
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Remark 0.2. At an international conference on functional equations,
M. Laczkovich informed (see Ger [10, p. 4]) that the U = N, X = R and
¢ = 1 particular case of the above generalized Hyers’s theorem was already
proved by Pélya and Szegd [22, Aufgabe 99, p.17] in 1925.

Moreover, he also noted that the real-valued particular case of Hyers’s
theorem can be easily derived from the result of the above mentioned authors.
Thus, Hyers’s theorem is essentially equivalent to that of Pélya and Szegd by
the observations of Székelyhidi [34] and Gajda [6].

The following generalization of the classical Hahn—Banach extension the-
orem is a particular case [4, Corollary 1.3] of Fuchssteiner. (For some more
readable treatments, see [5, 1.3.2.Theorem| and [31, Theorem 3.3].)

Theorem 0.3. If p is a subadditive function of a commutative semigroup U
to R and ¢ is an additive function of a subsemigroup V of U to R such that:

1. p(v) <p(v) for allv e V;

2. o(u+v) <pu)+¢) forallu e U andv € V withu+v e V;

then ¢ can be extended to an additive function ¥ of U to R such that ¢(u) <
p(u) for allu e U.

Remark 0.4. To see the necessity of condition (2), note that if ¢ is as above,
then

pu+v) =¢(u+v) =) + ) <plu) +p(v)
forallue U andveV withu+veV.

Now, to have a close analogue of Theorem 0.3, we shall prove a partial
generalization of Theorem 0.1. For this, in addition to Theorem 0.1, we shall
also need the following

Lemma 0.5. If f is a function of a semigroup U to a normed space X and
w is a function of a subsemigroup V of U to X such that

1. ¢ is 2-homogeneous in the sense that ¢(2v) = 2¢(v) for all v € V;

2. ¢ is e-near to f, for some e > 0, in the sense that || f(v) — p(v)| < e
forallveV;

then )
e(v) = lim —f(2"v)

n—oo 27

forallveV.
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Proof. From (1), by induction, we can easily infer that 2"v € V and

p(2"v) = 2"¢p(v)
for all v € V and n € N. Now, by using (2), we can also see that
‘ 1

2 F20) = o0 = 52 17@M) — e )| < 5

for all v € V and n € N. Hence, since lim 27" = 0, we can already infer that
n—oo

lim H%f@"v) — go(v)H =0

n—oo

for all v € V. Therefore, the required assertion is also true. O

Theorem 0.6. If f is an e—approzimately additive function of a commutative
semigroup U to a Banach space X, for some € > 0, and ¢ is a 2-homogeneous
function of a subsemigroup V of U to X which is §—near to f, for some d > 0,
then ¢ can be extended to an additive function i of U to X which is e—near

to f.

Proof. Now, by Theorem 0.1, we can state that there exists an additive func-
tion ¥ of U to X which is e—near to f. Moreover, because of the additivity of
1, we can also state that 1 is 2-homogeneous. Furthermore, by using Lemma
0.5, we can see that
1
= lim — f(2"
plv) = lim o= f(2"0)

for all v € V and )
Y(u) = lim o f(2")

n—oo 21

for all w € U. Therefore, (v) = p(v) also holds for all v € V. O

Remark 0.7. To see that the above theorem is more general than that of Hyers,
note that if in particular U has a zero element 0, then

£ O = 11£(0+0) = £(0) = f(O)l <e.

Thus, ¢ = {(0,0)} is an additive function of the subgroup {0} of U to X such
that ¢ is e-near to f. Therefore, by the Theorem 0.6, there exists an additive
function ¥ of U to X which is e—near to f.

Moreover, we can note that if p and ¢ are as in Theorem 0.3, then by
defining a relation F' of U to R such that

F(u) =] = 00, p(u)]
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for all u € U, we can see that ¢(v) € F(v) for allv € V.
While, if f and ¢ are as in Theorem 0.6, then by defining a relation F' of
U to X such that

F(u) = f(u) + Bs(0),  with  Bs(0)={z € X: |lz| <0},

for all u € U, we can again see that p(v) € F(v) for all v € V.

Therefore, the essence of Theorems 0.3 and 0.6 is nothing else but the
observation that an additive partial selection function ¢ of a certain relation
F of U to R and X, respectively, can be extended to an additive total selection
function of ¥ of F.

The corresponding fact in connection with the Hahn-Banach extension
theorem was already recognized by Rodriguez-Salinas and Bou [25]. (For some
further developments, see [15], [9], [27], [28] and [11].)

Moreover, Smajdor [26] and Gajda and Ger [7] observed that the essence
of the Hyers—Ulam stability theorem is the existence of an additive selection
function of a certain relation. (For some further developments, see [23], [2]
and [29].)
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References

[1] R. Badora, On the Hahn-Banach theorem for groups, Arch. Math., 86
(2006), 517-528.

[2] R. Badora, R. Ger and Zs. Péles, Additive selections and the stability of
the Cauchy functional equation, ANZIAM J., 44 (2003), 323-337.

[3] G.L. Forti, The stability of homomorphisms and amenability, with ap-
plications to functional equations, Abh. Math. Sem. Univ. Hamburg, 57
(1987), 215-226.

[4] B. Fuchssteiner, Sandwich theorems and lattice semigroups, J. Funct.

Anal., 16 (1974), 1-14.

[5] B. Fuchssteiner and W. Lusky, Convex Cones, North-Holland, New York,
1981.

[6] Z. Gajda, On stability of the Cauchy equation on semigroups, Aequationes
Math., 36 (1988), 76-79.

[7] Z. Gajda and R. Ger, Subadditive multifunctions and Hyers—Ulam stabil-
ity, In: W. Walter (Ed.), General Inequalities 5, Internat. Ser. Numer.
Math. (Birkh&user, Basel), 80 (1987), 281-291.



A HAHN-BANACH TYPE GENERALIZATION OF THE HYERS-ULAM THEOREM

8]
[9]

[10]

[11]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Z. Gajda and Z. Kominek, On separation theorems for subadditive and
superadditive functionals, Studia Math., 100 (1991), 25-38.

Z. Gajda, A. Smajdor and W. Smajdor, A theorem of the Hahn—Banach
type and its applications, Ann. Polon. Math., 57 (1992), 243-252.

R. Ger, A survey of recent results on stability of functional equations,
Proceedings of the 4th International Conference on Functional Equations
and Inequalities, Pedagogical University of Cracow, 1994, 5-36.

T. Glavosits and A. Szdz, Construction and extensions of free and con-
trolled additive relations, Tech. Rep., Inst. Math., Univ. Debrecen, 1
(2010), 1-49.

G. Godini, Set-valued Cauchy functional equation, Rev. Roumaine Math.
Pures Appl., 20 (1975), 1113-1121.

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat.
Acad. Sci. U.S.A, 27 (1941), 222-224.

D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations
in Several Variables, Birkhauser, Boston, 1998.

A.D. Toffe, A new proof of the equivalence of the Hahn-Banach extension
and the least upper bound properties, Proc. Amer. Math. Soc., 82 (1981),
385-389.

R. Kaufman, Eztension of functionals and inequalities on an abelian semi-
group, Proc. Amer. Math. Soc., 17 (1966), 83-85.

P. Kranz, Additive functionals on abelian semigroups, Comment. Math.
Prace Mat., 16 (1972), 239-246.

K. Nikodem, Additive selections of additive set-valued functions, Univ. u
Novom Sadu, Zb. Rad. Prirod.-Mat. Fak., Ser. Mat., 18 (1988), 143-148.

K. Nikodem, Zs. Péles and Sz. Wasowicz, Abstract separation theorems of
Rodé type and their applications, Ann. Polon. Math, 72 (1999), 207-217.

Zs. Pales, Generalized stability of the Cauchy functional equations, Ae-
quationes Math., 56 (1998), 222-232.

Zs. Pales and L. Székelyhidi, On approzximate sandwich and decomposition
theorems, Ann. Univ. Sci. Budapest. Sect. Comput., 23 (2004), 59-70.

Gy. Pélya and G. Szegd, Aufgaben und Lehrsditze aus der Analysis I,
Verlag von Julius Springer, Berlin, 1925.



144

TAMAS GLAVOSITS AND ARPAD SzAz

[23]

[24]

[25]

[28]

[29]

[30]

[31]

[32]

[33]
[34]

D. Popa, Additive selections of («, §)—subadditive set valued maps, Glas-
nik Mat., 36 (2001), 11-16.

J. Rétz, On approximately additive mappings, In: E.F. Beckenbach
(Ed.), General Inequalities 2 (Oberwolfach, 1978), Int. Ser. Num. Math.
(Birkh&user, Basel), 47 (1980), 233-251.

B. Rodriguez-Salinas and L. Bou, A Hahn-Banach theorem for arbitrary
vector spaces, Boll. Un. Mat. Ital., 10 (1974), 390-393.

W. Smajdor, Subadditive set-valued functions, Glasnik Mat., 21 (1986),
343-348.

W. Smajdor and J. Szczawiniska, A theorem of the Hahn—Banach type,
Demonstratio Math., 28 (1995), 155-160.

A. Szaz, The intersection convolution of relations and the Hahn—Banach
type theorems, Ann. Polon. Math., 69 (1998), 235-249.

A. Széz, An extension of an additive selection theorem of Z. Gajda and
R. Ger, Tech. Rep., Inst. Math., Univ. Debrecen, 8 (2006), 1-24.

A. Szdz, An instructive treatment of a generalization of Hyers’s stabil-
ity theorem, In: Th.M. Rassias and D. Andrica (Eds.), Inequalities and
Applications, Cluj University Press, Romania, 2008, 245-271.

A. Szaz, The infimal convolution can be used to derive extension theorems
from the sandwich ones, Acta Sci. Math. (Szeged), 76 (2010), 489-499.

A. Szaz and G. Széz, Additive relations, Publ. Math. Debrecen, 20 (1973),
259-172.

L. Székelyhidi, Remark 17, Aequationes Math., 29 (1985), 95-96.

L. Székelyhidi, Note on Hyers’s theorem, C.R. Math. Rep. Acad. Sci.
Canada, 8 (1986), 127-129.

Department of Mathematics,
Dumlupimar University, Kiitahya Turkey
ekinci@dumlupinar.edu.tr

Department of Mathematics,
Dumlupinar University, Kiitahya Turkey
ckeskin@dumlupinar.edu.tr



