An. St. Univ. Ovidius Constanta Vol. 18(2), 2010, 315-336

SCREEN TRANSVERSAL LIGHTLIKE
SUBMANIFOLDS OF INDEFINITE
SASAKIAN MANIFOLDS

Cumali Yildirim, Bayram Sahin

Abstract

We introduce screen transversal lightlike submanifolds of indefinite
almost contact manifolds and show that such submanifolds contain light-
like real curves. We give examples, investigate the geometry of distribu-
tions and obtain necessary and sufficient conditions for the induced con-
nection on these submanifolds to be metric connection. We also check
the existence of screen transversal lightlike submanifolds in indefinite
Sasakian manifolds.

1. Introduction

A submanifold M of a semi-Riemannian manifold M is called lightlike (de-
generate) submanifold if the induced metric on M is degenerate. Lightlike
submanifolds of a semi-Riemannian manifold have been studied by Duggal-
Bejancu and Kupeli in [3] and [11], respectively. Kupeli’s approach is intrinsic
while Duggal-Bejancu’s approach is extrinsic. Lightlike submanifolds have
their applications in mathematical physics. Indeed, lightlike submanifolds ap-
pear in general relativity as some smooth parts of event horizons of the Kruskal
and Kerr black holes [9)].
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Lightlike submanifolds of indefinite Sasakian manifolds are defined accord-
ing to the behaviour of the almost contact structure of indefinite Sasakian
manifolds and such submanifolds were studied by Duggal-Sahin in [7]. They
defined and studied, invariant, screen real, contact CR-lightlike and screen
CR-lightlike submanifolds of indefinite Sasakian manifolds. Later on, Duggal
and Sahin studied contact generalized CR-lightlike submanifolds of indefinite
Sasakian manifolds [8].

It is known that a real curve of a Sasakian manifold is an example of
contact anti-invariant submanifold. One can see that invariant, screen real,
CR-lightlike, screen CR-lightlike and transversal lightlike submanifolds of in-
definite Sasakian manifolds do not include real lightlike curves (also see [3],
[5], [6], [12], [14] for lightlike submanifolds of indefinite Kaehlerian manifolds).
Lightlike real curves have many applications in mathematical physics. For
instance, a null(lightlike) geodesic curve represents the path of a photon in
general relativity.

All these submanifolds of indefinite Sasakian manifolds we mentioned above
have invariant radical distribution on their tangent bundles i.e ¢(RadT M) C
T M, where ¢ is the almost contact structure of indefinite Sasakian manifold,
RadT M is the radical distribution and 7'M is the tangent bundle. The above
property is also valid for lightlike hypersurfaces [10] which are examples of con-
tact CR-lightlike submanifolds of indefinite Sasakian manifolds. Therefore, In
[16], we studied transversal lightlike submanifolds of indefinite Sasakian man-
ifolds. More precisely, a lightlike submanifold of an indefinite Sasakian mani-
fold is called transversal if ¢(RadT M) = ltr(TM). In this paper we introduce
screen transversal lightlike submanifolds of indefinite Sasakian manifolds as a
generalization of lightlike real curves and study the geometry of such subman-
ifolds.

The paper is organized as follows: In section 2, we give basic informa-
tion needed for this paper. In section 3, we introduce screen transversal
lightlike submanifolds, then we define its subclasses(radical screen transver-
sal, screen transversal anti-invariant lightlike submanifolds) and show that
isotropic screen transversal lightlike submanifolds contain real lightlike curves.
In section 4, we obtain a characterization of screen transversal anti-invariant
lightlike submanifolds. We give an example of such submanifolds, investigate
the geometry of distributions and obtain necessary and sufficient condition
for induced connection to be a metric connection. In section 5, we study
radical screen transversal lightlike submanifolds and find the integrability of
distributions. We give example, investigate the existence(or non-existence) of
transversal lightlike submanifolds in an indefinite Sasakian space form. We
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obtain integrability conditions of distributions and give geometric conditions
for the induced connection to be metric connection. In section 6, we give a
characterization for an isotropic screen transversal lightlike submanifold.

2. Preliminaries

A submanifold M™ immersed in a semi-Riemannian manifold (M™**, g)
is called a lightlike submanifold if it admits a degenerate metric ¢ induced
from g whose radical distribution Rad(T'M) is of rank r, where 1 < r < m.
Rad(TM) =TM NTM*, where

TM* = Upen{u € Ty M/g(u,v) =0, Vv € T, M}.

Let S(T'M) be a screen distribution which is a semi-Riemannian complemen-
tary distribution of Rad(TM) in TM, i.e., TM = Rad (TM) L S(TM).

We consider a screen transversal vector bundle S(T'M~1), which is a semi-
Riemannian complementary vector bundle of Rad(TM) in TM~. Since, for
any local basis {{;} of Rad(T'M), there exists a local frame {NN;} of sections
with values in the orthogonal complement of S(T M=) in [S(TM)]* such that
g(&,N;) = 0;; and g(IV;,N;) = 0, it follows that there exists a lightlike
transversal vector bundle l¢r(T'M) locally spanned by {NV;} [3, page 144].
Let tr(TM) be complementary (but not orthogonal) vector bundle to TM in
TM|]\/[. Then

tr(TM) = Itr(TM) L S(TM%'),
TM|y = S(TM) L [Rad(TM) @ itr(TM)] L S(TM™).
Although S(T'M) is not unique, it is canonically isomorphic to the factor

vector bundle TM/RadTM [11]. The following result is important to this
paper.

Proposition 2.1. [3, page 157]. The lightlike second fundamental forms
of a lightlike submanifold M do not depend on S(T M), S(TM*) and itr(TM).

We say that a submanifold (M, g, S(TM),S(TM>1)) of M is

Case 1:  r-lightlike if r < min{m, k};

Case 2: Co-isotropic if r = k < m; S(TM*) = {0};

Case 3: Isotropicif r = m < k; S(TM) = {0};

Case 4: Totally lightlike if r = m = k; S(T'M) = {0} = S(TM™).

The Gauss and Weingarten equations are:
VxY = VxY+h(X,)Y), VX,YeD(TM), (2.1)
VxV = —AyX+VLV, VX e(TM),V eT(tr(TM)), (2.2)
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where {VxY, Ay X} and {h(X,Y), Vi V} belong to T'(T'M) and I'(tr(TM)),
respectively. V and V! are linear connections on M and on the vector bundle
tr(TM), respectively. Moreover, we have

VxY = VxY+h(X,Y)+h(X,Y), VX,Y €I(TM), (2.3)
VxN = —ANX+VY(N)+D*(X,N), N eT(itr(TM)), (2.4)
VxW = —AwX +V5(W)+DY(X,W), W eTl(S(TM1Y)). (2.5)

Denote the projection of TM on S(TM) by P. Then, by using (2.1), (2.3)-
(2.5) and a metric connection V, we obtain

g (X,Y),W) + g(Y,D'(X,W)) = g(AwX,Y), (2.6)
G(D*(X,N),W) = g(N,AwX). (2.7)

From the decomposition of the tangent bundle of a lightlike submanifold, we
have

VxPY = V%PY +h*(X,PY), (2.8)
V€ —AIX + VRE,

for X, Y e I'(T'M) and ¢ € I'(RadT M). By using above equations, we obtain

g(h' (X, PY),6) = g(A;X,PY), (2.10)
g(h*(X,PY),N) = g(AxX,PY), (2.11)
g(h'(X,6),6) =0 , Ag=0. (2.12)

In general, the induced connection V on M is not a metric connection.
Since V is a metric connection, by using (2.3) we get

(Vxg)(Y. Z) = g(h(X,Y), Z) + g(h'(X, Z),Y). (2.13)

However, it is important to note that V* is a metric connection on S(T'M).
We recall that the Gauss equation of lightlike submanifolds is given by

R(X,Y)Z = R(X,Y)Z+ Apix,2)Y — Ay, X + Apx,2)Y
—Aps (v, )X + (Vxh)(Y, Z) = (Vyh!)(X, 2) (2.14)
LDUX, BV, 2)) — DY, (X, 7)) + (V) (Y, 2)
—(Vyh*) (X, Z) + D*(X,h'(Y, Z)) — D*(Y,h'(X, Z))

for VX,Y, Z € T(TM).
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Finally, we recall some basic definitions and results of indefinite Sasakian
manifolds. An odd dimensional semi-Riemannian manifold (M, g) is called a
contact metric manifold [2] if there is a (1, 1) tensor field ¢, a vector field V,
called the characteristic vector field and its 1-form n such that

90X, 0Y) = g(X,Y)—en(X)n(Y), g(V,V) =¢ (2.15)
$*(X) = —X+9(X)V, §(X,V)=en(X) (2.16)
An(X,Y) = §(X,¢Y), VXY eD(TM), e==+l. (2.17)

It follows that

oV = 0 (2.18)
no¢ = 0, n(V)=1. (2.19)

Then (¢, V, 1, §) is called contact metric structure of M. We say that M has
a normal contact structure if Ny + dn ® V = 0, where Ny is the Nijenhuis
tensor field of ¢ [15]. A normal contact metric manifold is called a Sasakian
manifold [15, 14] for which we have

VxV = —¢X, (2.20)
(Vxp)Y = G(X,Y)V —en(¥)X. (2.21)

3. Screen Transversal Lightlike Submanifolds

In this section, we introduce screen transversal, radical screen transver-

sal and screen transversal anti-invariant lightlike submanifolds of indefinite
Sasakian manifolds.
Lemma 3.1 Let M be an r-lightlike submanifold of an indefinite Sasakian
manifold M. Suppose that ¢ RadT M is a vector subbundle of S(TM+*). Then,
@ltr(TM) is also vector subbundle of the screen transversal bundle S(TM™).
Moreover, ¢ RadT M N ¢ltr(TM) = {0}.

Proof. Let us assume that {tr(TM) is invariant with respect to ¢, i.e.,
¢(ltr(TM)) = ltr(TM). By definition of a lightlike submanifold, there exist
vector fields ¢ € I'(RadT'M) and N € I'(ltr(T'M)) such that g(¢,N) = 1.
Also, from (2.15) we get

g(&, N) = g(¢¢&, ¢N) = 1.

However, if ¢ N € T'(itr(TM)) then by hypothesis, we get g(¢&, oN) = 0.
Hence, we obtain a contradiction which implies that ¢/Ndoes not belong to
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ltr(TM). Now, suppose that ¢N € T'(S(T'M)). Then, in a similar way, from
(2.15) we have
1=g(&N) =g(¢€,¢N) =0

since ¢¢ € T(S(TM*1)) and ¢N € T'(S(TM)). Thus, ¢N does not belong
to S(T'M). We can also obtain that ¢ N does not belong to RadT'M. Then,
from the decomposition of a lightlike submanifold, we conclude that ¢N €
['(S(TM™)). Now, suppose that there exist a vector field X € T'(¢RadT M N
@ltr(TM)). Then, from (2.15) we get

0#g(¢X,N) = —3(X,pN) =0
which is a contradiction. Thus, we get

¢RadT M N ¢ltrTM = {0}.

Lemma 3.1. enables us to give the following definition.

Definition 3.1. Let M be an r-lightlike submanifold of an indefinite Sasakian
manifold M. Then, we say that M is a screen transversal lightlike submanifold
of M if there exists a screen transversal bundle S(T M) such that

¢RadTM C S(TM™).

From the above definition and Lemma 3.1, it follows that ¢ltr(TM) C
S(TM™*).
Definition 3.2. Let M be screen transversal lightlike submanifold of an
indefinite Sasakian manifold M. Then:

1) We say that M is a radical screen transversal lightlike submanifold if
S(TM) is invariant with respect to ¢.

2) Wesay that M is a screen transversal anti-invariant lightlike submanifold
of M if S(TM) is screen transversal with respect to ¢;

o(S(TM)) C S(TM™*).

From Definition 3.2, if M is screen transversal anti-invariant lightlike sub-
manifold, we have

S(TM*) = ¢RadTM & ¢ltrTM L$S(TM)LD,,
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where D, is a non-degenerate orthogonal complementary distribution to
dRadT M & pltrTM 1L pS(T M)

in S(TM). For the distribution D,,, we have the following.

Proposition 3.1. Let M be a screen transversal anti-invariant lightlike sub-
manifold of an indefinite Sasakian manifold M. Then, the distribution D, is
invariant with respect to ¢.

If M is an isotropic screen transversal lightlike submanifold of an indefinite
Sasakian manifold, from Definition 3.2 and Lemma 3.1, we have the following
decomposition:

TM = RadT M

and
TM = {TM @ ltrTM} L{¢pRadT M & ¢ltrTM _LD,}.

In this paper, we assume that the characteristic vector field V' is a spacelike
vector field. If V' is a timelike vector field then one can obtain similar results.
But it is known that V' can not be lightlike[2].

From Definition 3.1, we have the following result:
Proposition 3.2. There exist no co-isotropic or totally lightlike screen transver-
sal lightlike submanifolds of a indefinite Sasakian manifold M.

Next result implies that there are many examples of isotropic screen transver-
sal submanifolds.

Proposition 3.3. A real lightlike curve M of an indefinite Sasakian manifold
M is an isotropic screen transversal lightlike submanifold.

Proof. Since M is a real lightlike curve, we have
TM = RadTM = span{¢},

where £ is the tangent vector to M. Then, from (2.15) we have g(¢€,£) = 0
which implies that ¢ does not belong to ltr(TM). Since dim(TM) = 1, ¢
and & are linearly indepent ¢& does not belong to TM. Hence, we conclude
that ¢¢ € T(S(TM*1)). In a similar way, from (2.15) we get g(¢pN,N) = 0
which shows that ¢/N does not belong to RadT M. Also, we have

g(¢N,§) = —g(N,¢€) =0
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due to ¢¢ € T(S(TM+)). This implies that ¢N does not belong to ltr(TM).
Hence, N € ['(S(TM+)). Moreover, from (2.15) we get

g(oN,¢¢) = g(N,§) = 1.
Thus, we conclude that S(T M) is expressed as follows:
S(TM*) = ¢RadT M @ ¢pltrTM LD,,

where D, is a non-degenerate distribution. Thus, the proof is complete.
4. Screen Transversal Anti-Invariant Lightlike Submanifolds

In this section, we study screen transversal anti-invariant lightlike submani-
folds of an indefinite Sasakian manifold. We give an example, investigate the
geometry of distributions and obtain necessary and sufficient conditions for
the induced connection on this submanifold to be metric connection.

Let M be a screen transversal anti-invariant lightlike submanifold of an
indefinite Sasakian manifold M. Let Ty, T», T3 and Ty be the projection
morphisms on ¢RadT M, ¢pS(TM), ¢ltrTM and D,, respectively. Then, for
V e T(S(TM™)) we have

On the other hand, for V € T'(S(TM*')) we write
¢V =BV +CV, (4.2)

where BV and C'V are tangential and transversal parts of ¢V. Then applying
¢ to (4.1), we get

OV = $T1V + ¢ToV + $T5V + ¢T,V. (4.3)
From (4.2) and (4.3), we can write
BV = ¢T1V + ¢ToV,CV = ¢TsV + ¢T4V.

Then, if we put ¢T7 = By, ¢Ts = By, ¢T3 = C1 and ¢Ty = Cs, we can rewrite
(4.3) as follows:
OV = BV + BV + C1V + C5V (4.4)

where B,V € T'(RadT M), BV € T(S(TM)), C1V € T(itrTM) and C5V €
I'(D,).
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A plane section p in T, M of a Sasakian manifold M is called a ¢-section
if it is spanned by a unit vector X orthogonal to V and ¢ X, where X is a
non-null vector field on M. The sectional curvature K (p) with respect to p
determined by X is called a ¢-sectional curvature. If M has a ¢-sectional
curvature ¢ which does not depend on the ¢-section at each point, then c is
constant in M. Then, M is called a Sasakian space form, denoted by M(c).
The curvature tensor R of a Sasakian space form M (c) is given by [10]

rxvz = N gvnx g oy  aomay
(Y (2K + X, 2 )V~ 3, Zpn(X)V

+9(0Y, 2)0 X +g(0 Z, X)oY —25(¢ X, Y)p Z}  (4.5)

—

c+3)

for any X, Y and Z vector fields on M.

Theorem 4.1. Let M be a lightlike submanifold of an indefinite Sasakian
space form M(c), ¢ # 0 such that ¢RadTM C S(TM*). Then M is a
screen transversal anti-invariant lightlike submanifold if and only if forVX,Y €
I(S(TM)), £ e T(RadTM) and N € T'(ltrTM)

G(R(X,Y)E ¢N) = 0.

Proof. Since pRadTM C S(TM*), from Lemma 3.1, we have ¢ltrTM C
S(TM™). From (2.15)

which imply that ¢S(T'M) N RadTM = {0} and ¢S(TM)NlirTM = {0}. In
a similar way, we have

g(@X,05) = g(X,§)=0
9(¢X,¢N) = g(X,N)=0 (4.7)

which imply that ¢S(T'M) N ¢RadT'M = {0} and ¢S(T'M) N ¢lerTM = {0}.
On the other hand, from (4.5), we have

1—c

g(R(X,Y)s,¢N) = 9(@X,Y)g(d, ¢N). (4.8)
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From (2.15), g(R(X,Y)¢, ¢N) = 0 if and only if (¢ X, Y) = 0, i.e., pS(T M) LS(TM).
Thus, since
pS(TM)nNS(TM) = {0}
@S(TM)NitrTM = {0}
#»S(TM) N RadT' M = {0},

G(R(X,Y)¢,¢N) = 0 if and only if
¢S(TM) C S(TM™).
Thus the proof is complete.

From now on, (RZ™*!, ¢, V, 7, g) will denote the manifold RZ™*! with its

usual Sasakian structure given by

m . .
(dz — Zyzdacz), V =20z

i=1
_ 1 : i i i i S i i i i
Jg=n®en + Z(—;dm ®dx' + dy' @ dy* + ‘Zrldx ®dz' + dy' @ dy*)

= i=q

1
2

¢o() (Xi0a' + Yi0y)+Z0z)=) (Yida' —X;0y")+ ) Yiy' 0z

i=1 i=1 i=1
where (2%;y'; z) are the Cartesian coordinates. Above construction will help

in understanding how the contact structure is recovered in next two examples.

Example 1. Let M = (R9,g) be a semi-Euclidean space, where g is of
signature (—, +, +,+, —, +, +, +, +) with respect to canonical basis

{8x1,6x2,8x378x4, aylvay27ay37 ay47 82:}

Suppose M is a submanifold of R defined by

xl = cosuy, x? = up, x® = sinug, 2 =0

yt = —sinug,y? =0,y° = — cosug, y* = us.
It is easy to see that a local frame of T'M is given by
Zy = 2(—sinu1dz +0xe —cosu0yr + (— sinuyt + y2)8, 2)

Zy = 2(cosug0xs + sinuydys + 0y + cosugy>0 z)
Zs = V=202
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Thus, M is a 1-lightlike submanifold with RadT M = span{Z;} and the light-
like transversal bundle l¢r(T'M) is spanned by

N = 2(sinu;0 1 — cosudy; + sinuyy'a, 2).

Also, the screen transversal bundle S(T'M*1) is spanned by

Wi = 2(—cosuidxy +sinuidy; — Oya — cos uy'o, 2)

Wy = 2(cosuidxy +sinudy; + cosuiy'dz)

Wi = 2(sinugdxs + 0xy — cosusdys + (sinugy® + )0, 2)
Wy, = 2(cosug0zs + sinugdys — 9, ys + cos u2y>0 2)

Ws = 2(sinugdxs — 0,14 — cosudys + (sinugy® — y*)d 2).

Then it is easy to see that ¢Z7 = Wy, ¢N = Wy, ¢Zs = W3 and oWy = W,
Thus, M is a screen transversal anti-invariant 1-lightlike submanifold.

Theorem 4.2. Let M be a screen transversal anti-invariant lightlike subman-
ifold of an indefinite Sasakian manifold M. Then, the induced connection V on
M is a metric connection if and only if BoV¢& = n(Vx§)V for X e T(TM)
and & € I'(RadT M).

Proof. From (2.21), we have
Vx o€ — dVx& =0.
Using (2.16) and applying ¢ in this equation, we get
PV xdE = =VxE+n(VxEV.
From (2.3), (2.5) and (4.4), we have

~Vx&—h(X,8) —h (X, ) +n(VxEV = —¢pAseX + B V¢
+Bo V5 € + C1 V5
+Cy V5% ¢ + DY (X, ¢€).

Then, taking the tangential parts of the above equation, we obtain
Vx&=-B1Vx¢ — BoVi g€ +n(VxEV (4.9)

Thus the proof is complete.
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Theorem 4.3. Let M be a screen transversal anti-invariant lightlike sub-
manifold of an indefinite Sasakian manifold M. Then the radical distribution
is integrable if and only if

9(Vk oY —V3¢X,0Z) =0
for VX, Y € T(RadT M) and Z € T(S(TM)).

Proof. By the definition of a screen transversal anti-invariant lightlike sub-
manifold, (RadT M) is integrable if and only if ¢([X,Y],Z) = 0 for XY €
I'(RadT M), Z € T(S(TM)). From (2.3) and (2.15), we get

9([X,Y],2) = g(¢VxY,0Z) + n(VxY)(Z) — g(¢Vy X, 0Z) —n(Vy X)n(Z).

Since V is metric connection, we have (VxY') = 0. This, using in the above
equation, we get

9([X,Y],Z) = g(¢VxY,0Z) — g(¢Vy X, 0Z).
From (2.5) and (2.21), we obtain
9([X,Y],2) = g(Vx oY — V30X, 9Z)
which completes the proof.

In a similar way, we have the following.

Theorem 4.4. Let M be a screen transversal anti-invariant lightlike sub-
manifold of an indefinite Sasakian manifold M. Then screen distribution is
integrable if and only if

9(Vix oY — V50X,¢N) =0
for VX, Y e I(S(TM)) and N € T'(itr(TM)).
5. Radical Screen Transversal Lightlike Submanifolds

In this section, we study radical screen transversal lightlike submanifolds.
We first investigate the integrability of distributions, give a necessary and suf-
ficient condition for the induced connection to be a metric connection. We
also study the geometry of totally contact umbilical radical screen transversal
lightlike submanifolds. We first give an example of such submanifolds.
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Example 2. Let M = (RJ,7) be a semi-Euclidean space, where g is of
signature (—, +, +,+, —, +, +, +, +) with respect to canonical basis

{021, 0o, 0x3, 024, OyY1, OYa, Oys, OYs, Dz }.
Suppose M is a submanifold of R defined by
z! = 0,:1:2 = ul,x3 = ug,:L‘4 = ug

y'=u1,y? =0,9° = —uz,y* = us.

It is easy to see that a local frame of T'M is given by

Z; = 20x2+0y +y282)
Zy = 2(0x3+0ys+1y202)
Zs = 2(0x4—0ys+y'dz)
Zy = V =20z

Thus, M is a 1-lightlike submanifold with RadT'M = span{Z1}. Also, ¢Z5 =
Zs implies that ¢S(T'M) = S(T'M). Lightlike transversal bundle l¢tr(T'M) is
spanned by

N =2(—0xy — 20y, — y*02).

Also, screen transversal bundle S(T' M) is spanned by

Wy = 20z -0y +y'02)

Wy = 2(—20z1 +0ys —2y'02)

W3 = 20z —0x4+ 0y —0ys + (y* —y)02)
Wy = 20z —0x3—0ys+0ys+ (v' —y*)02).

It follows that ¢Z; = Wy, oN = Wy ve ¢W3 = Wy. Hence M is radical
screen transversal 1-lightlike submanifold.

Theorem 5.1. Let M be a radical screen transversal lightlike submanifold of
an indefinite Sasakian manifold M. Then the radical distribution is integrable
if and only if

9(Age, &2 — Ape,61,0X) =0
for X € T(S(TM) —{V}) and &, & € T(RadT M).
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Proof. By the definition of a radical screen transversal lightlike submanifold,
(RadT M) is integrable if and only if ¢g([&1,&2],X) = 0 for X € I'(S(TM) —
{V}) and &,& € T'(RadTM). From (2.15) and (2.21), we have

(€1, &2], X) = 9(Ve, 062, 9X) — g(Ve, 61, 0X).
Using (2.5), we obtain

g([flaﬁ?]vX) = g(A¢51£2 - A¢52£13 ¢X)

Thus, the proof is complete.
In a similar way, we have the following result.

Theorem 5.2. Let M be a radical screen transversal lightlike submanifold of
an indefinite Sasakian manifold M. Then the screen distribution is integrable
if and only if

9(h*(X,9Y) = h>(Y,¢X),¢N) =0

for VX,Y € T(S(TM)) and N € T(itr(TM)).

We also have the following result whose proof is similar to those given in
section 3.

Proposition 5.1. Let M be aradical screen transversal lightlike submanifold
of an indefinite Sasakian manifold M. Then the distribution D, is invariant
with respect to ¢.

We now investigate the geometry of leaves of distributions RadT M and
S(TM).

Theorem 5.3. Let M be a radical screen transversal lightlike submanifold
of an indefinite Sasakian manifold M. Then, the screen distribution defines
a totally geodesic foliation if and only if h*(X,¢Y) has no compenents in
¢RadT M for X, Y € T(S(TM)).

Proof. By the definition of radical screen transversal lightlike submanifold
(S(TM)) is a totally geodesic foliation if and only if g(VxY,N) = 0 for
X, Y eT(S(TM)), N e T(ltr(TM)). From (2.3) and (2.15), we have

g(VxY,N) = g(¢VxY,¢N).
Also, from (2.21) we get
g(VxY,N) = g(Vx¢Y,¢N).
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Using (2.3), we obtain
g(VxY,N) = g(h*(X,¢Y),oN)
which completes the proof.

We also have the following result whose proof is similar to the above the-
orem.

Theorem 5.4. Let M be a radical screen transversal lightlike submanifold
of an indefinite Sasakian manifold M. Then, radical distribution defines a
totally geodesic foliation on M if and only if h*(£,$X ) has no compenents in
@ltrTM for &,& € T(RadTM) and X € T'(S(TM) — {V}).

Thus from Theorem 5.3. and Theorem 5.4. we have the following result.

Corollary 5.1. Let M be an irrotational radical screen transversal lightlike
submanifold of an indefinite Sasakian manifold M. Then, M is a lightlike
product manifold if and only if h*(X, ¢Y) has no components in ¢ltrTM for
VX, Y e (S(TM)).

In the sequel, we obtain a characterization of the induced connection to be
a metric connection.

Theorem 5.4. Let M be radical screen transversal lightlike submanifold of
an indefinite Sasakian manifold M. Then, the induced connection V on M is
a metric connection if and only if h*(X,Y") has no components in ¢ltrT M for
VX,Y e T(S(TM)).

Proof. For £ € I'(RadTM) and X € I'(S(TM)) , from (2.21), we have
Vxo€ — ¢VxE = 0.
Hence, using (2.3) and (2.5) we get
9(Ape X, Y) = g(Vx¢, oY).

From (2.6), we obtain

g(h*(X,Y), ¢¢) = g(Vx§, dY)

which completes the proof.
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In the rest of this section, we check the existence (non-existence) of rad-
ical screen transversal lightlike submanifolds of indefinite Sasakian manifold
M. First of all, we recall that any totally umbilical lightlike submanifold,
tangent to the structure vector field, of an indefinite Sasakian manifold is
totally geodesic and invariant [7]. Therefore, the notion of totally umbilical
submanifolds [4] of a semi-Riemannian manifolds does not work for lightlike
submanifolds of indefinite Sasakian manifold. In [7], the authors introduced
the notion of totally contact umbilical submanifolds as follows. According to
their definition, a lightlike submanifold of an indefinite Sasakian manifold is
totally umbilical if, for X,Y € I'(M)

MX,Y) = [9(X,Y) = n(X)n(Y)]ag

+n(X)RH(Y, V) +n(Y)RY(X, V) (5.1)
P(X,Y) = [9(X,Y) —n(X)n(Y)|as

+n(X)R* (Y, V) +n(Y)h* (X, V), (5.2)

where ag € T(S(TM?)) and oy, € T(itr(TM)).
We now give several preparatory lemmas for the proof of Theorem 5.6.

Lemma 5.1. Let M be a totally contact umbilical radical screen transversal
lightlike submanifold of an indefinite Sasakian manifold M. Then, we have

h'(X,€) = 0,h°(§,V) = —¢¢ (5-3)
for X e T'(S(T'M) —{V}) and & € T'(RadT M).
Proof. From (5.1), we get

h{(X,€) = n(X)h'(&, V). (5-4)

On the other hand, from (2.3) and (2.20), we have

—¢& = VeV + hHEV) + (V).
Taking transversal parts of the above equation, we obtain

—08 = h7(& V), W(&,V) =0

which completes the proof.

In a similar way, we have the following lemmas.
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Lemma 5.2. Let M be a totally contact umbilical radical screen transversal
lightlike submanifold of an indefinite Sasakian manifold M. Then, we have

h*(X,€) =0 (5.5)

for X e T'(S(TM)—{V}) and £ € T'(RadT M).

Lemma 5.3. Let M be a radical screen transversal lightlike submanifold of
an indefinite Sasakian manifold M. Then, we have

9(Vx X, V) = g(X, X) (5.6)
for X e T(S(TM)—-{V}).
By using (2.3), (2.20) and (2.16), we also have the following lemma.

Lemma 5.4. Let M be a radical screen transversal lightlike submanifold of
an indefinite Sasakian manifold M. Then, we have

9(Vox X, V) = —g(X, X) (5.7)
for X e T'(S(TM)—{V}).
From(2.3) and (2.20), we obtain the following results.

Lemma 5.5. Let M be a totally contact umbilical radical screen transversal
lightlike submanifold of an indefinite Sasakian manifold M. Then, we have

W (X, V) =0 (5.8)

for X e T'(S(T'M) —{V}).

Lemma 5.6. Let M be a totally contact umbilical radical transversal lightlike
submanifold of an indefinite Sasakian manifold M. Then, we have

9(X, Vyx€) = —g(h'(¢X, X),€). (5.9)

Lemma 5.7. Let M be a totally contact umbilical radical transversal lightlike
submanifold of an indefinite Sasakian manifold M. Then, we have

9(6X, V&) = —g(h'(X,9X),€). (5.10)

Theorem 5.5. Let M be a totally contact umbilical radical screen transversal
lightlike submanifold of an indefinite Sasakian manifold M. Then, the induced
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connection V on M is a metric connection if and only if Aye X = —n(X)E for
X € I(TM) and ¢ € T(RadT M).

Proof. From (2.21), we have
Vx o€ — dVxE =0.
Hence, using (2.3) and (2.5) we get
—ApeX + Vi d€ + D'(X, 6€) = ¢V x& + 8h'(X,€) + 6h™(X,€).
Also, from (2.16), (5.3) and (5.5) we have

—ApeX + Vi o€ + DX, ¢€) = ¢V x& +n(X)E.

Taking the tangential parts of the above equation, we get
PV x§ = —Age X —n(X)E.

Thus, if Vx¢& € T'(RadT M) then we have Ay X = —n(X)¢E.

Let us prove the converse. Suppose that AgeX = —n(X){. Then, for Y €
I'(S(TM)) we get g(ApeX,Y) = 0. From (2.6), we have g(h*(X,Y), ¥§) = 0.
Also, using (2.3), we obtain g(¢VxY, &) = 0. On the other hand, from (2.21)
we have g(h!(X, ¢Y),¢) = 0. Thus, from (5.3) and h!(X,¢Y) = 0, we obtain
R'(X,€) = 0. Since h! is vanishes on the RadT M , the proof is complete.

Theorem 5.6. There exist no totally contact umbilical radical screen transver-
sal lightlike submanifolds in an indefinite Sasakian space form M /(c) with

c# 3.

Proof. Suppose M is a totally contact umbilical radical screen transversal
lightlike submanifold of M (c) such that ¢ # —3. From (4.5), we get

1—c¢

R(X,¢X)¢ = 9(X, X)o¢
for VX e T(S(TM) — {V}), £ € I(RadT'M) and N € I'(ltrTM). Hence, we

get
1-¢

9(R(X, 9 X)S, ¢N) =

Also, from (2.14) we have

9(X, X). (5.11)

9(R(X,9X)€, oN) = g((Vx ) (¢X.€), 6N) — g((Vox h*)(X,€), oN). (5.12)
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From (5.11) and (5.12), we obtain

1—c
2

9(X, X) = g(Vxh*)(6X,€),oN) — g((Vexh*)(X,£),¢N),  (5.13)
where

(Vxh*)(¢X,§) = Vi h*(¢X,§) — h*(Vx¢X,§) — h*(¢X,VxE)  (5.14)
and

(Voxh*)(X,§) = Vixh*(X,§) = h¥(Vex X, §) — h*(X, Vyx).  (5.15)
Since M is totally contact umbilical, (5.2) implies that
h*(¢X,€) = 0. (5.16)

From (5.2), (5.3) and (5.6) we get

h*(VxoX,§) = —g(X, X)¢¢. (5.17)
Also, from (5.2) and (5.8)
h(¢X, Vx§) = g(¢X, Vx§)as. (5.18)
Using (5.16), (5.17) and (5.18) in (5.14), we have
(Vxh®)(9X,§) = g(X, X)o¢ — (X, Vx&)as. (5.19)

On the other hand, from (5.5), we have
h (X, &) =0. (5.20)

By using (5.2), (5.3) and (5.7), we obtain

h*(Vex X, &) = g(X, X)¢¢. (5.21)
From (5.2) and (5.8), we get
h* (X, Vex§) = g(X, Vox§)as. (5.22)
Using (5.20), (5.21), (5.22) in (5.15), we have
(Voxh?)(X,§) = —g(X, X)9§ — g(X, Vyx§)as. (5.23)
Hence, using (5.19) and (5.23) in (5.13), we obtain

1—c
2

g(X,X) = 29(X7X) + {g(X7 V¢X€) - g(¢X7 VXS)}Q(O‘&QSN)' (5'24)
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Thus, using (5.9) and (5.10) in (5.24)

1—c
2

9(X, X) = 29(X, X). (5.25)

Thus, we obtain
(c+3)g(X, X) = 0

which completes the proof.
6. Isotropic Screen Transversal Lightlike Submanifolds

In this section, we give necessary and sufficient conditions for an isotropic
screen transversal lightlike subminifold to be totally geodesic.

Theorem 6.1. Let M be an isotropic screen transversal lightlike submanifold
of an indefinite Sasakian manifold M. Then, M is totallygeodesic if and only
if DY(¢1,7) = 0, DY(&1, ¢&2) = 0 and D*(&1, N)has no components in ¢ltrT M
for &,& € T'(RadT M), N e T'(ltrTM) and Z € T'(D,).

Proof. From (2.21), we get
Ve, 9o = ¢V, &o. (6.1)
By using (6.1) for £ € T'(RadT M), we get
9(Ve, 0€2,€) = —g(Ve, &2, 66).
Thus, using (2.3) and (2.5), we obtain

9(D' (€1, ¢€2), €) = —g(h* (€1, 62), 6%)- (6:2)
In a similar way, from (6.1), (2.3) and (2.5), we obtain
9(D*(&1, N), 9€2) = g(h*(&1,&2), oN). (6.3)

Also, since V is metric connection, we have
g(?flg% Z) = _9(52, v§1Z) = g(hs(gla 52)7 Z)
Then, from (2.5), we get

g(h*(&1,62), Z) = —g(&, D'(&1, 2)). (6.4)

Thus, proof comes from (6.2), (6.3) and (6.4).
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