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SOME NONLINEAR DELAY INTEGRAL
INEQUALITIES AND THEIR DISCRETE
ANALOGUES

Wei Nian Li

Abstract

In this paper, we investigate some nonlinear delay integral inequali-
ties and their analogues which provide explicit bounds on unknown func-
tions. The inequalities given here can be used as tools in the qualitative
theory of certain delay differential equations, delay integral equations
and delay difference equations.

1 Introduction

The integral inequalities and the finite difference inequalities play a funda-
mental role in the development of the theory of differential equations, integral
equations and difference equations. During the past few years, many such in-
equalities have been discovered, which are motivated by certain applications.
For example, see the monographes[1, 2, 9, 10], papers[3-7, 11, 12] and the ref-
erences therein. However, in the qualitative analysis of some classes of delay
differential equations, delay integral equations and delay difference equations,
the bounds provided by the earlier inequalities are inadequate and it is nec-
essary to seek some new integral inequalities and their discrete analogues in
order to achieve a diversity of desired goals. In this paper, we investigate
some nonlinear delay integral inequalities and their discrete analogues which
provide explicit bounds on unknown functions.

Key Words: Integral inequality, discrete inequality, delay, differential equation, integral
equation, difference equation

2010 Mathematics Subject Classification: 26D15, 26D10, 34C11, 39A12

Received: September, 2009

Accepted: September, 2010

149



150 WEI NIAN L1

2 Formulation of the Problem

In what follows, R denotes the set of real numbers, R = [0,00) is the given
subset of R, C(M,S) denotes the class of all continuous functions defined
on set M with range in the set S, and Ny = {0,1,2,---} denotes the set
of nonnegative integers. We use the usual conventions that empty sums and
products are taken to be 0 and 1 respectively. Throughout this paper, all the
functions which appear in the inequalities are assumed to be real-valued and
all the involved sums exist on the respective domains of their definitions.

In this paper, on the one hand, we study the following nonlinear delay
integral inequalities

2P (t) < alt) + b(t)/O [f(s)a®(s =) + g(s)z(s) + h(s)lds, t€ Ry, (E1)

and
2P (t) < alt) + b(t)/0 L(s,z(s—7))ds, t€ Ry, (E2)

with the initial condition

{ z(t) = o(t), te[-,0] (I)

ot —71) < (a(t))/? for t€ Ry with t—7 <0,

where p > 1 and 7 € R, are constants, ¢(t) € C([-7,0],R+), and L €
C(R,R.).

On the other hand, we also investigate the following discrete analogues of
(E1) and (E2)

I
—-

n

af(n) < a(n) +b(n) p_[f(s)z"(s — o) +g(s)z(s) + h(s)l, ne€ No, (E1)

s=0
and )
2”(n) < a(n) +b(n) ¥ _ V(s,a(s — ), ne Ny, (E'2)
s=0

with the initial condition

{ x(n) =¢(n)7 n e {_Uv"' a_170}7 (I/)

Y(n — o) < (a(n))/? for n € Ny with n—o <0,

where p > 1, ¢ € Ny are constants, ¥(n) € Ry,n € {—o,---,—1,0}, and
V:Nox Ry — R,
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3 Main Results

The following lemmas are useful in our main results.

1 1
Lemma 1[8]. Assume that — + — =1 with p > 1. Then
p q

Q=

m%yg +

; (1)

R
ISEAS

forx,y € Ry.

Lemma 2[11]. (i) Assume that u(t),a(t),b(t) € C(Ry,Ry), and a(t) is
nondecreasing fort € Ry. If

u(t) < a(t) —|—/0 b(s)u(s)ds,

utt) < aess | t b5 ).
forteR,.

(ii) Assume that u(n),a(n),b(n) are nonnegative functions defined for n €
Ny, and a(n) is nondecreasing for n € Ny. If

forte Ry, then

n—1

u(n) < a(n) + Z b(s)u(s), n € Ny,
s=0

then
u(n) < a(n) [T +0(s)], neNo.
s=0

Theorem 1. Assume that x(t),a(t),b(t), f(t),g(t),h(t) € C(R4+,Ry). If a(t)
and b(t) are nondecreasing in R, then the inequality (E1) with the initial
condition (I) implies
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Proof. Fixing any positive number T, we define a function z(t) by

()= {a)+000) [ 761276 — ) +ats)ots) s} s te 071 (0
It is easy to see that z(¢) is a nonnegative and nondecreasing function, and
z(t) < z(t), t€][0,T].
Therefore,
xt—7)<z2(t—71)<2z(t), t—7>0,te[0,T]. (5)
Using the initial condition (I), we have
z(t—7) =t —7) < (a®))V? < (a(T)V? < 2(t), t—7<0, te0,T]. (6)
(5) and (6) guarantee
z(t—71) < =2(t), tel0,T]. (7)

It follows from (4) and (7) that
2P(t) < a(T) + b(t)/o [£(s)2"(s) + g(s)z(s) + h(s)lds, t€[0,T]. (8)
Taking ¢t = T in (8), we obtain
(T) < a(T) + b(T)/O [£(s)2"(s) + g(s)z(s) + h(s)]ds. (9)
Noting that T' € R, is arbitrary, from (9), we have
2P(t) <alt) + b(t)/o [f(8)2P(s) + g(s)z(s) + h(s)]ds, t€ Ry. (10)
Similarly, we obtain

x(t) < z(t), t€ R4. (11)
Define a function u(t) by

ut) = [ [0 (6) + g0)2() + h(s)ds. 1€ Ry (12)
Then (10) can be restated as

P() < a(t) + b(t)u(t), te R,. (13)
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Using Lemma 1, from (13), we easily obtain

2(t) < (a(t) + bt)u(t)r (1)F < a(t) + @u(t) + %, te Ry (14)

Combining (12)—(14), we get

W (8) < b(1) (f(t) T gﬁj))u@) n [f<t>a<t> n ““);p‘lg(w n h(t)} ,
i.e. . g(s>
u(t) < B(t) —l—/o b(s) (f(s) + p)u(s)ds, te Ry, (15)

where B(t) is defined by (3). Using the Part (i) of Lemma 2, from (15), we
have

u(t) < B(t) exp (/Ot b(s) (f(s) + ggj))ds), teR,. (16)

Clearly, the desired inequality (2) follows from (11), (13) and (16). The
proof is complete.

Theorem 2. Assume that x(t),a(t),b(t) € C(Ry,Ry), a(t) and b(t) are
nondecreasing in Ry. If

0 < L(t,x) - L(t,y) < K(t,y)(z —y), (17)

forx >y >0, where K € C(R%, R.), then the inequality (E2) with the initial
condition (I) implies

2(t) < {a(t) + () E(t) exp (/OtK(s, CL(S);””) b(;’)ds> } (18)

fort e Ry, where

B(t) = /O tL(s, C‘(S)J;p‘l>ds. (19)

Proof. Fixing any positive number 7', we define a function z(¢) by

1

() = {a(T)—i—b(t) /OtL(s,x(s—T))ds}p, telo,T.

Using a similar way in the proof of Theorem 1 and noting the condition
(17), we easily obtain that z(¢) is a nonnegative and nondecreasing function,
and

x(t) < z(t), te€ Ry, (20)
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and

2P(t) < a(t) + b(t)/o L(s,2(s))ds, te€ Ry. (21)

Define a function wu(t) by

u(t) = /0 L(s, z(s))ds. (22)
Then (21) can be restated as
2P(t) < a(t) +b(t)u(t), t € Ry. (23)

As in the proof of Theorem 1, from (23), we obtain (14). Noting the
condition (17), from (22) and (14), we have

ity SN
a p— a p—
< au el 20 ) a5 )
+L <t, ? + T)
alt) . p—1Yb(t alt) p—1
< K t’p+p>pu(t)+L(t7p +p),
t o ale)+p—1Yb(s)
u(t) < E(t) —l—/o K(s, p) Tu(s)ds, te R, (24)

where E(t) is defined by (19). Using the Part (i) of Lemma 2, it follows from
(24) that

u(t) < E(t) exp (/OtK<s,“(5)+pp‘1) bg:)ds), teR,, (25

We easily see that the desired inequality (18) follows from (20), (23) and
(25). This completes the proof of Theorem 2.

Theorem 3. Assume z(n),a(n),b(n), f(n),g(n), h(n) be nonnegative func-
tions defined for n € Ny. If a(n) and b(n) are nondecreasing in Ny, then the
inequality (E'1) with the initial condition (I') implies

n—1

z(n) < {a(n) +b(n)G(n) I [ [1 +b(s) (f(s) + gg:)ﬂ } (26)

s=0
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for n € Ny, where

om =Y [f<s>a<s> S APy h<s>] (27)

Proof. Fixing any positive integer M, we define a function z(n) by

n—1

s(n) = { a0 +300) X 161225 0)+g(e)alo)+his)| |, m e N, 25
s=0
where Nj; = {0,1,--- , M}. Tt is easy to see that z(n) is a nonnegative and

nondecreasing function, and
z(n) < z(n), n€ Npy.
Therefore, for n € Ny with n — o > 0, we have
z(n—o0)<z(n—o0)<zn), neNy. (29)
Using the initial condition (I"), for n € Ny with n — o < 0, we have
z(n—0) = p(n—0) < (a(n))"/? < (a(M))'/? < 2(n), n€Ny.  (30)
Combining (29) and (30), we obtain
x(n —o) < z(n), n€ Ny (31)

Therefore,

|
—

2(n) <a(M)+b(n) p_[f(5)2z"(s) +9(s)z(s) + h(s)], ne€Nu.  (32)

S

Il
=)

Taking n = M in (32), we obtain

M—-1

2P(M) < a(M) +b(M) Y [f(5)2"(s) + g(s)2(s) + h(s)]- (33)
s=0

Noting that M € Ny is arbitrary, from (33), we observe that

|
—

n

2(n) < a(n)+b(n) p [f(s)z"(s) +g(s)z(s) + h(s)], n € No. (34)

@
I
o
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Using a Similar way, we obtain
z(n) < z(n), n € No. (35)

Define a function u(n) by

u(n) =Y [f(8)2"(s) + g(s)2(s) + h(s)], n e No. (36)

Then (34) can be restated as
2P(n) < a(n) +b(n)u(n), n € Np. (37)
Using Lemma 1, from (37), we easily obtain

z(n) < b(;)u(n) + a(n)—;p—17 n € Np. (38)

Therefore,

(n)+p—1

wln 4 1) —ufn) < | fn)a(n) +° g<n>+h<n>}

+b(n) (f(n) + g(ﬁ) u(n), ne No.

(39)

Substituting n = s and taking the sum over s from 0 to n — 1, it follows
from (39) that

n—1

u(n) <Gn)+ > {1 + b(s) (f(s) + gf)ﬂu(s), neNy,  (40)

s=0

where G(n) is defined by (27). Using the Part (ii) of Lemma 2, we easily see
that (40) guarantees

n—1

u(n) < G(n) [] {1 +b(s) (f(s) + *"S’)ﬂ, n € Np. (41)

s=0

It is easy to see that the desired inequality (26) follows from (35), (37) and
(41). This completes the proof of Theorem 3.

Theorem 4. Let x(n),a(n),b(n) be nonnegative functions for n € Ny, a(n)
and b(n) be nondecreasing in No. If

0< V(na J)) - V(n’y) < W(n,y)(x - y)7 (42)
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forx >y >0, where W : Ny X Ry — R, then the inequality (E'2) with the
initial condition (I') implies

2(n) < {a(n) + b(n)F(n) nf[l {1 + W<s, “(5)”1) b(s)} } (43)

s=0 p p

for n € Ny, where

F(n) = §v<s,w>. (44)

Proof. Fixing any positive integer M, we define a function z(n) by

n—1 1
z(n) = {a(M)—I—b(n)ZV(s,x(s—J))} , m€ Ny
s=0

Using a similar way in the proof of Theorem 3 and noting the condition
(42), we easily obtain that z(n) is a nonnegative and nondecreasing function,
and

z(n) < z(n), n € Ny, (45)

and )
2P(n) < a(n) + b(n) Z V(s,2(s)), n€ Ny. (46)

s=0

Define a function u(n) by
n—1
u(n) = Z V(s,2(s)), n € Np. (47)

Then (46) can be restated as
ZP(n) < a(n) + b(n)u(n), n € Np. (48)

As in the proof of Theorem 3, from (48), we obtain (38). Noting the
condition (42), from (47) and (38), we have

un+1)—u(n) = V(n,z(n))
< V<n, a(:) + Mu(n) + p—1>
)

IN
=
s

+
£
2
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Substituting n = s and taking the sum over s from 0 to n — 1, it follows from
(49) that

als) +p— l)b(s)

u(n) < F(n) + 7; VV(S7 » Tu(s), n € Ny, (50)

where F'(n) is defined by (44). Using the Part (ii) of Lemma 2, from (50), we
have

u(n) < F(n) ﬁ {1 + W(s, “(3)“’_1> b(ps)] neNy,  (51)

s=0 p

The desired inequality (43) follows from (45), (48) and (51). This completes
the proof.

Finally, we present an application of Theorem 1.
Example. Consider the delay differential equation
(@P(t)) = P(t,x(t),z(t — 7)), t€ Ry, (52)

with the initial condition

{ x(t) = ¢(t), te[-70],

ot —7) <|C|r for t€ R, with t—7<0, (53)

where P € C(R; x R?,R), C = 2P(0), p > 1, 7 € R, are constants, and
¢ € C([_T7O]7R)'
Assume that
|P(t,x(t,),z(t — 7)) < fF@O)]2"(t = 7)] + g()|2(t)| + k(D) (54)

where f(t),g(t), h(t) are as defined in Theorem 1. If z(¢) is a solution of the
equation (52) satisfying the initial condition (53), then

ool = {Ic1+ b0 B e | b(s) (7660 + 2 )as) } (53)
for t € Ry, where
B0 = | [lewe +

In fact, the solution z(t) of equation (52) satisfying the initial condition
(53) satisfies the equivalent delay integral equation

ICl+p-1 o | ds
) g<>+h<>}d. (56)

2P (t) = c+/0 Pls,2(s),2(s — 7))ds, € Ry, (57)
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with the initial condition (53). Noting the assumption (54), we have

|22 (t)] < |C] +/0 [f(8)]a? (s = 7)| + g(s)[x(s)| + h(s))ds (58)

with the initial condition (53). Now a suitable application of Theorem 1 to
(58) yields (55).

Remark 1. The right-hand side of (55) gives us the bound on the solution
x(t) of the equation (52) satisfying the initial condition (53) in terms of the
known functions for t € R..

Remark 2. We can present some applications of Theorems 2-4. Due to
limited space, their statements are omitted here.
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