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TWO DIMENSIONAL DIVIDED
DIFFERENCES WITH MULTIPLE KNOTS

Ovidiu T. Pop and Dan Barbosu

Abstract

The notion of two dimensional divided difference was introduced by
T. Popoviciu in 1934. Many properties of these differences were obtained
by D. V. Ionescu. Other properties of the mentioned differences were
obtained by the authors of the present paper.

The focus of the present paper is to establish properties of two di-
mensional differences in the case of multiple knots. First, we establish
some properties of the univariate divided differences with multiple knots:
a representation theorem using the determinants and a mean value the-
orem. Next, one proves the main results of the paper which are a rep-
resentation theorem for the bivariate divided differences with multiple
knots and a mean-value theorem for this kind of divided differences.

1 Introduction

In this section let be N={1,2,...}, Ng = NU{0}, m € Ny, 1,71, ..., " € N,
ro+rm+-+rm=M+1, a=max{rg— 1,711 —1,...,r,, — 1}, I C R be
an interval and D*(I) the set of all real functions f, a times differentiable
on I. If « = 0, we consider that D°(I) = F(I) = {f|f : I — R}. Let
Lo, T1,-...,Tm € I be distinct knots.

The m-th order divided differences of f € F(I) on the knots xg, x1, ..., ZTm
is defined by
f(@k

! (xg

[x07$17~-'7xm§f]zz

k=0

)) , 1)
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where u(z) = (z —xo)(x —21) - ... - (& — 2py).
In the following, the divided difference with multiple knots

[.’Eo,xo,...,l'o,$17x17...71'1,...,xm,xm7...,$m;f]

7o times 7r1 times T times

will be denoted by [xém),xgrl), ... ,x(mm); f], where f € D*(I).
It is known that (see [3], [4]) or [6])

W) (5,2 alm)

(ro) (1) (rm). £]1 —
xy i xy e xym) fl = . - - ) (2)
[ 0 ! } V(xém),zgn),...,x%m))
where
(W) g™ ™, el (3)
1 zo .. :rSC’*l w(j)\l_l f(=o)
1 . (ro—Dale® . (M—1)z{ 2 f'(zo)
0 0 . (ro—1)! e (M=1)(M=2) - (M=rot1)z) 0 flo
1 zm .. xrm 1 oyt f(zm)
1 .. (rp—Dazim2 . (M =1z} 2 f(@m)
0 0 (rm—1)! (M=1)(M=2) ... (M=rp + D= frm D
and
V(x(()m),xgh),...@g;m)) (4)
1 =z .. zpo ! Y
1 . (ro—Daz™? .. Mzt
0 0 .. (ro=1)! .. MM=1)-....(M—ro+2)zdTot
1 =z, zrm—1 M
0 1 (Pm_1)zlm =2 MgM-1
0 0 (T —1)! MM —1)-...- (M=ry, +2)aMrm+l
m rp—1

= H H 7! H (g —xg)™ "

k=0 i=0 0<s<k<m
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is the generalized determinant of Vandermonde.
If ke {0,1,...,m}and i € {0,1,...,7, — 1} we denote

Vie.i (xém), a?(lrl), . ,xfﬁm)) (5)
1 xo .. acéw*l
_ (c)Mrotrittrti (0O . (M-1)(M-2)-...- (M—_z‘+1)gg4,i¥i:2
0 0 .. (M=1)(M=2)-...-(M—i—1)z"
0 0 . (M=1)(M=2)-...- (M—=rp+1)zd—rn

so the above determinant is obtained from (3) by elimination the line ro+7r; +

-+~ +71K_1+17+ 1 and the column M + 1.
Theorem 1 If f € D*(I), the identity

[ ™, ] (6)
1 zm:il (o) L) )y £(0)
= = = - Vi (2o ™ alem)) f ()
V(:cé 0),:175 1), . ,xsnm)) =0 i=0
holds.
Proof. Taking into account the relation (2), yields
[méro), mgrl), o alrm) f]
- 1
V(ac(()m), xgh), . w%’"))
1 x T -1 0
0 (M=1)(M=2)-...-(M —rp_1+ Dy ™" 0
. 1z xiwfl flxg)
3 1 (M —1)ap ™2 [ ()
P
0 0 o (M=1)(M=2)...(M—rp+Dazp ™ i
1 xp41 .. xfgvil 0
0 0 .. (M-DM-2)-...-(M—rp+1)zM-rm 0

and developing the above determinant from the column M + 1, we obtain the

relation (6).
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Remark 1 If ro =r; =--- =r,, =1 in Theorem 1 we get the relation (1).

Theorem 2 The following relation

[x((f"), x(lrl), .. ,xgg""); xk] (7)
0, if k< M-—1
=< 1, if k=M

roTo + 111+ F rmTm, if k=M+1
holds, where x € I.

Proof. From (3) the first and the second statement from (7) follow.
Taking relation (3) into account, we start from the equality

’ m )

[J;(()TD), xYl), o amm) (e — ) — ) (- xm)r’"} =0.
Then, it follows

Lo

P  peey 5

[ (r0) () ) pMAL g oM g M1y +(_1)M+13MH] —0,

where s1 = roxg + s121 + -+ - + rmTm, hence

[xE)TO)7$gT1)a s a'rg;:m); 'rM+1} = 51 [x((]m)a'rgn)a s 7x577;M);xM:|

and the third statement of (7) follows.

Theorem 3 Let ¢ = min{xg,z1,...,Tm}, b = max{zg,21,...,2m}, [ €
CM=1([a,b]), exists fM) on (a,b) and f&) (z) =0, where I, € {0,1,...,7% —
1}, k€{0,1,...,m}. Then exists £ € (a,b) such that

(2§, 2l ) | <1+(M+1)§— ’“()x‘)*“xl*“'“"m””m) (8)

V(:U((JTO), xgrl)7 . 7335:;’"))
1
— (M)
= e,
Proof. Define the auxiliary function F : [a,b] — R by

F(x) = (Wf) (x,x(()ro),xgﬁ), e ,x(“"'))

m

— xém),xgrl), . ,xﬁ,’;m); f} \% (m,xém)wg”), . ,:v,(;m)) ,
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for any = € [a,b], where the first line in (W f) (x,:v((f"),x(lrl),...@%m)),

v (;v, xém), x&rl), . ,x,(q:m)) is 1 x 22...2M f(2), respectively
1 oz 2%...2M M+l On verifies immediately that F(*)(x;) = 0, where

I, €{0,1,...,1r — 1}, k€ {0,1,...,m}, so the function F has ro +r1 +---+
rm = M + 1 roots. By the generalized Rolle Theorem, there exists a point
€ € (a,b) such that FM)(¢) = 0. But

0 0 ... 0 M! fM(g)
F(M)(x) =11 o ... $é\4_1 l’(])\/[ f(l’o)
00 ... 0 M (M+l)
- [$6T0)7xgrl)7'”737'5;”1);](1 1 o ... .T(J)V[_l ZL’é\/[ Zéerl

= (=D)MT2 MW f) (x(()r"), mgh), e ,x%’”))
_1\M+3 £(M) (ro) .(r1) (ro) _ [..(ro) _(r1) ().
+(-1) fA )V 2y ™z VT, xy 7y s f

~<(1)M+2M!(WxM+1) (x((f"), xgh), ... ,acg;’”))
H(=D)ME(M + 1)1z (a;g”’),xgﬁ), o ,ar(m“”)> >

and taking (2) and (7) into account, the relation (8) follows.
In [4] the following mean-value theorem for divided differences with mul-
tiple knots is proved.

Theorem 4 If o« = min{xg,z1,...,2m}, b = max{ze,21,...,Tm},
f e CM=Y([a,b]) and fM) ezists on (a,b), then there exists & € (a,b) such
that )

mém),xgﬁ)’ o ’m(me); f — i

FAD (). (9)

In the second section, using this theorem we shall give a mean-value theorem
for two dimensional divided differences with multiple knots (Theorem 6).

2 The definition of two dimensional divided differences
with multiple knots

In the following let m,n € Ny, r9,71,--+,"m:G0,q1,---,qn € N, 79 + 71 +
ot =M+, @+ +--+qg,=N+1, I,J C R intervals, I x J
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be a bidimensional interval and D*#(I x .J) the set of all real valued bi-

i+j
Ozt OyJ
i€ {0,1,...,a}, 5 €{0,1,....8}, « = max{ro — 1,71 — 1,...,7r, — 1} and
p:max{qo _17q1 _177(]71_1}

variate functions f with the property that exits on I x J, where

Let zg,21,...,2m € I, Yo0,Y1,---,Yyn € J be distinct knots. For y €
J, we denote by [zé o) :vgrl),.. (””),f(x y)] the parametric extension
of M-th order divided differences with multlplé7 knots, equivalent the M-

th order divided differences of the function f(-,y) : I — R, y € J, with
respect the knots zg,Zg,..., L0, L1, L1,y L1y -+ Tm, Lm, .-+, Ly 1S defined

o times r1 times 7m times

by (see (6))

7 r r 1
[e) ol s fay)]) = e (10)
E V(moo,x117...7m ’"’)
M rp—1 .
e r alf
ZZV’“( (ro) 4 51)7.”73:5;"1)) - (2h,y)-
k=0 i=0 Ox

In a similar way, the parametric extension of N-th order divided differences
of the function f(z,x*); J — R, & € I, with respect to the knots

Yo, Yo,--->Y0 Y1, Y1+ 5 YL - Yny Yny - - -5 Yn

qo times g1 times qn times

is defined by

[yff“), gLyl f(%y)]y (11)

qQ—

1 .
]

W,j ( (qO)a gql 7"'7y£1qn)) J(xayl)
Jj=0 Y

1 >
V(yéqo),yim)’_” (qn ) prd
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Theorem 5 The following equalities

|:y(()q0)7y£q1)7 cee 5y£an)7 |: E)TO)vngl)a cee ’x%m); f(‘r7y):| :| (12)
zly
_ |:£L'ém)7 x§T1)7 o ,x%m); {y6q0)7 ygth)7 o ,yr(an); fla, y)} u]

1 13

V() () s e

Vk;z( (T0)7 Z(Lm)?--- amgm)) W,j (y(()q(]) yg )7""y’gq”)) azlayﬂ (xk’yl)

hold, where (x,y) € I x J.

Proof. Taking into account (10) and (11), we have

L6 ™) [, s sy L
(@) (1) 1 iy
qo0 (qn).

yO ?y 7""yn 9
| ) 25

- 1
y vV (xém),...,:z:%m))

%

1 T a
: Vk,i (xém)7 :C(lr )v cee 7x£nm)) 89[:]: (:Eka y)

Sk 0 g [0 @, O
szkz( . Ty, ) 7"'aynn;@($k‘7y)
k=0 ¢=0 Y
1 m TE— 1
= Z sz ( g ooy %nz))
\%4 (atgm) xm ) k=0 i=0
1 n a-l ) giti
Z Z Vi (y(()qo)’ygq ) 73/5;]”)) D0y (T, 91,

V (yéQO), ygql)’ . 7y’£l,qn)) 1=0 j=0

and (12) follows.

Definition 1 The (m, n)-th order divided difference of the function f € D%5(I
J) with respect to the distinct knots (z;,y;) € I x J, i € {0,1,...,m},
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7 €{0,1,...,n} is defined by

[ xér0)7 x§r1)7 o ,xg'/n) . f‘| (13)
y(()qo)7 y%lh), o yT(an)
re—1q—1

1 m n
- n) (a1) (qn)) ZZ ;

V(x(()m)wg ,--,:C(mTM))V(y(SqO)7y1 e Yn

Vi (xér()),mgm’ N ’x%m)) Vi, <y(()qo)’y§fh)7 o 7y7(an>)

In the paper [2], we give a mean-value theorem for two divided differences
with simple knots.

Let a,b,c,d be real numbers defined by ¢ = min{xg,z1,...,2m}, b =
max{Zg, X1, ..., Tm}, ¢ = min{yo,y1,...,ynt and d = max{yo, y1,..-,Yn}-
Mo1 oM f ‘
Theorem 6 If f(-,y) € CY~1([a, b)), W(’y) exists on (a,b) for any y €
T
M M+N

0" f N-1 :
[e, d], W(az,*) e CV e, d]) and W(m,*) exists on (c,d) for any

x € (a,b), then exists (§,m) € (a,b) x (¢,d) such that

lxt(f”)’wﬁ“)"“’x’(w ] L e, )
= g, N &)
yéq‘)),y§ql),...,y7(lq") M!'N! 0xM 9y

» » Ny
. *

where and stand for the first and respectively second variable.

Proof. Taking into account (12) and (13) and applying the mean-value
theorem for one dimensional divided differences (see Theorem 4), there exist
¢ € (a,b) and respectively ) € (¢, d) such that

y(()qo) y((h)’ .

’J1

y’l(’an )

ey

= |:y(()q0)7 y£q1)7 R ’y’San); [xEJTO)) mgrl)’ A 7'2:5;;711); f($7 y)] I:|

1 a]VIf
= [s 58 ke S e

Y

Y

_ 1 @) () (). OMF
_M|:y0 ?yl 7"'7ynq 7W(€’y)

1 aMJer
=~ MIN! 0zMoyN

Y

(&n),
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so the equality (14) holds.

Remark 2 Because r9,71,...,7, € Nand rg + 71 +---+1r,, = M + 1, it
results that M > m, so if m tends to oo it results that M also tends to co.
We consider a function f : [a,b] X [¢,d] — R, f € C°**([a,b] X [¢,d]), f
possessing uniform bounded partial derivatives, so there exists M > 0 such
that
8k+l f

‘W(%y)’ <M (15)

for any (z,y) € [a,b] X [¢,d] and any (k,1) € Ny x Np.

Theorem 7 If (Ty)m>0 and (Yn)n>0 are sequences of distinct points from
[a,b], respectively [c,d], then

O I e A (16)
1m N = U.
m,n— o0 y(()‘IO)’ y§ql)7 L 7y7(lQn)

Proof. Taking into account (14), (15) and Remark 2, relation (16) follows.
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