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Endpoint boundedness for multilinear integral
operators of some sublinear operators on Herz
and Herz type Hardy spaces

Kewei WANG and Lanzhe LIU

Abstract

The purpose of this paper is to study the endpoint boundedness
properties of some multilinear operators related to certain integral op-
erators on Herz and Herz type Hardy Spaces. The operators include
Littlewood-Paley operator and Marcinkiewicz operator.

1. Introduction and Theorems

In this paper, we will study some multilinear operators related to some
integral operators, whose definition are the following ones.

Fix § > 0, suppose that m is a positive integer and A be a function on R™.
We denote that that I'(z) = {(y,t) € R'}™" : |[x—y| < t} and the characteristic
function of I'(x) by xr(s). Let

Rit1(Asx,y) Z —DBA y)B
|/3\<m

and

Qms1(A;2,y) = R (Ai2,y) — Y @DBA( z)(x —y)°.
=

Definition 1. Let € > 0 and 1 be a fixed function which satisfies the
following properties:
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(1) Jpu ¥(x)dz =0,

(2) [¥()| < O+ [af)~ (10,

(3) [¥(z +y) = ¥(2)| < Clyl* (1 + |2])~ #1279 when 2[y| < |a].
The multilinear Littlewood-Paley operator is defined by

1/2
dyd
- [ /] (I)IFtA(f)(fc,y)IQtfj] ,

Rm+1(A;x7 Z)

|z — 2|

where

FA e = [ Fuly — =)z

and o (x) =t~ F99(z/t) for t > 0. Set Fy(f)(y) = f * 1:(y). We also define

1/2
Su(h)(a) = ( [ mnwr s )

which is the Littlewood-Paley operator (see [15]).
Let H be the Hilbert space

{ ||h||—</ / Qdydt/tn+1>1/2<oo}.

Then for each fixed z € R", FA(f)(z,y) may be viewed as a mapping from
(0, +00) to H, and it is clear that

SHN@ = | FAN @ )|, Se()@) = xem P @)

We also consider the variant of S{;‘, which is defined by

1/2
— A 2
. <//r<x> D) t”“) |

- m+1(4; ,
P = [ )

where

Ye(z —y) f(y)dy.

Definition 2 Let 0 <~ <1 and 2 be homogeneous of degree zero on R"
such that [, , Q(z')do(z') = 0. Assume that Q € Lip,(S™'), that is there
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exists a constant M > 0 such that for any z,y € S"~ 1, |Q(z) — Q(y)| <
< M|z — y|”. The multilinear Marcinkiewicz integral operator is defined by

1/2
W) = [ [ [ E e

where

Oy = [ S Sl ),

ly—z|<t |y - Z|n_1_(S |J) - Z|m

Set
_ Qy—2) ¢\,
BOw= [ e

1/2
() (a) = (//( )|Ft<f><y>|2§li’f§> ,

which is the Marcinkiewicz integral operator (see [16]).
Let H be the Hilbert space

1/2
H= h:||h||:<//Rn+l |h(y,t)|2dydt/t”+3> <00,
+

then for each fixed x € R, FA(f)(z,y) may be viewed as a mapping from
(0, +00) to H, and it is clear that

15 (@) = [xea F D@9 ms()@) = [xemE )] -

The variant of % is defined by

1/2
FA(f)(x) = ( /] ( )|Ff<f)<x,y)|2§lff§> ,

We also define

where

Uy —2) Qmi(Az,2)
e ly =20 w2

A = |

ly

f(z)d=.

More generally, we consider the following multilinear operators related to
certain convolution operators.
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Definition 3. For F(x,t) defined on R" x [0, +00), we denote

F(f)(x) = / Flx —y.0)f(y)dy

n

and
FA@) = [ R by )y

Let H be the normed space H = {h : ||h|| < oo}. For each fixed x € R",
we view Fy(f)(z) and F/A(f)(x) as a mapping from [0, +00) to H. Then, the
multilinear operators related to F; is defined by

TA(f) (@) = IFA () (@)

We also define T'(f)(z) = ||F:(f)(z)]]-

It is clear that Definition 1 and 2 are particular cases of Definition 3. Note
that when m = 0, T4 is just the commutator of 7' and A(see [11][16]). Let
T be the Calderon-Zygmund singular integral operator. A classical result of
Coifman, Rochberg and Weiss (see [6]) states that the commutator [b,T] =
T(bf) —bTf (where b € BMO(R™)) is bounded on LP(R"™) for 1 < p < oc.
Chanillo (see [1]) proves a similar result when T is replaced by the fractional
integral operator. In [11], the boundedness properties of the commutators for
the extreme values of p are obtained. It is well-known that the multilinear
operator, as a non-trivial extension of the commutator, is of great interest
in harmonic analysis and has been widely studied by many authors (see [3-
5]). In [7], the weighted L?(p > 1)-boundedness of the multilinear operator
related to some singular integral operator is obtained. In [2], the weak (H!,
LY)-boundedness of the multilinear operator related to some singular integral
operator is obtained. In recent years, the theory of Herz spaces and Herz type
Hardy spaces, as a local version of Lebesgue spaces and Hardy spaces, has
been developed (see [8][9][12][13]).

In this paper, we establish the endpoint continuity properties of the multi-
linear operators S;;‘ and 5’{2, u? and ‘[Lé on Herz and Herz type Hardy spaces.

First, let us introduce some notations (see [8][9][12][13][14]).Throughout
this paper, @ will denote a cube of R™ with sides parallel to the axes. For
a cube @ and a locally integrable function f, let fo = |Q[™* fQ f(z)dx and

f#(x) = sup |Q|~* fQ |f(y)—foldy. Moreover, f is said to belong to BMO(R")
z€eQ
if f# € L and define || f||sapo = ||f#||Le. We also define the central BMO

space by CMO(R™), which is the space of those functions f € Ljo.(R™) such
that

1 fllearo = sup |Q(0, )|~ / 1F@) — faldy < oo,
r>1 Q
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It is well-known that (see [9][14])
I fllesio ~sup inf [QO.0I [ |7(x) = el
r>1ceC Q

Definition 4. Let 0 < d < nand 1 < p < n/§. We call Bg(R”) the
space of those functions f on R™ for which

n(l/p—6/n

| f||gs = supr™ )”fXQ(O,v")HLT’ < 0.
P
r>1

For k € Z, define By = {zx € R" : |z| < 2*} and C) = By \ Bx_1. Denote
by xx the characteristic function of Cy and yo the characteristic function of
By.

Definition 5. Let 0 <p <oc and o € R.

(1) The homogeneous Herz space K, (R") is defined by

Kp(R") = {f € Li, (R \{0}) : £l g, < o0},

where
o0

||f||K;;: Z zka”kaHLP-

k=—o0

(2) The nonhomogeneous Herz space K*(R") is defined by

K (R") ={f € L,.(R") : || fllxg < oo},

loc

where

(o)
1/ llxg =D 251 Xl

k=0

(3) The homogeneous Herz type Hardy space HK,(R") is defined by
HEK,(R") = {f € S'(R") : G(f) € Kp(R")},

where

Wk, = IGHk, -
(4) The nonhomogeneous Herz type Hardy space HK,(R") is defined by

Ky(R") = {f € S'(R") : G(f) € Kp(R")},

where

o, = 1G]k,
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and G(f) is the maximal function of f.

If « =n(1—1/p), we denote K;,’(R”) = K,(R"), Ky (R") = K,(R").

The Herz type Hardy spaces have the atomic decomposition characteriza-
tion.

Definition 6. Let 1 < p < co. A function a(x) on R™ is called a central
(n(1 —1/p),p)-atom (or a central (n(1 —1/p),p)-atom of restricted type), if

1) Suppa C B(0,r) for some r > 0 (or for some r > 1),

%) llalles < B, 77,

3) [a(z)dz =0.

Lemma 1.(see[9][13]) Let 1 < p < co. A temperate distribution f belongs
to HK,(R")(or HK,(R™)) if and only if there exist central (n(1 — 1/p),p)-
atoms (or central (n(l — 1/p), p)-atoms of restricted type) a; supported on
Bj = B(0,27) and constants \;, 2 [Aj] < oo such that f = > Ajaj (or
f= ZFO Aja;)in the S’(R™) sense, and

]7700

W i, Cor N llm,) = D 1Al
J

Now, we are in position to state our theorems.

Theorem 1. Let0 <6 <n, 1 <p<n/§and DPA € BMO(R") for
all B with |8 = m. Then both S;Z‘ and p& map BY(R™) continuously into
CMO(R"™).

Theorem 2. Let0<d<mn, 1<p<n/d, 1/q—1/p §/n and DPA €
BMO(R™) for all 8 with |B] = m. Then both S{;‘ and 12 map HK,(R™)(or
HK,(R™)) continuously into K(‘;‘(R") (or KH(R"™)) with a = n(1 —1/p).

Theorem 3. Let0<d<n,1<p<n/§ and DPA € BMO(R") for all

B with || = m.
(i) If for any cube Q and u € 3Q \ 2Q), there is

o [ e D" A(2) - (D*A)q| / 2 oy — 2)f(2)de | d <
jal=m (4Q)°
< 1l

then 5{2‘ maps BS(R") continuously into CMO(R™).
(i6)If for any cube @ and u € 3Q \ 2Q, there is

a

Xr(z) Z [|DA(z) = (D)

dxr <

ol / ufzm yfz’)zT(nrl(gv)f(z)dz

(4Q)e
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< Cllflls.
then ji¢ maps BS(R™) continuously into CMO(R™).

2. Proofs of Theorems

We begin with the following

Main Theorem. Let0<é<n,1<p<n/§and D’A € BMO(R")
for all B with |3| = m. Suppose that T is the same as in Definition 3
such that T is bounded from LP(R™) to LYR"™) for any p,q € (1,400) with
1/q=1/p—§8/n. If T satisfies the size condition

IEA () (@) = FEAHO)]] < ClIfll s,
for any cube Q = Q(0,d) with d > 1, suppf C (2Q)° and x € Q, then T4
maps BS(R™) continuously into CMO(R™).
To prove the theorem, we need the following lemma.

Lemma 2(see [5]). Let A be a function on R™ and D®A € LA(R™) for
|3] = m and some ¢ > n. Then

1/q
1
| R (A;z,y)| < Clz —y|™ <~7 i |DBA(Z)|qu> ,
mz:m R, y)[ /o)

where Q(x,y) is the cube centered at x and having side length 5v/n|z — y|.

Proof of Main Theorem. It is only to prove that there is a constant
Cq such that

gy 5
5 /Q IT4(f)(x) - Colda < C||I5g

holds for any cube Q@ = Q(0,d) with d > 1. Fix a cube Q = Q(0, d) with d > 1.

Let Q = 5v/nQ and A(z) = A(z) — %(D'BA)Qxﬁ, then Ry, (4;z,y) =
|B|=m

R (A;z,y) and DPA = DPA — (DBA)Q for all 5 with |3| = m. We write, for

fir=1Fxg and f2 = fXgpm o

Rerl(A; z, y)

F(x—y,t)foly)dy+
e P AR

M@ = [

b [ BB iy

|z — y|™
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T — x—y)P s~
B I [ 0GR ) SRy TRT A

P S R P
then
T4() @) - TA) )] = [IFA(F <>||—||Ff<f><o>||\
Ry (A;2,) —)°
< Ft< o= |m fl) +|52: ﬂ' ( iz DAfl)()‘
HIFA(f2)(@) = FA)O)]] = I(@) + () + IT1(2),
thus .
— A xXr) — A X
a1 L [0 o) 4 <
|Q|/ dx+@ II(x )d:c—i—@ ITI(x)de =T+ 11+ 111

Now, let us estimate I, IT and ITI. First, for z € Q and y € Q, using
Lemma 2, we get

Ry (A;2,y) < Cle—y|™ Y |[DPAllsmo,
|B|=m
thus, by the LP(R™) to LI(R™) boundedness of T for 1 < p,q < oo with
1/g=1/p—4d/n, we get

I<@/ 17 ;; 1D° Allsaro f1) (@) da <

1/q
<cC Z ||DP Al Brmo <|Q|/ |T(f1)(x |qu) <

|B1=
< ClRI™Ifrllzr < €A=" P=0| fxgllee < CIf|s-

Secondly, taking ¢, r, s > 1 such that 1/r = 1/s—§/n, ¢s < p, then by the
(L?, L™)-boundedness of T' and Holder’s inequality, denoting that 1/¢+1/¢ =
1, we gain

< o / 7> 3> (D4~ (D" ) )l <
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<cy (|Q| / T((DA - (D°A), )fl)(x)l’"dx)l/rg

181=

<C oI (/| (DPA(z) — (D A)g) f 1(x)|5dx>1/s <

|Bl=m

1/(sq") 1/(gs)
<cC Z Q=" (/ |DP A(z) — (D° A) 5> dx) (/ | f1(z |qqu> <

18l=

1/p
<C Z ||D6A||BMO|Q|1/ sq') QI 1/r (/ | f1(z |de> |Q|(p7qs)/(pqs) <
18]=

<C Y IDPAllsarolQP 7| fxgllee < ClIfls-
|Bl=m

For 111, using the size condition of T', we have
111 < Ol 55

This completes the proof of Main Theorem.
To prove Theorems 1, 2 and 3, we need the following lemma.

Lemma 3. Let 0 < 6 < n, 1 < p < n/d, 1/g = 1/p—4§/n and
DBA € BMO(R™) for all 3 with |3| = m. Then both S;Z‘ and pi map LP(R™)
continuously into LI(R™).

Proof. For S;Z‘, by Minkowski’s inequality and the conditions of ¥, we
have

1/2
si(pw < [ ENEa ) (/met(y >|fo’ff> i <

n |x — z|™

1/2
<c [ @R (42 2) / / t=2n+20 dydt\ "
~ Jgn | — 2™ oyl<t (L+ [y — z[/t)2nF2-20 ¢15n =

1/2
- A 22n+2725t17n
<c [ UeNEnn(Asz,2) / / dydt | dz,
Rr |z — 2™ le—yl<t (28 + |y — 2[)2n+2

noting that 2t + |y —z| > 2t+ |z —z| — |r —y| > t + | — z| when |z —y| < ¢

and - Lt
_ —2n+24
|, T G
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we obtain

0o 1/2
il Ve

|f ()| Bmi1(As 2, 2)|
|(E _ Z|m+n75

=C
R

dz.

For u%, notice that |z — 2| < 2¢t, |y — 2| > |z — 2| —t > |# — 2| — 3t when
|z —y| <t, |y — 2| <t and we have

1/2
—2)||Rm 1T,z 2) 2
A < / (m<y [ Roms1 (As 2, 2)[| £ >|> XF(Z)(y’t)%] v

R"

[y =" = 2|

lz—y|<t

1/2
N A , t n—3
<c | Rmt1(A; m, 2)||f (2 |:/ / Xr() Wt dydt] dz <

R |z — z|™ (|z — 2| — 3t)2n—2-26
le—y|<t
1/2
|Rins1 (A2, 2)[1£(2)] [ dt !
<C dz
- Jrn |z — z|m+3/2 lz—z|/2 (& — 2| — 8t)2n—2-9
<c |Rm+1(4; @, 2)|

s MG

thus, the lemma follows from [7].

Proof of Theorem 1. From Lemma 3, we know that Sy and ps are
bounded from LP(R"™) to LY(R"™) for 1 <p <n/é and 1/g=1/p—/n. Now,
it suffices to verify that S;;‘ and Né satisfy the size condition in Main Theorem,
that is

[Ixr@ F () (@, y) = xeo F (DO, ) < Ol flls.-
Let suppf C (2Q(0,d))¢ and A(z) = A(z) — 3 %(DBA)Qxﬁ.

|B|=m
For S{;‘, we write, for z € Q,

Xr() (0 VA () (,9) = Xro) (0 ) F ()0, ) =
~ [ 5= - o e it - D)

Xr(z) (Y, D)y — 2) f(2) fog 2) 10 2)\dz

Ul = R0 2 ()

|2]™

+/umm%w—mm@w>
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x —2)8 Y _
> 6‘/ le L XU DEE (D2 () () =

Ifc—ZIm |2|™
181=

= I (z) + I(z) + Ii(x) + Ii(x).

Note that |x — z| ~ |z| for x € Q and z € R™ \ 2Q, by Lemma 2 and the
following inequality(see[14])

bQ, — be.| < Clog(|Q2|/|Q1)IIbl|Baro, for Q1 C Q2,

we know that, for z € Q and y € 2¥+1Q \ 2*Q,

|Rin (A, y)| < Cle —y™ Y (ID°Allsro + (D7 A) g,y — (D A)ql) <
|Bl=m

< Clz —yI™ 3 1D Allso-
|B]=m

Thus, we obtain, similarly to the proof of Lemma 3,

It < R dz <
@) < C o |Z|m+n+1,5| m(A;z, 2)|| f(2)|dz <
< DA A 2] dz <
> Clﬁz: || ||BMOZ/k+1Q\2kQ |Z|n+1 6|f( )| Z S
<y ||D5A||BMoZk2 n(1/2=5/)|| fxyensgl o <
181=
< C Z ||l?ﬁf1||1.fsz\4oz:/‘J2 k||f||B‘5 <C Z IIDﬁAIIBMOIIfIIBE
181= 1Bl=m

For I4(x), by the formula (see [5]):

R, (4;z,y) — Ry, A 120, Y Z R M (D7 A z,z0)(x —y)”

Iv\<m

and by Lemma 2, we have

|Ron (&5 2,y) = Rin(As20,9)| < C Y7 Y Ja—ao™ Ma—y/"ID Al | o,
Iv[<m |B]=m
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thus, similarly to by to the estimates of I} (z), we get

i@I<e 3 ||D5A||BMOZ / 2l p)lds <

181= 2ri1Qiarq 27170

<C > IID"Allsmollflss-
|Bl=m
For Ii(x), note that [z +y — z| ~ |y — z| for z € Q and z € R"\ 2Q,
similarly to the estimates of If(z), we get

175 ()| <
1/2

~ 2
“c / // [lwt(y—z)f(z>||Rm(A;o,z)|Xr(x)(y7t)_xm)(y7t)|] dydt |

|Z|m tn+1

1-n 1-n

<c / 1/ ()| Bm (450, 2)| // ¢ " dydt 7// 1" dydt b <

- 2™ (t+ ]y —z[)>rt2-20 (t+ ]y —z[)>rt2-20 -
R™\2Q r(0)

1/2
<c / |f (2)[|[ 2 (A; 0, 2)| / / 1 _ 1 dydt ds
- | |m (t+ |£E+y7 Z‘)2n+2—25 (tJr ‘y* Z|)2n+2—26 tn—1

R™\2Q lyl<
cof | veUmGn ([ ol g\
A
— Jrn\2@ |z|™ lyl<t (¢t + |z +y — z[)2n+3-20
1/2
<C £ (2)||2[*/?|Rin (4;0 1PN
> R™\20 | |m+n+1/2 é
<C > IDPAllBmo Y k2 R/ (2Fd) TP fxgiag e <
|Bl=m k=1
<c > HD’BAHBMonHBg-
|Bl=m
For Il(x), by Holder’s inequality, similar to the estimates of I} (x), we get
t - || |z|1/2 i
I@i<c > > / PR + i |DPA(2)||f(2)]dz <
IBl=mk=lyr+10\2k ¢
1/p’
> 1 /
<C Z Z (2 F427k/2)(2k )0 /P [2E1Q] / |DPA(z) — (DP A)ql” dy I[fXort1gllLe <
=m k=1 2k+1Q

<C Y IDPAllpmo Y27 F +27F/2)(2kd) (/=0 | fxongaglle <
18]=m k=1
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<c > HD’BAHBMonHBg-
[B|=m
For u#, we write, for = € Q,
Xr (o) W DFL () (@, 9) = Xr (o) (0, D FA (£)(0,9) =
{ 11 ] Xr ()W )y — 2)Rm (A2, 2) f(2)
ly—z|<t \:v—z|m |Z|m ‘y_z|n71

XT(z) (yv t)Q(y - Z)f(z)
+/\y z|<t

ly — 2"~z

dz+

[Rm(A; z,z) — Rm (A, 0, z)]dz+

Qy — 2)Rm (A;0,2)f(2)

+ 2) (Y, t) — ,t dz—
- ZKt(xF( ) ;1) = Xr(0) (¥, 1)) PSSR TRT
/ Xr@) W, (@ =27 xr @027 Qy - DA,
‘m ly—z|<t |LI,’ - Z|m ‘z‘m ‘y_ Z|n71

= JH(x) + T (x) + TE(x) + Ji().
Similarly to the proof of Lemma 3 and S, we obtain

z||f(z e
@i<c [ M%IRm(A;x,z)\dzgc S D% Allsarollf Il
RmM\2Q |1B8]=m
and
a
@I <c S ||DBAHBMOZ/kHQ\Qka\f(ZNdZSC >~ D% Allsaol Sl ss-
|B]= [Bl=m

For Ji(z), similarly to the estimates of Lemma 3 and I%(x), we obtain

1 75()]| <
1/2
= 2
Lf()112(y — 2)IxXT(2) (; )| Rm (450, 2)] dydt
< C / / [ = 2= 1=5[zm Oer@) @0 —xre @) 53 dz <
Rr\2Q \gntt
1/2
1 ()[R (4;0, 2)] / / X0 (95 1) // T3 (Y, 1)
< C —————dydt — — 2 Ldydt|  dz <
= / [2|m Ty — z2n—2-26 Y ly — z2n—2-25 Y Z =
R™\2Q lz—y|<t ly| <t
1/2
< ¢ | £ ()] Bm (450, 2)] 1 B 1 dydt
— |Z|m ‘x+y,Z|2n—2—26 ‘y,Z‘Qn—Q—Qé tn+3
R™\2Q ly|<t,|lz+y—z|<t
1/2
|f ()[R (450, 2) / || -
< C — — ¢t "dydt dz <
n / |z|™ | +y — z|2n+2-26 Y z2 >
R™\2Q lyl<t,|z+y—z|<t
£ (2)]z] /2| Rin (4; 0, 2)|
< c / ‘Z‘m+n+l/2—5 dz <
R™M\2Q
<

c > ||D'6A||BMOHf||Bg-
[8]=m
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For Ji(z), similarly to the estimates of J{(z), Ji(z) and Il(x), we get

|| |z|*/2 8
i@l <c [ ( dy I S IDPAE)IF()ld
n — n+1/2—4§
RrRr\2Q \ |2]™ |2| 1B1=m

<c Y HD’GAHBMollfHBg-
[B|=m

Thus
lIxr@) B (F) (@) = xvo F (1) 0,9)]] < ClI f]s-

These yield the desired results and complete the proof of Theorem 1.

Proof of Theorem 2. We only give the proof on homogeneous weighted
Herz and Herz type Hardy spaces. To simplifiy, we denote T4 = S{;‘ or jif.
Let f € HK,(R™). By Lemma 1, f = ZJ__OO Ajaj, where a;s are the central
(n(1 — 1/p), p)-atoms with suppa; C B; = B(0,27) and Sl g, ~ > 1Al
We write

)

IITA(f)Hkg: > 25T ()] e
k=—oc0
k—1
< Z 25 3 NI T ag)l pa + Z 2I““Z|/\ kT4 (aj)lle = L+ LL.
k=—oc j=—00 k=—oc j=k

For LL, by the equality

L (& — )P (DPA(x) — D" A(y),

Qmi1(A;2,y) = Rpya (As2,y) + Y 7

|B|=m

we have, similarly to the proof of Lemma 3,

FAf) @) < TAR ) + 0 Y / DﬁA )= DPAW, £ 1,
181= —yl"

thus, T4 is bounded from LP(R") to LY(R") for 1 < p < n/§ with 1/q =
1/p —d/n by Lemma 3 and [1]. We see that

LL < C Z QkaZp\ L < C Z okn(1— 1/p)Z|>\ 2" jn(1—1/p)

k=—o0 k=—o0

oo

J
< C YNl Y 2kt <o Z N1 < Cllf Mk,

j=—00 k=—o0 j=—00
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To obtain the estimate of L, we denote that A(z) = A@)=2 1 512m % (DPA)gp,aP.
Then Qm(A z, y) = Qm(A; z, y) and Qerl(A; z, y) = Rm(A; T, y)_zm\:m %({E—
y)’DP A(z).
For Sw, we write, by the vanishing moment of a and for x € Bj with
k>j3+1,

Ft (aj)(;t )
—2)Rm(A;z, 2 —z)DP x—z)P
/wt(y )R ‘T(nA ) aj(z)dz — /gl Yy D_A(lm)( ) aj(z)dz =
-z w o=
_ / [wxy;m:gx;x,z) _ wxy)R;n;A;x,m] 0 ()

_ Z ﬁ' / [% y—2)z-2)°" %(y)xﬂ] DPA(z)a;(z)dz,

xr — z|™ x|™
P o= 2] E
similarly to the proof of Lemma 3 and Theorem 1, we obtain

- 2] |2[1/2 ;
17 @@l <o [ [|x|m+n+1_5 gz | Bm Az 2lla;(2)ldz +

c |z| |z|1/2 Do ~( YWias(2)|dz <
Z |x|n+175 ‘x‘n+1/275 z)lajlz)|dz =
|a|=m

s 27 23/2
< ¢ > |ID%AllBumo Sk(ni1-58) | gR(nri/a—8) | T

|B|=m
20/2 8
+CWZ 2k<n+1 5+ srmria—y | [PTA@
thus
8 o~ okn(1—1/p) = 21 2i/2 e
L < ¢ Z IID” AllBmo Z 2 Z A1 ok(n+1-6) +2k(n+1/276) 2 +
1B1=m Koo 2o
oo k—1 2]- 2j/2 1/q
kn(1—1/p) 8 i
+C Z Z 2 P Z (A |:2k nt1—o) 2k(n+1/25):| (/B |D A(:v)|qd;r> <
|B|l=m k=—o00 j=—o0 k
oo k—1 . .
27 23/2
I kn(1—4/n) )
< C > |IDPAllpuo Y, 2 REDDEPY] |:2k(n+16) + 2k(n+1/25)} <
|B1=m K=o oo
< ¢ Y DPAllBro DD NI DD 2R +207R/2 <
18l=m j=—oco  k=j+1
o0
< C > IDPAllsmo Y INI<C Y IDP Al parollf 1] e, -
[8]=m j=—00 18|=m

A similar argument as in the proof of Theorem 1 gives the proof for ﬂ‘g and we omit here
the details. This completes the proof of Theorem 2.
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Proof of Theorem 3. We only give the proof of 5’1‘2. For any cube Q = Q(0,d)
with d > 1, let f € Bp(w) and A(z) = A(z) — 3 %(DBA)@:UB. We write, for f =

|B]l=m
Ixaq + fx@agye = f1 + f2 and u € 3Q \ 2Q,
BDen = FAen+ [ R’;Ai’fm) Yily — ) fa(2)d -
_ g s (@—2)°" (u=—2)F _ 3
X 5@ -0 [ e - = - e
- B A(z 54 w@=2) d
Py (04w = (07 A)g) [ L=y ) falera,

then

5 @) - Sy (Wmo’ ) (0)] =

- Rm A; 0,-
ke FAU @ 9)l| = | xro F (%h) OIS
= m A; I
< Axe@ FAH) (@, y) = xro) Fe (%J‘z) )| <
< lxe@ FE () @ o)l +
m A; s m A; )
+ || [xr (@) Lﬂif)lbt(y — 2) = X1(0) Lﬂ?z)%(—z) fa(z)dz
rr |z =2 |2

+

L DA s (y—2)" (u—2)° V(e
+| e W‘Zmﬁ,w Aw) = (0°00) [ [0 = vy — (e

T ey — 2)f2(2)dz

e X S(D%A@) - (D°A)g) [ (u—2)” -

18= R" ‘u Z|

= Li(z)+ Lx(z )Jr I3(z,u) + Is(x, u).

By the LP(R™) to LI(R"™)-boundedness of §$ for 1 <p<mn/d, with 1/g=1/p—6/n,
we get

1/q
GA q —1/q
& @i <o (G [ sm@ias) < ol e < il

Similarly to the proof of Theorem 1, we obtain
1 / 1
& || 2@de < Cllfllg - [ Ia(eude < Cllfll g,
1Ql /g Pr1Ql Jo o

Thus, using the estimates of I4(z,u), we obtain

01, |3 =5 (R”ﬁnf))h) 0)

This completes the proof of Theorem 3.

dzx < C||fHBg-
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