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Some isotopy-isomorphy conditions for
m~inverse quasigroups and loops

Témitépé Gbdlihan JATYEQLA

Abstract

This work presents a special type of middle isotopism under which
m-inverse quasigroups are isotopic invariant. Two distinct isotopy-
isomorphy conditions for m-inverse loops are established. Only one of
them characterizes isotopy-isomorphy in m-inverse loops while the other
is just a sufficient condition for isotopy-isomorphy for specially middle
isotopic m-inverse quasigroup.

1 Introduction

Let L be a non-empty set. Define a binary operation () on L : If -y € L
for all x,y € L, (L,-) is called a groupoid. If the system of equations ;

a-r="> and y-a=>o

have unique solutions for « and y respectively, then (L, -) is called a quasigroup.
For each x € L, the elements z¥ = xJp,x)‘ = xJy € L such that zz” = e and
x*x = e are called the right, left inverses of x respectively. Now, if there exists
a unique element e € L called the identity element such that for all z € L,

x-e=e-x=u, (L,-) is called a loop.
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Karklin’s and Karklin’ [10] introduced m-inverse loops. A loop is an m-
inverse loop(m-IL) if and only if it obeys any of the equivalent conditions

(xy) ) - a2 =y J and aJPT L (ya) I =y

Keedwell and Shcherbacov [12] originally defined an m-inverse quasigroup(m-
IQ) as a quasigroup that obeys the identity (zy)J™ - xJ™T! = yJ™ where J
is a permutation. For the sake of this present study, we shall take J = J, and
so m-1Qs obey the equivalent identities that define m-ILs.

m-1Qs and m-ILs are generalizations of WIPLs and CIPLs, which corre-
sponds to m = —1 and m = 0 respectively. After the study of m-inverse
loops by Keedwell and Shcherbacov [12], they have also generalized them to
quasigroups called (r, s, t)-inverse quasigroups in [13] and [14]. Keedwell and
Shcherbacov [12] investigated the existence of m-inverse quasigroups and loops
with long inverse cycle such that m > 1.They have been able to establish that
the direct product of two m-inverse quasigroups is an m-inverse quasigroup.

Consider (G, -) and (H, o) two distinct groupoids (quasigroups, loops). Let
A, B and C be three distinct non-equal bijective mappings, that map G onto
H. The triple o = (A, B, C) is called an isotopism of (G, -) onto (H, o) if

zAoyB = (z-y)CVz,ye€q.

o If « = (A, B,B), then the triple is called a left isotopism and the
groupoids(quasigroups, loops) are called left isotopes.

o If « = (A,B,A), then the triple is called a right isotopism and the
groupoids(quasigroups, loops) are called right isotopes.

o If « = (A, A, B), then the triple is called a middle isotopism and the
groupoids are called middle isotopes.

If (G,:) = (H,o), then the triple & = (4, B,C) of bijections on (G,-) is
called an autotopism of the groupoid(quasigroup, loop) (G,-). Such triples
form a group AUT(G,-) called the autotopism group of (G,-). Furthermore,
if A= B = C, then A is called an automorphism of the groupoid (quasigroup,
loop) (G, -). Such bijections form a group AUM (G, -) called the automorphism
group of (G, ).

As it was observed by Osborn [15], a loop is a WIPL and an AIPL if
and only if it is a CIPL. The past efforts of Artzy [1, 4, 3, 2], Belousov and
Tzurkan [5] and recent studies of Keedwell [11], Keedwell and Shcherbacov
[12, 13, 14] are of great significance in the study of WIPLs, AIPLs, CIPQs
and CIPLs, their generalizations(i.e m-inverse loops and quasigroups, (r,s,t)-
inverse quasigroups) and applications to cryptography.
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The universality of WIPLs and CIPLs have been addressed by Osborn [15]
and Artzy [2] respectively. Artzy showed that isotopic CIPLs are isomorphic.
In 1970, Basarab [7] continued the work of Osborn since 1961 on universal
WIPLs by studying isotopes of WIPLs that are also WIPLs after he had
studied a class of WIPLs([6]) in 1967. Osborn [15], while investigating the
universality of WIPLs, discovered that a universal WIPL (G,-) obeys the
identity

yr-(2By-y)=(y-22)-yvVuryzed (1)

where E, = L,L,» = R,;)R;' = L,R,L; 'R

Eight years after Osborn’s [15] 1960 work on WIPL, in 1968, Huthnance Jr.
[9] studied the theory of generalized Moufang loops. He named a loop that
obeys (1) a generalized Moufang loop and later on in the same thesis, he called
them M-loops. On the other hand, he called a universal WIPL an Osborn loop
and the same definition was adopted by Chiboka [8].

Moreover, it can be seen that neither WIPLs nor CIPLs have been shown
to be isotopic invariant. In fact, it is yet to be shown that there exists a special
type of isotopism(e.g left, right or middle isotopism) under which the WIPs or
CIPs are isotopic invariant. Aside this, there has never been any investigation
into the isotopy of m-inverse quasigroups and loops.

The aim of the present study is to present a special type of middle isotop-
ism under which m-inverse quasigroups are isotopic invariant. Two distinct
isotopy-isomorphy conditions for m-inverse loops are established. Only one
of them characterizes isotopy-isomorphy in m-inverse loops while the other is
just a sufficient condition for isotopy-isomorphy for specially middle isotopic
m-inverse quasigroup.

2 Preliminaries

Definition 2.1 Let L be a quasigroup and m € Z. A mapping « € SY M (L)
where SY M(L) is the group of all bijections on L which obeys the identity

m m

aP" = [(za)?" | is called an n-weak right inverse permutation. Their set is
represented by S, m)(L). Here, 2" = xJ)" and " =2 Jp.
Similarly, if o obeys the identity 2" = [(za)*" ]a it is called an m-weak

left inverse permutation. Their set is denoted by Six m)(L)
If a satisfies both, it is called a weak inverse permutation. Their set is
denoted by S/ (L).

It can be shown that o € SYM (L) is an m-weak right inverse if and only if
it is an m-weak left inverse permutation. So, S, (L) = S(,.m)(L) = S(x,m)(L).
And thus, « is called an m-weak inverse permutation.
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Remark 2.1 Fuvery permutation of order 2 that preserves the right(left) in-
verse of each element in an m-inverse quasigroup is an m-weak right(left)
1nverse permutation.

Throughout, we shall employ the use of the bijections J, : z — z°,
Jy : x—a2* Ly @ y— xyand R, : y+— yx for a loop and the bijections
J;:x»—nrp,J;\:x»—nr)‘,L;:nyyandR;:y»—>ymf0ritsloop
isotope. If the identity element of a loop is e, then that of the isotope shall be
denoted by €’.

Lemma 2.1 In a quasigroup, the set of weak inverse permutations that com-
mute forms an abelian group.

Definition 2.2 (7 -condition)

Let (G,-) and (H,o) be two distinct quasigroups that are isotopic under
the triple (A, B,C). (G,-) obeys the T(1 ,,) condition if A = B. (G,-) obeys
the T(2,m) condition if J™ = C’_l.];”A = B_lJ;”C'. (G,-) obeys the T(3m)
condition if Ji™ = C~1J"B = A1 JC. So, (G,-) obeys the Ty, condition
if it obeys T(1,;my and T(z,y,) conditions or T(1 ) and T3 .,y conditions since
7—(2,m) = 7—(3,m)-

It must here by be noted that the 7,,-conditions refer to a pair of isotopic
loops at a time. This statement might be omitted at times. That is whenever
we say a loop (G, -) has the 7,,-condition, then this is relative to some isotope

(Ha O) of (Ga )

Lemma 2.2 Let L be a quasigroup. The following properties are equivalent.
1. L is a m-inverse quasigroup.
2. RIJTLIJ;”H =J"Vxel.

3 Main Results

Theorem 3.1 Let (G,-) and (H, o) be two distinct quasigroups that are iso-
topic under the triple (A, B,C).

1. If the pair of (G,-) and (H,o) obeys the T, condition, then (G,-) is an
m-inverse quasigroup if and only if (H,o) is an m-inverse quasigroup.
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2. If (G,-) and (H,o) are m-inverse quasigroups, then J;”RN;,LH JI'B =

CT R,y o 3 and JUL s JJA = CIRLL e I3, for all
z€q.

Proof

1. (4,B,C) : G — H is an isotopism < zAoyB = (z-y)C < yBL, , =
yL,C < BL, ,=L,C& L ,=B'L,C&

L, =BL,,07" (2)
Also, (A,B,C) : G — H is an isotopism < mAR;B = zR,C &
AR5 =R,C & R 3 =A"'R,C &

R, = AR, zC~! (3)

Let G be an m-inverse quasigroup. Applying (2) and (3) to Lemma 2.2
separately, we have : LIJ;”RIJ?H = Jr, RIJ/(”LIJ;HH = J =
(AR;BCil)JKn(BL;J;YH-lACil) = J)r\n7 (BL,xAcil)J;n(AR;J;"‘FlBCil) =
Jy AR;B(C*J/(”B)L;J;”HAC* =Jy, BL;CA(C'*lJ/Z"fl)R;cJ;nJrlBC*1 =
J e

' 5(CTY I B)L = ATNIRC, Ls(CT AR, iy = B7LIC

(4)
Let Ji™ = C~YJPB = A~LpC, Jim = C~'JA = B~1J'C. Then,
Ji = C7V\B, J, = C71J,A. So, J\"T = (A71JC)(CYIAB) =
ATLJUH B, At = (BTLIO)(CTIA) = BT AL

Then, from (4) and using the 7,,-condition, we have

’
x];"’+1A

/ mor/ _ 7m __ / m o/ _ / m r/
R;cB'])\ LIJ;\"+1A — YN RxB'])\ LIAJ;\M-HB—lA - R;cAJ/\ LIAJ;\W’+1’
/ ! / / / ! / / / / (5)
m _ mo __ m —_ m
2adp RmJ;,"HB =Jp" = Laad, RzBJ,’,"’"*'lA*lB = Lapdp RauBJ,’:”+1

(6)
Thus, by Lemma 2.2, (5) and (6), H is an m-inverse quasigroup. This
completes the proof of the forward part. To prove the converse, carry
out the same procedure, assuming the 7,,—condition and the fact that
(H, o) is an m-inverse quasigroup.

2. If (H,o0) is an m-inverse quasigroup, then

LLJ™ R =J" & RLNL, i = J\" Vo e H,  (7)
A

rmA41
zJ,
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while since G is an m-inverse quasigroup,
LIJ;anJ;)n-H =J' & RIJTLIJ;\n-%—l =J'Vzed. (8)
From (7), we get
Ry = J"L )" Ly = "R Y e € Hoo(9)
while from (8), we obtain
R, = ;”L;};,LHJ;” o L, = J;”R;};,LHJ}Q“ VzeQG. (10)

The fact that G and H are isotopic implies that

L,=BL ,C'VYzeqG (11)
and
R, =AR.z;C™'Vzeq. (12)
So, using (9) and (10) in (11), we get
J;,*LR;};,LHJ;% = BJ;mR;;lJ;mHJ,’\mC_l Vaoed, (13)

while, using (9) and (10) in (12), we get

JPL =AML IO Y € G (14)

.’,CJ;\”+1 xBJ;\wrFl
Thus, (13) becomes
Sy Ry g 3 = CJ;mR;AJ;)mH JmB! &
& SR, g1 J'B = CJ;mR;AJ;mH J"VzeG
while (14) becomes

T Ly g I = CI L JmAT &

zBJm
_ 4 i 4
& J/’\”LIJ;LH JPA = CJ/\mLa:BJ’;"“ J"VreQG.
These completes the proof.

Theorem 3.2 Let (G,-) be an m-inverse loop with identity element e and
(H,o) be an arbitrary loop isotope of (G,-) with identity element ¢’ under the
triple « = (A, B,C). If (H,o) is an m-inverse loop then
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C
1. (G,)) = (H,o) & (J;”LbJ;nHme,J;”R(LJ;”HJ;\”,I) € AUT(G,-) where
a=e¢A N b=eB"".

C
2' (G7) = (H7O) ~ (JimL;/J;\m-f-lJ;m?JLmR;/J;/)m-%—lJ;\m)I) 6 AUT(H,O)
where a’ = eA,V = eB.
C
3. (G7) = (H7O) = (bem#»l,Rapm#»l,I) € AUT(G,), a = elA_l,b =

¢/’ B~! provided (z-y)?" = zf" -y or (z-y)N" =22 -y Va,y e G,
Hence, (G,-) and (H, o) are isomorphic m-inverse loops while

m+1l  m+1
Ra,,m-u van+1 = I, b’\ af =€

c
4- (Gv ) = (Hvo) < (L;/x/m-klaR;/pm-HvI) € AUT(Ha O)’ a' =eAl =eB
Hence, (G,-) and (H, o) are isomorphic m-inverse loops while

/ / _ IA/’!YL+1 / m—+1 o
R i L = L0 0™ e

Proof
Consider the second part of Theorem 3.1.
1. Let y = zA in (13) and replace y by e’. Then T Ry g1 gt S B =
m m __ _ m m _ mp-—1 m
CJ;) R;'J;’)"H'lJi — C = C — Jp RaJ;n-%—lJA B = B — Jp RaJ;,L+1JA

Let y = B in (14) and replace y by ¢’. Then Jj(LLe,B,IJ;nHJ;”A =
CIL, ymin I = C = C = TN Ly I A = A = JPL ) JrC.

bt
_ _ myp—1 m m p—1 m _
So, a = (A,B,C) = (J} LbJ;nHJp c,J; RaJ;nHJ)\ C,C) =
=JrLt g o grRr=L g 1)(C,C,C). Thus,
(J3 bt p e Tl gAY ) ) us .
(J)r\anJ;n-Fl J) J;nRaJ:)n-f-l JU,I) e AUT(G, ) < (G,-) = (H,o0).
2. This is similar to the above proof for (1) but we only need to replace x
by e in (13) and (14).
3. This is achieved by simply breaking the autotopism in (1.).
4. Do what was done in (3.) to (2.).

Corollary 3.1 Let (G,-) and (H,o) be two distinct quasigroups that are iso-
topic under the triple (A,B,C). If G is an m-inverse quasigroup with the
T,n—condition, then H is an m-inverse quasigroup and so:

1. there exist a, 8 € S (G) i.e a and B are m-weak inverse permutations
and
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2. Jl=J\ & J, = Jy.

Proof
By Theorem 3.1, A= Band J)" = C~'J"A= B~ 'J"Cor J{" = C ' J'B =
avides

1. C’_lJ;”A = B_lJ;”C’ & JJA = CB_lJ;”C & S = C’B_lJ;”C’A_1 =
CA_lJ;nCA_l = aJ'a where a = CA~'. This implies that a@ =
CA Y e S (G,).

2. CTHJPB=A"C & J'B=CAT JPC & J = CA I CB ! =
CB~'JCB~! = BJ{"3 where 3 = CB~'. This implies that « = 3 =
CB~te S (G,").

3. Jm =C mA =B, g = CVUPB. ) = Jy & I = I
CUmA=CUPB =C P A e I = J7 & Iy = J,.

Lemma 3.1 Let (G, -) be an m-inverse quasigroup with the T,,— condition and
isotopic to another quasigroup (H,o). (H,o) is an m-inverse quasigroup and
G has a weak inverse permutation.

Proof
From the proof of Corollary 3.1, & = 3, hence the conclusion.

Theorem 3.3 If two distinct quasigroups are isotopic under the 7T — condition
and any one of them is an m-inverse quasigroup and has a trivial set of m-weak
inverse permutations, then the two quasigroups are both m-inverse quasigroups
that are isomorphic.

Proof
From Lemma 3.1, « = I is a weak inverse permutation. In the proof of
Corollary 3.1, « = CA™! = I = A = C. Already, A = B, hence (G, ) &
(H,o0).

Remark 3.1 Theorem 3.2 and Theorem 3.3 describes isotopic m-inverse qua-
sigroups and m-inverse loops that are isomorphic by

1. an autotopism in either the domain loop or the co-domain loop and

2. the T, — condition(for a special case).
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4

Conclusion and Future Study

Keedwell and Shcherbacov [13, 14] have also generalized m-inverse quasigroups
to quasigroups called (r, s, t)-inverse quasigroups. It will be interesting to
study the universality of m-inverse loops and (r,s,t)-inverse quasigroups in
general sense. These will generalize the works of J. M. Osborn and R. Artzy
on universal WIPLs and CIPLs respectively.
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