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Geometry of product complex Cartan
manifolds
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Abstract

In this paper we consider the product of two complex Cartan man-
ifolds, the outcome being a class of product complex Cartan spaces.
Then, we study the relationships between the geometric objects of a
product complex Cartan space and its components, (e.g. Chern-Cartan
complex nonlinear connection, Cartan tensors). By means of these, we
establish the necessary and sufficient conditions under which a product
complex Cartan space is Landsberg-Cartan or Berwald-Cartan or it has
some other properties.

1 Introduction

The geometry of the holomorphic cotangent bundle, endowed with a complex
homogeneous Hamiltonian on the fibre, is known as complex Cartan geometry,
[10, 9, 14, 5, 15]. Tt is a natural development, into the complex context, of the
remarkable results from real Hamilton and Cartan geometries, mainly due to
R. Miron, [13, 12, 7]. Of course, there are some formal similarities with the
real approach, but the differences between real and complex cases have the
upper hand.

The study of the complex Cartan spaces has been justified by the existence
of a pseudo-distance on the holomorphic cotangent bundle, pointed out by S.
Kobayashi in [10].
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In complex Cartan geometry there are not so many known examples of
complex Cartan metrics. Besides the significant dual Kobayashi metric char-
acterized by J. Faran in [9], there are two rather trivial classes of complex
Cartan metrics: the complex Cartan metrics which come from Hermitian met-
rics on the base manifold (so called the purely Hermitian metrics in [14]) and
the locally Minkowski complex metrics, [14]. Recently, in the papers, [5, 6],
we initiated the study of some classes of complex Cartan spaces: Landsberg-
Cartan, Kéahler-Cartan, Berwald-Cartan, etc, which are exemplified by com-
plex Cartan-Randers metrics. Nevertheless, any other examples are welcome.

Twisted product structures are widely used in geometry to build examples
of Finsler manifolds, [11]. The product of two complex Finsler manifolds is
approached by W. Zhicheng and C. Zhong in [18]. Therefore, it is natural to
extend this construction for complex Cartan spaces. Using some ideas from
the complex Finsler case [18], our aim in the present paper is to introduce and
study product complex Cartan spaces.

The paper is organized as follows. After we make a short survey of com-
plex Cartan spaces (Section 2), in Section 3 we construct a class of complex
Cartan spaces, on the product M := My x My, where (M, Cy) and (Ms, Ca)
are two complex Cartan manifolds, (Theorem 3.1). We find that the study of a
such product complex Cartan space is reduced to the study of its components
(Mq,Cq) and (M, Cz). More exactly, the non-vanishing components of Chern-
Cartan complex nonlinear connection associated to the product complex Car-
tan space are the Chern-Cartan complex nonlinear connection of (M, ;1) and
(M3, Cs), respectively.

Based on this, in section 4 we obtain the conditions under which the prod-
uct complex Cartan space is Kiahler-Cartan or weakly Kahler-Cartan, (Theo-
rem 4.1). Also, we prove that the product complex Cartan space is Landsberg-
Cartan or Berwald-Cartan if and only if its components (M7, C;) and (M3, Cz)
have similar properties, (Theorem 4.2). Finally, in Theorem 4.3 are given the
necessary and sufficient conditions that the product complex Cartan space to
be purely Hermitian.

2 Preliminaries

Geometry of real and complex Finsler spaces is already one classic today,
([1, 8, 16, 2, 14, 17, 3, 4], etc.). Also, the study of Cartan spaces (real and
complex) is enthralling, ([12, 13, 7, 14, 6], etc.). In this section we will give
some preliminaries about complex Cartan geometry with Chern-Cartan and
Berwald complex linear connections. We will set the basic notions (for more
see [14, 6, 5]).

Let M be a n — dimensional complex manifold and z = (Zk>k:1, be

n
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complex coordinates in a local chart. The complexified of the real tangent
bundle Tc M splits into the sum of holomorphic tangent bundle 7'M and its
conjugate T M. The dual of T M is denoted by T"* M. On the manifold 7"* M,
a point u* is characterized by the coordinates u* = (z,¢) = (2*, Ck) p=17» and

%27 9*2'*

a change of these has the form 2% = 2’*(2) and ¢}, = $%¢;, rank(%5-) = n.

Definition 2.1. A complex Cartan space is a pair (M, C), where C: T"*M —
R, (RT :=[0,00)), is a continuous function satisfying the conditions:
i) H := €2 is smooth on T'"*M = T"* M\{0};
it) C(z,¢) > 0, the equality holds if and only if { = 0;
i11) C(z, X)) = [N C(z,¢) for VA € C;
iv) the Hermitian matriz (hﬁ(z7 C)) is positive definite, where hi* := 8‘2_25%_

1s the fundamental metric tensor.

Equivalently, the condition iv) means that the indicatrix is strongly pseudo-
convex.

Consequently, from 4ii) we have 8? (= g@c H, %’2: Cp = ahﬂfk =0

and H = hJ le ¢;. An usual example of complex Cartan space is so called purely
Hermitian complex Cartan space, this means that h/* = h7%(z).

The geometry of a complex Cartan space consists in the study of the ge-
ometric objects of the complex manifold 7"*M endowed with the Hermitian
metric structure defined by h7%. So, the first step is the study of sections in
the complexified tangent bundle of T'* M, which is decomposed in the sum
Te(T"M)=T'"(T"M) e T"(T"*M).

Let VI"™*M C T'(T"*M) be the vertical bundle, which has the vertical
distribution V- (T"* M), locally spanned by {%}. A complex nonlinear con-

nection, briefly (c.n.c.), on T"* M is a supplementary subbundle in 7" (T"* M) of
V(T M) | Le., T'(T"*M) = H(T"*M) & V(T"*M). The horizontal distribu-
tion Hy,» (T’*M) is locally spanned by {25}, where 3 2= % + Njka%j and
functions Njyj, are the coefficients of the (c.n.c.) on T'*M. The pair {5} :=
52k, ok = a%k} will be called the adapted frame of the (c.n.c.), which obey
the change rules §; = 65;: 6;" and OF = %3” . By conjugation everywhere
we have obtained an adapted frame {47, &%} on T". (T"*M). The dual adapted
frames are {d*z¥, 8¢ = d( — Ny;dz’} and {d*z*, (.}

A Hermitian connection DT', of (1,0)— type is so called Chern-Cartan
connection (cf. [14]), and it is locally given by the following coefficients

8*}7’“ mi ik k1,
N_” = ]k 02 7 C[ ] k} =h (6kh]m) ‘/_] = _hjm(a h ), (21)
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and H]z.k = ijk = 0, where here and hereinafter ¢; is the adapted frame
of the‘ ‘Chern—Cartan. (c.n.c.), .hj,;hkl = 5§ and Dsx07 = H}k&-, D;:d' =
fH;kaj, Dgid3 = V]?kéf, D, 0" = ijZkﬁj, etc. Moreover, we have

i =0"Nji 5 HijGi = Ny, (2.2)
and Chern-Cartan connection DI' := (Nj;, H;k, 0, \/}ik, 0) is h*— and v*— met-

rical, (for more details see [14]).

Further on, in order to simplify the writing, we use a bar over indices to
denote the complex conjugation of the variables or of the frames, e.g., (; := (i
or OF := 9%, in some places.

In [5] we investigated some classes of complex Cartan spaces. A complex
Cartan space (M, C) is called Kdhler-Cartan iff T;}i@ = 0 and weakly Kdhler-
Cartan iff T;‘,ig(j = 0, where Tf,i = H;k — H}q is the h*—torsion and ¢/ :=
h™ (. A necessary and sufficient condition for Kdahler-Cartan property is
Nji = Ngj, [6]. The space (M, C) is called Berwald-Cartan iff the coefficients
H}k depend only on the position z. This condition is equivalent with the
holomorphicity in ¢ of the local coefficients Nj; of Chern-Cartan (c.n.c.), (i.e.
éfNjk = O).

Another complex linear connection associated to the Chern-Cartan (c.n.c.)
is one of Berwald type BT := (Nj;, Bj;, = BiNjk,ng = (0"Ns)¢*G5,0,0),
which is neither ~*— nor v*— metrical, but it has Bi, = H},. When BT is
h*— metrical, (M, €) is called complex Landsberg-Cartan space in [5]. This is
equivalent with either BT is of (1,0) - type or the functions L} := (9" Nys)¢*
vanish identically. Note that any complex Berwald-Cartan space is a complex
Landsberg-Cartan space and any Landsberg-Cartan space with weakly Kahler-
Cartan property is a K&hler-Cartan space, (Theorem 3.3 from [5]). Also, any
complex Kahler-Cartan space is a complex Landsberg-Cartan space.

Moreover, on a complex Cartan space, the complex Cartan tensors have
the expressions: V™% = 9kpmi and its complex conjugate V™k = §ipmk,
The homogeneity of C leads to V™*(; = 0 and V™*(; = 0. Moreover, it is
know that V™% = ( iff € is purely Hermitian.

3 Product complex Cartan spaces

In this section, we turn to account some ideas from [18], to construct the com-
plex Cartan product metrics. We consider two complex Cartan spaces (M7, C1)
and (Ms, Cy) of complex dimensions m and n, respectively. The complex co-

ordinate in the local charts on M; and on M, are denoted by (Za)a:m and

(zo‘/)a/:m, respectively. On the manifolds T"* My and T"* My the points
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are characterized by the coordinates (2%, (a),—17 and (zo‘/, Co) o =TT
Here and further, we use the Greek letters a, 8,7, ... and o/, 8’,7/, ... for the
ranges of indices 1,m and m + 1, m + n, respectively. Also, for the complex
Cartan spaces (M7, Cy) and (Ma, C3) the fundamental metric tensors are de-
noted by

3 ’K 3o ’L
o .= 4 — and lﬁa::ai_,
aCaaCﬁ aCoz’ 8Cﬂ’
respectively, where K := €7 and L := €3. Moreover, making the notations

k= 9K and 1 := 0 L, the homogeneity of both K and L gives k“(, =
K, k750 = K, 19 (o = Land 19 (5. Co = L

The product M := My x My is a m +n — dimensional complex manifold
and z = (zF) k=T.mTn are the local complex coordinates. Since there is a
natural isomorphism between T"*M and T"* My & T"* Ma, (2%, Gi);—1omry are
the local complex coordinate on the complex manifold 7"* M. We use the Latin
letters @ j, for the e ranges of indices 1,m +n. We consider a function

C: T’*M1 X T’*Mg CTHM — R* given by

)= /PR (22, Ca), L= Car), (3.1)

where f is a real valued smooth function, f : Rt x RT — RT, which satisfies
the conditions:

a) f(K,L) =0 if and only if (K, L) = (0,0);

b) F(NK,AL) = Af(K, L), for YA > 0;

c) fx #0, fu #0and fxfL — ffxr # 0 for K,L # 0, where fx = 2L,

1%}
fL' aLafKL BKBfL fLK

The homogeneity condition b) implies:

Kfx+Lfr=f; Kfxkx + Lfxr =0; Kfgr +Lfrr =05 fip = fxrfrr.

The function € defined in (3.1) can be a complex Cartan metric. Indeed,
the properties of the function f asserts the conditions ¢) — ¢i¢) from Definition
2.1. With the notations H := €2 = f(K (2%, (), L(2*,Car)), C* = §°H,
¢ :=90*H and (' := 0"H we find the explicit form of the Hermitian matrix

ji _(9*H (P ()
(hj (Z’O)i,j:LmM - (3@3@)1-,3-_1%% ; ( (nP") (7 ) ’

where , _ _
(hP*) = aig’gﬂ = frr (K*K?) + fr (K7*);

(h‘B,Q) = aéf@c , f (kalﬁ )
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2~ L 32H _ . A .

(1) = 0 = Fra (k)
ar 2 -1 2l !

(hP ) = 7343,5155, = fro(07) + fo (7).

The same technique as in [18] lead us to the following result:

Theorem 3.1. The pair (M := M; x My, C), with C defined by (3.1), is a
complex Cartan space, called product complex Cartan space, if and only if the
function f satisfies the conditions:

fie > 0; fL>0; fxfrL— ffrxrL > 0;
fk+Kfxkx > 0; fo+Lfrr >0.

Moreover, ) )
i) det(h7) = fR=t 7N (frc fo — [ i) det(RP) det(177);
ii) The inverse of (h/?) is

h 3 h 3’
)] @2
K ha/B h,a/B/
where
hag = 72 kas — TEHECaCals hag = =I5 Calrs
horg = —8ECar G P = F-llargr — L4EECar Gl

A= fxfr+ Lfxfor + Kfofrx and (k,g5) and (1,.5) are the inverse of

kP and ZBIO‘,, respectively.

Now, we consider the local coefficients of Chern-Cartan (c.n.c.) associated
to the complex Cartan metrics C; and Cs:

o1

. O k9
o'§’ WQ’-

Nop = _kQSWC’Y i Novpr = =1

Next, by means of these, a technical computation yields the expressions of
the local coefficients of Chern-Cartan (c.n.c.), associated to product complex
Cartan space (M := M7 x Ms,C).

Lemma 3.1. Let (M := M; x Ms,C) be the product complex Cartan space,
with © defined by (3.1). Then, the local coefficients of Chern-Cartan (c.n.c.)
corresponding to (M := My x M3, C) are given by following

N, N,/
N'i = op o'b )
() (Naﬁ/ NW)

where Naﬂ = Naﬁ; No/ﬂ’ = Na/ﬂ/ and Na’,B = Naﬂ/ =0.
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Proof. Tt results by a trivial computation, taking into account (3.2) and

0" Ar o* 0"

Nji :_hﬂ%%(akH) = ma 1(8 H) — hjy Oz z(a H)7

where _
NH = frk? | m’H folv
*1,96
azﬂ(a H) fKK 3z/3 kfy“"fKBaI;; Gs;
azﬁ (07 H) = frr G50
8 i (7H) = fxr SLkT
* —/ « 15797
azﬁ’ (8 H) fLngﬁ%m +fL88lZB/ Csr.
Indeed, we have _
Nap = —h a¥ 3z ﬁ(a H) = hay azﬁ(a H)
= 2 lkay — LI GG frer SR 4 fre R ]+ TEe DK 17 =
Nag.
Analogous, we obtain the other components of the matrix (Nj;).

4 Some classes of product complex Cartan spaces

The expression of the Chern-Cartan (c.n.c.) of a product complex Cartan
space is very convenient, it makes that some properties of both complex Car-
tan manifolds (M7, C1) and (Ms, Cs) to be devolved on the product complex
Cartan manifold and, conversely.

Theorem 4.1. Let (M, Q) be the product complex Cartan space of the complex
Cartan spaces (M1, C1) and (Ma, Cq), with M := My x My and C defined by
(3.1).Then,

i) (M, @) is weakly Kdhler-Cartan if and only if both spaces (M1,€1) and
(Ms, Cs) are weakly Kdhler-Cartan.

it) (M, @) is Kdhler-Cartan if and only if both spaces (M7, Cy1) and (Ma, Cz)
are Kahler-Cartan.

Proof. i) Corresponding to the product complex Cartan space (M, C) we have
JeGic! = (Tj5G¢7 Tig i)
and
267 = (Njk = Nij)¢? = (Nak — Nia)C* + (Navk — Nigar)C

Using Lemma 3.1, it results
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T{56i¢7 = (Nap — Npa)¢® + (Nars — Npar )¢

= fi (Nap — Naa)k® = [T23¢,¢* and

T75:6i¢? = (Napr = Npra)C® + (Nargr — Nprar )G

= fL(No/,B’ - Nﬁ’a’)la = fLT(;k;Yﬁ/C'\/’Ca P

where the functions T;‘ggg “ and T;‘,”ﬁ/gv,g o’ contain the horizontal torsion
coefficients associated to the spaces (Mi, C1) and (Ma, C2), respectively. Due
the above relations, we obtain that 77,;’@(1' = (0,0) iff T;ggga = 0 and
T;,A’[;/C,y/(a/ = 0 which prove i). |

ii) Using again Lemma 3.1, for the product space (M, C) we have (Tj*,;g) =

Nag — Naa 0 .
(Nji—Nij) = ( A 0 o Nuvir — Nyrar ) , which attest that Nj = Ny;
iff Naﬁ = Nga and Na’ﬁ/ = Nﬁla/. O

Theorem 4.2. Let (M, Q) be the product complex Cartan space of the complex
Cartan spaces (M1,C1) and (Ma, Cq), with M := My x My and C defined by
(8.1). Then,

i) (M,C) is Landsberg-Cartan if and only if both spaces (Mi,C1) and
(Ms,Cs) are Landsberg-Cartan.

it) (M,C) is Berwald-Cartan if and only if both spaces (Mp,Cq1) and
(M3, C2) are Berwald-Cartan.

Proof. 1) The functions L, associated to the product space (M, €) can be writ-
o . o , . L’ L’
ten as L} = (0" Ngs)(® = (0" Nka )+ (0" N )¢ and (LY) = ( Lgl L%I ) .
v '
Taking into account Lemma 3.1, it get L -
L»ﬁy = (aﬂN'ya)Ca + (aﬂN’yo/)Ca = fK(agaN)ka = fKLfé;

LY, = (0% Noa)(* + (P Nyrar ) =05
sz = ((’957 Nya)C* + (ﬁﬁiNm/)C“ =0 and ) )
Lf, = (86/N7/a)<0¢ + (8/3']\[7,(1,)(0/ _ fL(aﬁ’N,y/a,)la' = fLLf/, where the

functions IAJE = (8.52(77(1)(“ and Ivfj: = (35,;,]([)(“/ correspond to the spaces
(My, @) and (Ms, Cz), respectively. Thus, L = 0 iff fgg =0 and Ef; =0.
. )7 N
ii) Using Lemma 3.1 it implies (0" Nj;) = ( g ](;ZQ’B 57,](37&/@ ) and so,
37Njk =0 iff Naﬁ and Na/gl are holomorphic in (5 and 5/, respectively. [J

Corollary 4.1. Let (M, C) be the product complez Cartan space of the complex
Cartan spaces (My,C1) and (M, Cs), with M := My x My and € defined by
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(8.1). If one of the spaces (My,Cy1) and (Ms, Cs) is Kdhler-Cartan and the
other is Berwald-Cartan, then (M, Q) is Landsberg-Cartan.

Proof. Under our assumptions, the spaces (M;,Cq) and (Ms,Cy) are
Landsberg-Cartan. Thus, applying Theorem 4.2 i), it results our claim. O

Further on, we find the explicit form of the complex Cartan tensors V7
associated to the product complex Cartan space (M := M; x Ms, C), with C
defined by (3.1). The complex Cartan tensors corresponding to the metrics
C; and @y are following

VB .= 9P and VY = 8"Yllﬁla/,

respectively, and their complex conjugates. A direct computation leads to the
result.

Lemma 4.1. Let (M, C) be the product complex Cartan space of the complex
Cartan spaces (My,C1) and (M, Cs), with M := My x My and € defined by
(5.1). Then,

i

Vitk _ (V,éow’ Vﬂ_av'7 VB/CYV’ Vﬁ_/av/7 Vﬁa'v, VB_a’"/’ Vﬁ'a'“v’ By ),

where
VAT = RPY = frp kP ROKY (4.3)
+ e (VUKD + KPR + BPORY) + fre VP
vhe = g phe = (fKKLkBka + fKLkﬁ_a)n/;
VB = R = (Frr kK + Fr VOGP
VB = 9P = (frepnl® U+ frenlP R
vBay  — HrpBe — (fKKLkBk'Y+fKLkB’Y)la,;
VAT = 9P = (frepnl®l + eV Gk,
VY = 9 = (fep 1Y frenlP R
vEe = e = 1P

(VO 1P 1P 1 1Py B

Theorem 4.3. Let (M, C) be the product complex Cartan space of the complex
Cartan spaces (My,C1) and (M, Cs), with M := My x My and € defined by
(8.1).Then, C is a purely Hermitian metric if and only if C1 and Co are purely
Hermitian metrics and

f(K, L) =c1K+c3L, c1,c0 > 0.
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Proof. We suppose that € is a purely Hermitian metric. Then, Vitk = 0
and contracting in (4.3) with suitable combinations of (3(.(., where * €
{a, 8,7,0,8',v'}, we obtain the following system of equations

Kfkkr +2fkxk = 05 Lfrpr +2frp =0

fexr = frxrr = fkrL=0.

Now, the homogeneity condition b) implies: fxx = 0 and fr;, = 0 which
give f(K,L) = 1K + coL, ¢1,c2 > 0. Replacing this in (4.3), it results
fr VP = fL‘v/ﬂlo‘_/V/ = 0. Since fx > 0 and fr > 0, the last conditions
leads to VA = yh'e’y — 0, i.e. the metrics €; and C, are purely Hermitian.

Conversely, if €; and €, are purely Hermitian metrics and f(K,L) = c; K+
csL, c1,c3 > 0, then (4.3) is reduced to V7% = 0 which completes the proof.

O

Since any purely Hermitian complex Cartan metric is itself one Berwald-
Cartan, by Theorem 4.2 ii) we have justified the following result.

Corollary 4.2. Let (M, C) be the product complex Cartan space of the complex
Cartan spaces (M1,C1) and (Ma, Cq), with M := My x My and C defined by
(5.1). If C1 and Cy are purely Hermitian metrics, then (M, C) is a Berwald-
Cartan space.

If we choose the function f: RT x RT — RT to be

f(K,L) = VaK? + bKL + cL?, (4.4)
with a,b,¢ > 0, a® 4+ b% + 2 # 0, then
C(z,¢) = (aK>® + bKL + cL?)7 (4.5)

is a complex Cartan metric on the product manifold M := M; x Ms. According
to Theorem 4.3, C is a purely Hermitian metric if and only if b?> = 4ac and the
complex Cartan metrics K and L are purely Hermitian.

So, considering two purely Hermitian complex Cartan metrics K and L,
the relation (4.5) with a,b,c¢ > 0 and b? # 4ac, gives us examples of non-
purely Hermitian complex Cartan metrics. Moreover, these obtained metrics
are Berwald-Cartan.
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