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Abstract

In this paper we start considering a sesquilinear form (W, -) defined
over a Hilbert space (£, (-,)) where W is bounded (W* = W € B(£))
and ker W = {0}. We study the dynamic of frame of subspaces over
the completion of (£, (W-,-)) which is denoted by $Hw and is called
Hilbert space with W -metric or simply W -space. The sense of dynamics
studied here refers to the behavior of frame of subspaces comparing
Hw with $H as well $ with Hw. Furthermore, we show that for any
Hilbert space with W-metric $w, being 0 an element of the spectrum
of W (0 € o(W)), has a decomposition Hw = €D,,cni (oo 911, where
9 =~ La(o(W),zdpn(z)) for all n € NU {oo}, Lz denotes a Hilbert
space square integrable and p a Lebesgue measure. Finally, the case
when W is unbounded also considered.

Introduction

The theory of frames in Hilbert spaces provides a flexible alternative due to
allows to avoid linear independence and ortogonality bettween its elements.
This theory was introduced by Duffin and Schaeffer in 1952, see [14], leading to
new developments and applications in functional analysis and related areas,
see for example [8, 9, 10, 11, 13, 15, 16, 17]. Moreover, in the papers of
Cazzasa, Kutniok and Gavruta have been studied the frame of subspaces or
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Dual frames, see [9, 17], while Hilbert spaces with W-metric were studied by
Azizov and Iokhvidov, see [5]. Recently in [15, 16], works involving second
and third author, have been proven that the properties 0 € p(W) (i.e., 0 is in
the resolvent of W), 0 € (W) (i.e., 0 is in the spectrum of W) have influence
over the behavior of the frames of subspaces.

Inspired by the theory of C*-algebra, where the theorem of spectral repre-
sentation (see [20]) is proved for Hilbert spaces, in this paper we define frame
of subspaces on Hilbert spaces with W-metric, analyzing the influence of the
properties of W, concerning to its spectrum and its resolvent, over such frame
of subspaces. Furthermore, as aim of this paper, we rewrite this important
theorem in the sense of frame of subspaces as well in the context of Hilbert
spaces with a W-metric.

The starting point of this paper is the theoretical background related to
Krein spaces and Hilbert spaces with W-metric. Afterwards, we present our
approach to the study of frame of subspaces. In particular, we introduce
the concepts of frame of subspaces in Hilbert spaces and frame of subspaces
in Krein spaces. The last one coming from the definition of frame in Krein
spaces given in [15], being some results derived from such definition. Next,
is considered thereof way the frames of subspaces in Hilbert spaces with W-
metrics when the Gram operator W is bounded, although 0 € (W) as well
for 0 ¢ o(W). Later, are analyzed the frames of subspaces over regular and
singular Krein space (respectively). The main result of this paper is such as
follows: any singular Krein space has a decomposition in direct sum of singular
Krein subspaces f_)}%, which are isomorphic to La(a(W), x du,(x)) for every
n € NU {oo}. Finally we study the behavior of the frame of subspaces when
the Gram operator is unbounded. The interested reader on these subjects
can found some open questions and remarks as well complementary references
ending the paper.

1 Preliminaries

Definition 1.1 (Krein Spaces). Let R and [-,-] : R x ® — C be a C-vector
space and a sesquilinear form respectively. The wvector space (R, [-,:]) is a
Krein space whether ® = Rt @ R~ and (RT, [,*]), (R™, —[-,]) are Hilbert

spaces, being RT and R~ orthogonals with respect to [-,-].

We define the following scalar product over :
(xlva) - [xii_vx;r] - [xl_ax;]v xzj: € §Ri7 T = x;‘r +jS_.

We can see that (R, (-,-)) is a Hilbert space, the so-called Hilbert space asso-
ciated to R. Henceforth, the orthogonal projections over ®T and R~ will be
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denoted by PT and P~ respectively. Likewise, the linear bounded operator
J = Pt — P~ the so-called Fundamental Symmetry, satisfies the property:
[z,y] = (Jz,y), Yz, y € R. We can see that this property can be written as

[z,9ls = [yl = (2,y),  zlls = Vz2]; Ve, y e R (1.1)

Definition 1.2. Let (R, [,-]) be a Krein space and consider x,y € R. We say
that  is orthogonal to y, denoted by x L y, whether [z, y]; = 0. Similarly, we
say that x is J-orthogonal to y, denoted by x[Ll]y, whether [x,y] = 0.

Definition 1.3. Consider a Krein space R and a closed subspace V' of R. The
subspace
VI —{z e R:[z,y] =0, forally € V} (1.2)

is the so-called J-orthogonal complement of V' with respect [-,:] (or simply
J-orthogonal complement of V).

Definition 1.4. A closed subspace V' of R satisfying V N VI = {0} and
V + VI =R, being VIH as in (1.2), is called closed subspace projectively
complete.

Remark 1.5. From now on, any closed subspace V' considered in this paper
will be projectively complete. We denote by Py and Qv the orthogonal and
J-orthogonal projections on V' respectively. i.e., P{;J = Py = P‘Q/ and Q[{;] =
Qv = Q%.. On the other hand, in [6] was proven that if V is a closed subspace,
then their J-orthogonal complement VI and orthogonal complement V+ are
closed subspaces. Therefore, such subspaces are linked by the formulas

v = gvt vi= v g = gyl (1.3)

By (1.3) we note that JV is projectively complete if and only if V is projectively
complete. Moreover, condition V NV = {0} set that for any k € R, k has
an unique J-orthogonal projection over V , see [6] for complete statements and
proofs.

Remark 1.6. Let (R, [-,-]) and V be a Krein space and a projectively complete

closed subspace of R respectively. In consequence, V =V = (V[“)[J—] which
implies that (V,[-,-]) is a Krein space. Hence V.=V T+ V= where V' C RT,
and V- C R~ and we conclude that JV C V.

Definition 1.7 ([6]). Let R and {e;}icr C R be a Krein space and a system
of vectors respectively, where I is an arbitrary set of indices. If [e;, e;] = £0; ;
for alli,j € I, where 6; ; is the Kronecker’s delta, then such system of vectors
is named J-orthonormalized system.
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Example 1.8. Assume that Ey = {e] }ier and E_ = {e} trer are J-
orthonormalized system of Rt and R~ respectively. The system of vectors
E=FE_UFE_ is a J-orthonormalized system of R.

Definition 1.9 ([6]). A J-orthonormalized system is called maximal whether
if it is not contained in any wider J-orthonormalized system, and to be J-
complete whether there is no non-zero vector J-orthonormalized to this system.

Definition 1.10 ([6]). Let (R,[-,']) be a Krein space. A J-orthonormalized
basis in R is a J-orthonormalized system, J-complete and mazimal in R.

Remark 1.11. Since (R, [, ]s) is a Hilbert space, we can study linear op-
erators acting on Krein spaces. Some topological concepts such as continuity
and closure over operators and spectral theory, are concerning to the topology
induced by the J-norm given in (1.1). Therefore, some definitions related with
operator theory in Hilbert spaces are satisfied in a more general way. For
example, we can consider the space of all bounded operators on R

BR)=<T:R—R: linealy |T| = sup ”Tx”“]<oo .
zeR\{0} [l

The adjoint of an operator T in Krein spaces, denoted by T, satisfies
[T(z),y] = [z, T"(y)]. However, such T have an adjoint operator in the
Hilbert space (R,[-,-]7), denoted by T*’, where J is the fundamental sym-
metry in R. Furthermore, there is a relation between T*’ and T, which
is TH = JT*7J. Moreover, let ® and R be Krein spaces with fundamental
symmetries Jy and Jy respectively, if T € B(R,R'), then TH» = JT*» Jg. .

The following definition is in agreement with the previous remark.

Definition 1.12. An operator T € B(R) is called self-adjoint whether T =
TH and is called Jself-adjoint whether T = T*’. Moreover, a linear operator
T is called positive whether [Tk, k] > 0 for all k € R. An operator T is called

uniformly positive whether there exists o > 0 such that [Tk, k] > al|k||s for
all k € R.

The next result will be used along this paper and its proof is similar to the
case of Hilbert spaces, see [17].

Proposition 1.13. Let R and R be Krein spaces with fundamentals
symmetries J,J respectively. Consider V. C R a closed subspace with J-
orthogonal projection Qv : ® — V', and orthogonal projection Py : ® — V.

LetUW: (R, [,-]s) = (?R, [, ]J~) and T : R — R be unitary operators. Then

UP U = Pyy, TQvT ' =Qqv, (1.4)
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where Pyy : R — UV is the orthogonal projection on UV, and Qv : E}N%j TV
1s the J-orthogonal projection on TV . In particular, if R = R and J = J, then

Py =JPyJ =P, Qv =JQvJ]=Q}. (1.5)

Proposition 1.14. Let V be a closed subspace of . The following statements
hold.

i). If Py is an orthogonal projection on V, then Qv = PjyPy is a J-
orthogonal projection on V.

1). If Qv is an J-orthogonal projection on V, then Py = Qv Qv is an
orthogonal projection on V.

Proof. We prove only item i) due to the proof of item i) can be done in an
analogous way. Let Py be an orthogonal projection on V', consider Qy =
Pyy Py which is defined by (1.3). Now, by (1.5) we have that Q\*) = Qy and
for instance [Qvz,y] = [PyvPvz,y] = [Pvax, Pvy] = [z,y], for all 2,y € V.
Thus, Qyz = x, Vo € V. On the other hand, since JV C V, we get Q% =
Pyy Py Pyy Py = P3,Py = Pyy Py = Qv. O

1.1 Hilbert spaces with W-metrics

Definition 1.15 (W-metrics).
Let $ be a Hilbert space with scalar product (-,-), and induced norm || - || =
\V(-,-). Consider the operator W = W* € B($) with ker W = {0}. The

sesquilinear form

[ =W(), ) (1.6)
defined on $) is so called W -metric, or, W—inner product, this operator (W)
1s called the Gram operator.

Proposition 1.16. A Hilbert space with a W -metric can be densely embedded
in a Krein space Hyy with fundamental symmetry J.

Proof. See [5]. O

Remark 1.17 (Consequences given by the Gram operator). Let W be the
Gram operator over §).

i). If 0 € p(W), then
W= el < ll=ll3 < W2l Vo € 5. (1.7)

Therefore
ow =110 = 6,11 (1.8)
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ii). If 0 € o(W), then

[zl < VW], vz e 9. (1.9)

Hence

S =" (1.10)

Definition 1.18. Let (9, (-,-)) be a Hilbert space. The Krein space Hw is
called regular whether the Gram operator W is such that 0 € p(W). Otherwise
18 called singular.

More details of the regular and singular Krein spaces can be found in [5].

Remark 1.19. Consider the polar decomposition of W given by the formula
W = J|wW]|, (1.11)

where the linear operator J : (ker |W|)* = Rang [W| = § — Rang W = $
is a partial isometry. However, ker J = {0}, this imply that J is a unitary
operator.

Proposition 1.20. The operators |W|, W commute with J, where J is such
that (1.11) is true. Also J = J*.

Proof. By the properties of the spectral measure we have W |W| = |[W|W.
Hence, (J|W|— |W|J)|W| = 0. ie J|W| = |W|J. On the other hand, note
that J|W| =W = W* = |W|J*. Therefore |W|(J —J*) =0. ie., J=J" =
J~1, because ker [W| = {0}. Since J|W| = |W|J, we have JW = J (J|W|) =
J (W) = JW|J =WJ. O

Definition 1.21. The space Hw is a Krein space with the J-norm generated
by the inner product

where J is the symmetry of Hilbert space $) such that W = J|W]|.

2 Main results

In this section we present an approach to study the frames of subspaces in the
context of Krein and Hilbert spaces.
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2.1 Frame of subspaces on Hilbert spaces

Next, we consider the frames of subspaces in Hilbert spaces. See details in [9].
From now on we consider I like a set of indices, and define

Kf([):{(l‘i)ieIEKOO(I) :xi€R+, V’LEI} (2.1)

Definition 2.1 (Frame of subspaces). Let $ be a Hilbert space with norm ||-||.
A family {Vi},c; of closed subspaces of §) is called a frame of subspaces of the
Hilbert space $) with respect (x;)icr € 3°(1) (denoted by {x;, Vi};c;) whether
there are constants A, B > 0 such that

Allyl? <Yt I1Pvy
icl

* < Blyl*, Yy € 9, (2.2)

being Py, : $H — V; orthogonal projections. The numbers A and B are called
frame bounds.

2.2 Frame of subspaces on Krein spaces

Now, we consider the frame of subspaces in Krein spaces. This work is based
in the properties given in the case Hilbert spaces, which can be found in [9]
and see also [15].

Definition 2.2. Let R be a Krein space with fundamental symmetry J. Con-
sider a family of closed subspaces {Vi},c; of R with Qv, : ® — V; their respec-
tive J-orthogonal projections. Fix (x;)icr € £°(1), we say that {x;,Vi},c; is
a frame of subspaces of the Krein space whether there are constants A, B > 0
such that

AllRIG <@ 1Quikl < BIk|3, Vi € R (2.3)

il

Remark 2.3. According to the previous definition and in the same way as the
case of Hilbert spaces, the constants A and B are called frame bounds. When-
ever A = B, the family {z;,V;}ic1 is called a B-tight frame of subspaces. In
particular, if A= B =1, then the family {x;,V;}ic1 is called Parseval frame
of subspaces. The family {x;,V;}ic 1 is called orthonormal basis of subspaces

when
R=EPV. (2.4)
icl
Moreover, a frame of subspaces {x;, Vi }ic 1 is called z-uniform, whenever x :=
x; = xj for alli,j € I. In the case that we only have the upper bound, the
family {x;,V; }ie 1 is called Bessel sequence of subspaces with Bessel bound B.
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Theorem 2.4 (Equivalence of the frames of subspaces). Let R be a Krein space
with fundamental symmetry J. Consider a family of closed subspaces {Vi}, ;
of R with Qv, : R — V; and Py, : R — V; their J-orthogonal and orthogonal
projections respectively. Fized (x;);e; € (X (I), the following statements are
equivalent:

i). {wi, Viticp is a frame of subspaces of R with frame bounds A, B;

it). {wi, JVi}icp is a frame of subspaces of R with frame bounds A, B;

iii). {xi, Vitie; is a frame of subspaces of (W, [-,-] ;) with frame bounds A, B;

).
).
).
). {xi, JVi};cris a frame of subspaces of (R, [+, ] 7) with frame bounds A, B.

Proof. The equivalence of 7 and i: follows from

1Qviklls = 17Quv.kl = 1Qv; Tk

The same argument is applied to {x;, JV;};cr, together with the proposition
1.13, to prove the equivalence of iii and v, i.e.,

1Py kIS = | TPy k]| = [|Pv, JK|| -

The equivalence ¢ and iv is proved with the proposition 1.14 as follows: Given
Py, and Py, orthogonal projections on JV; and V; respectively, we define
Qv, = Pjv, Py,, which is a J-orthogonal projection on V;. Thus, since Jy, C V;
we get

|1QviklIF = 1T Py, JPy.kll5 = [Py, Prv. k|15 = [|Prv, JK|5-
O

Proposition 2.5. Fiz {z;}ic; € {T(I). Consider a partition {J;}icr of 1
such that I = | |;c; Ji and {k;;}jes, is a sequence of frame for the Krein
space ® with frame bounds A;, B; > 0. Define V; = spanjc,{k: ;} for alli € I
and choose an J-orthonormal basis {e; ;};c, for each subspace V;. Suppose
that 0 < A = inf;c; A; < B = sup;c; B, then the following statements are
equivalent.

i). {zikijtierjes, is a frame for the Krein space R.
i1). {xieijtier e, is a frame for the Krein space R.

iii). {x;, Vitier is a frame of subspaces for the Krein space .
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Proof. Since {k; j};je, is a sequence of frame for the Krein space R with frame
bounds A;, B; > 0, then in [15] shown that is equivalent to say that {k; ;};c,

is a sequence of frame for the Hilbert space (®, || - || 7) with same frame bounds.
Thus, by the theorem 2.4 the proof is analogous as in the case of Hilbert space,
see [9]. O

Proposition 2.6. Let R and R be Krein spaces with fundamental symmetries
J and J respectively. Consider U : (R,[-,-];) — <§}~?, [, ];) an invertible

operator. The family {x;,V;}icr is a frame of subspaces for the Hilbert space
R, [-,-]5) if and only if {x;,UV;}icr is a frame of subspaces for the Hilbert
space (??E, [-]7

Proof. By the proposition 1.13 we have that

[Py k|1 = U Py Uk = || Puy, Uk][%.

2.3 Frame of subspaces in Hilbert spaces with W-metric

In [15] is proved that the behavior of the frames in Hilbert spaces with a W-
metric is depending of the properties 0 € p(W) or 0 € o(W). Next, we study
the frames of subspaces in this spaces.

2.3.1 Frame of subspaces in regular Krein spaces

Theorem 2.7. Let Sy be a reqgular Krein space, and {V;}ic1 a family of
closed subspaces of $. The family {x;,V;}icr is a frame of subspaces for the
Hilbert space (9, (-,-)) if and only if {x;, Vi}icr is a frame of subspaces for the
reqular Krein space Hyy .

Proof. Setting Qv, = Pyv, Py,, by (1.7)

WS a2 1Py, Ik <Y @2 [P Py, RS = 22 |1Quikl;
iel iel el
< |\WIIS a2 1Py, Tk (2.5)
1el

=] Suppose that {z;,V;}icr is a frame of subspaces for the Hilbert space
(9, (-, ) with frame bounds A, B, then, by inequality (2.5) obtain {x;, JV;};cr
is a frame of subspaces for the Krein space £y with frame bounds A’ =
W=7t A and B’ = |W|| B. By the theorem 2.4 we say that {z;, V; }ics is
a frame of subspaces for the regular Krein space $yy .

[« The proof is analogous as in the previous case. O
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2.3.2 Frame of subspaces in singular Krein spaces

Theorem 2.8. Let Hiy be a singular Krein space, and {V;}ic1 a family of
closed subspaces of $. If {x;,V; }icris a frame of subspaces for the Hilbert space
(9, (-,-)), then {x;, V; }ier is not frame of subspaces for the singular Krein space

Hw.

Proof. Since Hyy is a singular Krein space, then 0 € o.(W). Thus, given & > 0,
the spectral measure Ey, where W = fU(W) AdE,, satisfies Ey ((0,¢]) # 0.

But (0,¢] = U, en [%,8] , hence, there is ng € N such that Ej ({%,E}) #0.
Now, we assume f € Ey ([n%,s})ﬁ NV; for some j € I such that ||f|| =1
and [|f[l; <1 (since [[fll; < [I[VIWI[f[]). To this way, if M = supje; z;,
then

2 2
SoatlQu sl = |Vl < At St | P /WY |
i€l icl

< A"'BM? < (/U(W) A dEA> E\ ([;05]) f,f>

= A~ 'BM? /U(W) }(A)d(EA)H

< eBAT'M*(Ey (0(W)) f, f)
= A"'BM?¢| f||* = A" 'BM?c.

£
ng &

|)\|X[

Hence, for ¢ — 0,

. 2 2
AR (ZE; 7} IIQv;-,fIIJ> 0. (2.6)
Now, if {x;,V;}ier is a frame of subspaces for the singular Krein space $w
with frame bounds C, D > 0, then for f given above, by the theorem 2.4 and
by (2.6) we arrive to C' = 0, which contradicts that {z;,V;}ics is a frame of
subspaces for the singular Krein space $Hyy. O

Remark 2.9. A Hilbert space $ with a W-metric arbitrary can be embedded
densely in a Krein space Hw . For instance, we note that if Hw is a requ-
lar Krein space, then the frames of subspaces are transferable from £ to Hw .
This happens because (9w, [, -]7) = (9,[,]s) and the norms || - ||, || - |7 are
equivalent in $). But, when the Krein space Hw is singular, the frames of
subspaces are not transferable, because the property 0 € o(W) has strong in-
fluence. Hence, we must find a way to extend the frames of subspaces from
the Hilbert space $ to the singular Krein space Hyy .
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A way to extend the frames of subspaces from a Hilbert space $ to a
singular Krein space $)y is made as follows.

Theorem 2.10. Let $Hy be a singular Krein space. There is an invertible
operator U : $ — Hw such that:

i). If {z;,Vi}ier is frame of subspaces for the Hilbert space (9, (-,-)), then
{z;, UV, }icr is a frame of subspaces for the singular Krein space Hyy .

1), If {x;,Vi}ier is a frame of subspaces for the singular Krein space Hw,
then {x;, U1V, }icr is a frame of subspaces for the Hilbert space (£, (-,-)).

Proof. In [15] was proved that the operator /|W| : $ C Hiw — 9, satisfies

2
[VIWIk| " = (/WK VIWIR) = (WK, k) = K] e, /] € B, )
is an isometry. Therefore, this isometry has an unitary extension on $y,
denoted 4/|W|. Hence, considering U = /|W]|, the implications ¢) and i) are
satisfied immediately with help of the theorems 2.4 and 2.6. O

The following well known result, see for example [20], is useful for our main
purpose.

Proposition 2.11. (Spectral theorem-multiplication operator form) Let A be
a bounded self-adjoint operator on a separable Hilbert space §. Then,

= P H. (2.7)

neNU{oo}

and there are measures {p,}N_1(N = 1,2,...or 00) on o(A) and an unitary
operator
T : 9y, — La(o(A), duy) (2.8)

such that (TAT_lw)n (A) =My, n€NU{oo} where we write an element
¥ € @, La(0(A), dpn) as an N-tuple ($1(X),2(N).... on (V).

In the previous proposition the realization of A is called a spectral repre-
sentation, which lead us to the following result.

Theorem 2.12. Let $ be a separable Hilbert space, let W be the Gram op-
erator defined on $) such that 0 € o(W). Then the Krein space iy has an
orthonormal basis of subspaces.

Proof. Note that the Gram operator W is self-adjoint, then by the proposition
2.11 we have (2.7) and there are measures {j, }_; (N = 1,2, ...or co) on o(A)
such that )y, ~ La(o(W),dpn). Hence {{1}, 9y, },cny(o0y is a Parseval
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frame of subspaces for the Hilbert space ) with frame bounds 1. By the
theorem 2.10 {{1},UHn}, cnuooy IS @ Parseval frame of subspaces for the

singular Krein space $y. In fact, {{1},U$H,}
of subspaces of . Thus, we conclude that

ow= P Uhy,. (2.9)

neNU{oo} O

neNU{oo} 15 an orthonormal basis

Remark 2.13. Owing to 0 ¢ o(W) and by (1.8) we see that

Hw = (6’['7']1) = @ (6wna['7']J)' (2'10)

neNU{oo}

Theorem 2.14. Let Hw be a singular Krein space with Gram operator W.
Then $Hw has a decomposition as follows

ow= € 9. (2.11)

neNU{oco}

Furthermore, there are measures {pin,}Y_1(N = 1,2,...or 00) on o(W) such
that fij ~ Ly(o(W), zdpn(z)) are Krein spaces for every n € NU {oco}.

Proof. (This proof is adapted from [15] ) Since the separable Krein space $y
is singular, the Gram operator W is such that 0 € o(W). Hence, by the
theorem 2.12 the family {{1}, Uy, },, is an orthonormal basis of subspaces of
Hw. Define

ay. =UHy,, YneNU{oo}. (2.12)

We want to show that 351‘2[1 ~ Lo(o(W), x dpn(x)). Now, fixed n € NU {o0},
Ly (0(W),du,) is a Hilbert space, where u, is a Lebesgue measure. Over
such Hilbert space we define the bounded and self-adjoint operator given by
(Wof) (x) = xf(x). The linear operator is such that ker W, = {0} due to

L (Id;(lw){()}) = 0, where Id, )z = . Likewise, if (W, f) (z) = 0, for all

x € o(W), then given ¢ € N, we take the measurable’s sets
M. ={zeo(W):|f(x)] > e},

and we obtain

0= W fP= [ )PP,
(WIS Ay, (0])

— [ 1s@P L) 2 < (2.

M. MAId ]y, ({0})
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i.e up (M.) =0, Ve e N. Consequently, if

MY ={zeca(W):|f(x)] >0} = |J M,
meN

then p, (M) = 0. Thus, we conclude |f| = 0 almost everywhere in o(W).
i.e., f =0 almost everywhere in o(W).

Now, if over the Hilbert space Lo(o(W),dun(z)) we take the Gram oper-
ator W, then

Lo(o (W), djin(@)) " = La(o(W), z dpn(x))

is a singular Krein space, where
La(o (W), adjin (2)) := {f € Lo(o(W), dpty) : / o Pl dina) < oo}
o(W

and ||fII5 = (£, fls = ((Walf, ) = [, 1F @) |2] dpn(2).

On the other hand, Let F': Ly (6(W),duyn) — Lo (c(W), xdps(x)) be a
linear operator given by (Fg)(x) = i((x)), where the function ¢(z) is measur-
x
able and [¢(x)|? = |z| almost everywhere in o(W). For n € NU {oo} fixed is

satisfies that s, (|¢/]71 {0}) = pn (|Ide )|~ {0}) = 0, consequently

IF£II5 = /(W) |f (@)1~ (@) P[] dpn (2) = /(W) |f ()] dpn () = || £1I*.

In addition, the linear operator F' has inverse which is well defined and is given

by (F71f) (z) = ¥(2)f(x).

In conclusion, the theorem is proved from the diagram
1, — = La(o(W), dp () (2.13)
ul iF
9y, — La (0(W), 2 dpin(2)),
where G is an invertible operator defined in $y,, on La(a(W), du,(x)). O

2.3.3 The case: Gram operator W is unbounded.

Unfortunately, we can not obtain similar results when the Gram operator W
on Hilbert space $) is unbounded. Mainly because the tools used are based
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on specific properties given for the C*-algebra B(£)). In the paper [15] was
studied the behavior of the frames in this case. Next, we use such results
to show the behavior of the frames of subspaces in the Hilbert spaces with
W-metric where the Gram operator W is unbounded. For more details see
[15].

The Gram operator W is well defined with dense domain Dy, C $. Hence,
the W-metric [-,-] = (W-,-) only is defined for z,y € Dy = Dy ~. The polar
decomposition (W = J|W|) allows us to define

[xay]J = <|W|£L’,y>, V.’E, AS DVV7

and by the proposition 1.16 we get

A =Dy (2.14)

Proposition 2.15. Let {z;}ic; € (°(I). Consider a partition {J;}icr of 1
such that I = | |,c; Ji and {k; ;};cs, a sequence of frame for the Hilbert space
($H.(-,-)) with frame bounds A;, B; > 0. We assume V; = spanjej,{ki ;} and
0 < A=infie; A; < B = sup,¢; B; for alli € I . Hence, if {x;,Vi}ier is
a frame of subspaces for the Hilbert space (9.(,-)), then {x;,V;}icr is not a
frame of subspaces for the Krein space $yy .

Proof. We have that {z;k; j}icr jes, is a frame for the Hilbert space $ (see
[9]), but in [15] was proved that {z;k; ; },c, is not a frame for the Krein space
Hw when the Gram operator W is unbounded. Thus, by the proposition 2.5,
the family {x;, V;}ier is not a frame of subspaces for the Krein space $iyy. O

Theorem 2.16. Let Hw be a Krein space where the Gram operator W is
unbounded and 0 ¢ o(W). Let G : Dg C Hw — H be given by G = /|W/|,
the following statements hold.

i). If {z;,Vi}ier is frame of subspaces for the Hilbert space (9, (-,-)), then
{zi, G" WV, }ier is a frame of subspaces for the Krein space Sy .

1), If {x;,Viticr is a frame of subspaces for the Krein space $Hw, then
{z;, GV;}icr is a frame of subspaces for the Hilbert space (9, (-,-)).
Proof. Since 0 € p(W), the linear operator G is invertible ( see [15]). Thus,
by the proposition 2.6, the proof hold. O

When the Gram operator W is unbounded with 0 € (W) we get an
analogous result to Theorem 2.10.

Theorem 2.17. Let Hy be a Krein space where the Gram operator W is
unbounded with 0 € o(W). There is an invertible operator U : $ — Hw such
that:
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i). If {x;, Viticr is a frame of subspaces for the Hilbert space (9, (-,-)), then
{2;,UV; }ic1 is a frame of subspaces for the Krein space Hw .

it). If {z;,Vi}tier is a frame of subspaces for the Krein space Hw, then
{2, U=V, }ier is a frame of subspaces for the Hilbert space (5, (-,-)).

Proof. In [15] was proved that for 0 € o(W), the linear operator G : Dg C
Hw — 9, which is given by G = /|W|, has an unique unitary extension
U:=G: Hyw — H. Thence by the proposition 2.6 the statement hold. O

3 Final remarks

In this paper we study Hilbert spaces with bounded Gram operator. When
the Gram operator W is unbounded, our main result is not satisfied whether
£ cannot be decomposed. In such case, we can only state that if §) satisfies
(2.7) in some way, then the decomposition (2.11) is obtained to $Hy .

The following open questions arose during the writing of this paper.

i). Is it possible to solve differential equations with frames on some Hilbert
or Krein spaces?

i1). In [1, 2, 3] were studied relations between differential Galois theory and
the solution of the Schrodinger equation over separable Hilbert space
(Ls), is it possible to obtain similar results in the context of the Krein
and Hilbert frames subspaces?.

iii). Is it possible to study partial differential equations with the frames on
some Hilbert or Krein spaces?

iv). How can we write a quantum mechanics formalism in the context on the
frames of subspaces in Hilbert or Krein spaces?

v.) How can we use Banach algebras instead of Hilbert spaces to study the
frames theory?

vi). How can we relate the frame theory with Weyl C*-algebra?

vii). What happens in the case of tensor product on vector space in the frames
theory?
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